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Consider the following optimization problem

¢y = sup cl'e=cizi+ -+ cntn,
z€VNR"
where ¢ = (c1,...,¢,) denotes the coefficient vector.

Tarski-Seidenberg's theorem on quantifier elimination ensures that optimal
value function ¢, is a semialgebraic function.

The Problem
» How to compute a polynomial ® € R[cy, c| s.t. ¢, can be obtained by
solving ®(cp,y) = 0 for a generic 7y € R"?
» Can we compute a polynomial family {®;} € R[co, c], s.t. Vv € R”,

there exists &
Py (co,v) £ 0, Pp(ch,y) =07
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State of the Art

Previous work on the problem:

» CAD can be used to describe the optimal value function by a sequence
of polynomials of degree doubly exponential in n. [Brown, Collins,
Hong, McCallum among many others]

» When V is irreducible, compact and smooth in R™, Rostalski and
Sturmfels give such a polynomial ® for generic parameter’s value ~ by
computing dual variety [Rostalski, Sturmfels]. Dual variety has degree
singly exponential in n.

» For the specialized optimization problem, the algorithm based on
modified polar varieties [Greuet, Guo, Safey El Din, Zhi|, [Greuet, Safey
El Din] allows us to compute a polynomial of degree singly exponential
in n whose roots contain the maximal value. It works for noncompact
cases.
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We compute finitely many pairs of polynomials (®;, Z;) where ®; € Q|cy, c]
and Z; € Q|c| such that

» for each ~, there exists k such that v & V(Z;,) and @y (co, ) # 0;

» if ¢ is finite for ~, ®4(cf.v) = 0.
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Main Results for Smooth and Noncompact Case

Let V* C P™ be the dual variety to the projective closure of V and (Y, the
closure of the convex hull of V NR™.

We extend the result of [Rostalski, Sturmfels] and have the following
conclusions:

Theorem
Suppose that V is equidimensional and smooth, then

(—cg:m: - :iqm) EVF

for every 7 such that ¢ is finite.

Theorem
When V is irreducible, smooth and C}, contains no lines, we have
» V* is an irreducible hypersurface,

» its defining polynomial is ®(—cg,c1,...,¢,), where ®(cj,~) = 0 for
each v € R".




Bad Parameters’ Values Cases

O = Py(c1,...,cn)cp + Pr(e, ... ,cn)cgl*1 o Brler, ... cp)

Example

We consider the optimization problem:
SUp €121 4 Coy + c3x3 + caxy st x € VNRY,

where V = V(14 — (21 + 2223 + 2wo73)?). The dual variety V* is defined
by

® :=1073741824c>chc? + 2684354564 A ches — 134217728¢h 3 c3cs

— 33554432¢° 33 + - - - 4 520093696¢9¢; cacies.
» When v € V(cacy, c3cq, cscacy), ®(co,y) = 0.
» $(cp,0,0,0,—1) = 0 which gives no info on ¢.
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Construct a one dimensional subvariety C C V such that

sup f(z) = sup f(z).
reVNR™ zeCNR™

Algorithm: [Greuet and Safey El Din'14]
Input: f(X):=~7X, (h,...,hy) € Q[X] and v € Q"
» Construct C := W\Crit(f, V).

» Si: a set of sample points in each connected component of V N R"
— isolated local extrema € f(Sy).

» So:=CnNCrit(f,V) — critical values € f(S2).
» S3:=C —— the set of asymptotic value of f on S3.

Output: @(cp) s.t. f(S1US2US3) C V(D)

Asymptotic Values of f on V
{zeR|Jyr eV, k=1,2,...such that |lyx|| — oo, f(yr) — z}.




Polar Varieties

Suppose V is an equidimensional and smooth variety. Let H be {h1,...,h,}
and (hy, ..., hy) is radical. MaxMinors (jac(H,X~;;1)) is denoted to be the
(n —14) x (n — i) minors of the Jacobian of H respect to x4 1, ..., Zy,.

Polar Varieties [Bank, Giusti, Heintz, Mbakop, Pardo, Safey El Din,
Schost|

Polar varieties are defined to be a sequence of varieties {1V, }, where W,,_;
is the critical locus of

restricted to V.
Wi —it1 is the variety of H and MaxMinors (jac(H, X>;11)).
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Modified Polar Varieties

Modified Polar Varieties
Let WW,,_;+1 be the variety of H, MaxMinors (Jac([f, H], X>;11)) and

W = UL, M;, where M; = W, 1 NV (X1,..., X 1),1<i<d.

[Greuet, Guo, Safey El Din, Zhi, 2012, 2014]
After a generic linear change of coordinates,
> f(VAR") = f(WNR");

» the set of asymptotic value of f on W is finite.

» dim(C) = 1 for C := W\Crit(f, V).
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Bad parameters’ values

~ is a bad parameter’s value of ®; if
» O;(co,y) =0; or
> $;(co,v) # 0 and D;(cf,y) #0.

» Some parameters’ values are not in generic position by one random
linear change.

» The computation of Grébner basis may not be commutative for the
specialization operation.
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Example (continued)

I = (coey, c3cq, creacs): V(1) contains the bad parameters’ values.

The primary decomposition of I:

I= <Cl, C4> N <(12,(24> N <(33,C4> N <(22,(13>.

Let us consider P = (c2, ¢3) and solve the following optimization problem:

sup C1x1 + c4x4

2.2, 4 2
s.it. x4 — (x1 + xixs + xjrows)” = 0.



Example (continued)

» Run recursive routine to get ® = ¢y and Z = ¢y



Example (continued)

» Run recursive routine to get ® = ¢y and Z = ¢y
— For any parameter’s value v with v9 = 73 = 0 and y1v4 # 0, the
optimum of viz1 + y424 is 0, if it is finite.



Example (continued)

» Run recursive routine to get ® = ¢y and Z = ¢y
— For any parameter’s value v with 5 = v3 = 0 and v;v4 # 0, the
optimum of viz1 + y424 is 0, if it is finite.

» Since V(P + Z) # 0, /P +( (c1,¢9,c3) M {(ca,c3,cq), consider

P/ <(’1,02,(‘3>.



Example (continued)

» Run recursive routine to get ® = ¢y and Z = ¢y
— For any parameter’s value v with 5 = v3 = 0 and v;v4 # 0, the
optimum of viz1 + y424 is 0, if it is finite.

» Since V(P+Z)#0, /P +(Z (c1,¢9,c3) M {(ca,c3,cq), consider
P/ <(’1,02,(‘3>.

» Consider the following optimization problem:

Sup x4

s.t. x4 — (v1 + 2323 + xizex3)® = 0.

We get ® = ¢p and V(Z) = 0.
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Main Results for Singular Case

The defining polynomial of V* is
Py = —clcd + ;2 + 3c3.

Let V be defined by '
(X7 + X3 —1)° +27X7X3. /\

Let k=1 and V, = V.

Step 1 Compute radical and equidimensional decomposition
Vi = UiVi.

Step 2 Compute the dual variety V; ; of each Vj; and let
(V(k))* - UiV;S,i-

Step 3 Compute the singular locus 17;” of each V; ;. Let
Vi1 = Uﬂ?m and k =k + 1. Go to Step 1.
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Theorem
The algorithm terminates in a finite number k steps and we have

(=€hm:e i) S U (V).

for every ~y such that c{j is finite.

In this example, Sing()) is equidimensional. Its dual variety (V(?))* is
defined by

Dy =(co — c2)(co + c2)(co — 1) (co + 01)(0(2) + C% — 2c1c9 + c%)

(2 + 3+ 2c1c9 + E3).

Then we have (—cj; : 71 : 72) € V(21Dy).



Conclusions and Future Work

» How to compute a polynomial ® when the feasible set is a real variety
which is noncompact and nonsmooth?

» How to compute a polynomial ® when the feasible set is a semialgebraic
set?



