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Graph-coloring

Graph-coloring problem:
@ Proper coloring: no two neighboring vertices the same color
@ Is there a proper coloring with k colors?
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Graph-coloring

Graph-coloring problem:
@ Proper coloring: no two neighboring vertices the same color
@ Is there a proper coloring with k colors?

Approach:
@ k-coloring < system of polynomial equations
@ Solve the system or prove unsolvable
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The coloring ideal

@ Graph G=(V,E)
@ Variable x; for each vertex i € V
@ Coloring ideal Zx(G) generated by:

Vertex polynomials  vj(x) :==xX -1, Vie V

xk — xk
Edge polynomials  7;(X) := )’( x/ , Vi€ E
=4
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The coloring ideal

@ Graph G=(V,E)
@ Variable x; for each vertex i € V
@ Coloring ideal Zx(G) generated by:

Vertex polynomials  vj(x) :==xX -1, Vie V

xk — xk
Edge polynomials  7;(X) := )’( x/ , Vi€ E
=4

@ Solutions x < proper k-colorings [Bayer 1982]
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The coloring ideal

@ Graph G=(V,E)
@ Variable x; for each vertex i € V
@ Coloring ideal Zx(G) generated by:

Vertex polynomials  vj(x) :==xX -1, Vie V

xk — xk
Edge polynomials  7;(X) := )’( x/ , Vi€ E
=4

@ Solutions x < proper k-colorings [Bayer 1982]
@ Need tool for finding solutions to a polynomial system
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Grobner bases

@ Polynomial ideal Z

@ Leading terms of f € Z form leading term ideal £(Z)

@ Grobner basis: g1, 02, ...,9m € Z, leading terms generate £(Z)
@ Implies that {g;} form basis for Z
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Grobner bases

@ Polynomial ideal Z

@ Leading terms of f € Z form leading term ideal £(Z)

@ Grobner basis: g1, 02, ...,9m € Z, leading terms generate £(Z)
@ Implies that {g;} form basis for Z

@ Example:

o 7 = (x+ z,x+ y) with lexicographic monomial order x > y > z
e {x+z,y — z} is a Groebner basis for /
o Check: (x,y) = L(Z)
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Grobner bases

@ Polynomial ideal Z
@ Leading terms of f € Z form leading term ideal £(Z)
@ Grobner basis: g1, 02, ...,9m € Z, leading terms generate £(Z)

@ Implies that {g;} form basis for Z
@ Example:

o 7 = (x+ z,x+ y) with lexicographic monomial order x > y > z
e {x+z,y — z} is a Groebner basis for /
o Check: (x,y) = L(Z)

@ Grobner basis = solutions to ideal
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Grobner basis of coloring ideal
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Grobner basis of coloring ideal

4 2

@ Coloring ideal for k = 3:

O3 =108 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X3,

X2+ X1 X4 + X5, X5 + XoX3 + X5, X5 + XaXq + XZ)
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Grobner basis of coloring ideal

4 2

@ Coloring ideal for k = 3:

O3 =108 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X3,

X2+ X1 X4 + X5, X5 + XoX3 + X5, X5 + XaXq + XZ)

@ Grobner basis:
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Grobner basis of coloring ideal

4 2
@ Coloring ideal for k = 3:
O3 1,08 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X5,
X2+ X1 X4 + X5, X5 + XoXg + X5, X5 + XaXq + XZ)
@ Grobner basis:

X1+ X3+ Xq, X — X4, X3 + X3Xa + X4, Xa> — 1}
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Grobner basis of coloring ideal

4 2
@ Coloring ideal for k = 3:
O3 1,08 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X5,
X2+ X1 X4 + X5, X5 + XoXg + X5, X5 + XaXq + XZ)
@ Grobner basis:

X1+ X3+ Xq, X — X4, X3 + X3Xa + X4, Xa — 1}
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Grobner basis of coloring ideal

4 2
@ Coloring ideal for k = 3:
O3 1,08 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X5,
X2+ X1 X4 + X5, X5 + XoXg + X5, X5 + XaXq + XZ)
@ Grobner basis:

{X1 4+ X3 + X, X2 — Xa, X5% + x5Xs + X4%, x4° — 1}
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Grobner basis of coloring ideal

4 2
@ Coloring ideal for k = 3:
O3 1,08 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X5,
X2+ X1 X4 + X5, X5 + XoXg + X5, X5 + XaXq + XZ)
@ Grobner basis:

{X1 + X3 + X, Xo — Xa, X3% + x3Xs + X4%, x4° — 1}

David Rolnick (MIT) Graph-coloring ideals ISSAC 2015 6/22



Grobner basis of coloring ideal

4 2
@ Coloring ideal for k = 3:
O3 1,08 —1,x5 —1,x§ — 1,8 + X1 + X5, X2 + xyx3 + X5,
X2+ X1 X4 + X5, X5 + XoXg + X5, X5 + XaXq + XZ)
@ Grobner basis:

X1+ 6+ X4, X — Xa, Xa2 + XaXg + Xa%, Xa® — 1}
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Computing Grébner bases

@ Buchberger’s algorithm works but is slow

@ Computation of Grobner bases is EXPSPACE-complete [Kihnle
and Mayr 1996]

@ Even hard to write down: maximum degree can be large

@ Mayr, Ritscher (2010): upper bound on maximum degree for
r-dimensional ideal, n generators of degree d:

1 2
Logn—r
2 <2d +d>

@ Ritscher (2009): example attaining maximum degree d”
@ In practice, special cases often tractable
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique

3
6
.F
7 8 4° 2
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique
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Chordal graph algorithm

Definition
A graph is chordal if it has no induced cycle of length > 4.

@ Chordal graphs admit a perfect elimination ordering:
When a vertex is added, its neighborhood forms a clique

3
6
.F
7 8 4° 2
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.
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Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

Grobner basis (k =4) : {v1(x1),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

Grobner basis (k = 4) : {v1(x1), S3(x1, X2),
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Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), S3(X1, x2), Sa(X1, X2, X3),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), S3(X1, x2), Sa(X1, X2, X3),
S1(X1, X2, X3, Xa),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), S3(X1, x2), Sa(X1, X2, X3),
S1(X1, X2, X3, Xa), S2(X3, X4, Xs5),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), Ss(x1, X2), Sa(X1, X2, X3),
Si(X1, X2, X3, Xa), S2(X3, X4, X5), S3(X5, Xs),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), Ss(x1, X2), Sa(X1, X2, X3),
S1(X1, X2, X3, Xa), S2(X3, Xa, X5), S3(Xs5, Xg), S3(Xs, X7),
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

3

Grobner basis (k = 4) : {r1(x1), Ss(x1, X2), Sa(X1, X2, X3),
Si(x1, X2, X3, Xa), So(X3, Xa, X5), S3(X5, X6 ), S3(X6, X7), So(Xs, X7, Xg) }
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

Grébner basis (k = 4) : {1/1 (X1), S3(X1,X2)7 82(X1,X2,X3),
S1(x1, X2, X3, X4 ), S2(X3, X4, X5), S3(Xs, X6 ), S3(Xe, X7), S2(Xe, X7, Xg) }

Sm(Yh---y}’t):: Z y]1.yjm :

1<ji < Sfm<t
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

Complete homogeneous symmetric polynomials:

Sm(Yh---y}’t):: Z y]1y]m :

1<ji < Sfm<t
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-]
Chordal graph algorithm

Theorem (DMPRRSSS)

Let G be a chordal graph on n vertices. Then there exists a Grébner
basis of size n for Zx(G), and it can be found efficiently.

Complete homogeneous symmetric polynomials:

Sm(Yh---y}’t):: Z y]1y]m :

1<ji < Sfm<t

For a positive integer k, let (1, (o, . . ., (x be the kth roots of unity in
some order. Then, for every k > r,

Sm(C1, 2,5 Ckemy X) = (X — Ckemt1) (X — Ckemy2) - - - (X — Ck)-
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-]
Chordal graph algorithm

Sm(Y1,.. . y) = Z Vi Yim -

1< < <m<t

For a positive integer k, let (1, (o, . . ., (i be the kth roots of unity in
some order. Then, for every k > r,

Sm(C1: ¢, -5 Chkemy X) = (X — Ckemi1)(X — Ck—m2) - - - (X — Ck)-

Proof of algorithm
@ Perfect elimination order = polynomial Sp(x) for each vertex
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For a positive integer k, let (1, (o, . . ., (i be the kth roots of unity in
some order. Then, for every k > r,

Sm(C1: ¢, -5 Chkemy X) = (X — Ckemi1)(X — Ck—m2) - - - (X — Ck)-

Proof of algorithm
@ Perfect elimination order = polynomial Sp(x) for each vertex
@ These polynomials generate graph coloring ideal by induction
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-]
Chordal graph algorithm

Sm(Y1,.. . y) = Z Vi Yim -

1< < <m<t

For a positive integer k, let (1, (o, . . ., (i be the kth roots of unity in
some order. Then, for every k > r,

Sm(C1: ¢, -5 Chkemy X) = (X — Ckemi1)(X — Ck—m2) - - - (X — Ck)-

Proof of algorithm
@ Perfect elimination order = polynomial Sp(x) for each vertex
@ These polynomials generate graph coloring ideal by induction
@ Form Grdébner basis, by considering S-pairs
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Hilbert’s Nullstellensatz

Theorem (Hilbert)

Given a fieldK and fy, . .., fs € K[xq, ..., Xn|, the system

fi = =--. = fs = 0 has no solutions in the algebraic closure of K iff
there exist polynomials 31, . .., Bs € K[Xq, ..., Xn| such that

S
1=> Bif.
i=1

The set {B;} is a Nullstellensatz certificate.
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Hilbert’s Nullstellensatz

4 2

Certificate of infeasibility for 3-coloring ideal:

1 =v4(X) + (—=x1) - m2(X) + (=X2 — Xa) - 713(X) + (—X1) - 714(X)
+ (=X1 — Xa) - n23(X) + (=X2) - m24(X) + (—X1 — X2) - M34(X)
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Hilbert’s Nullstellensatz

Grébner basis for coloring ideal:

{1}

4 2

Certificate of infeasibility for 3-coloring ideal:

1 =v4(X) + (—=x1) - m2(X) + (=X2 — Xa) - 713(X) + (—X1) - 714(X)
+ (=X1 — Xa) - n23(X) + (=X2) - m24(X) + (—X1 — X2) - M34(X)
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Hilbert’s Nullstellensatz

Theorem (Hilbert)

Given a fieldK and fy, . .., fs € K[xq, ..., Xn|, the system

fi = =--. = fs = 0 has no solutions in the algebraic closure of K iff
there exist polynomials 31, . .., Bs € K[Xq, ..., Xn| such that

S
1= A
i=1

The set {B;} is a Nullstellensatz certificate.

@ Degree of the certificate is minimum degree of the j;
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Hilbert’s Nullstellensatz

Theorem (Hilbert)

Given a fieldK and fy, . .., fs € K[xq, ..., Xn|, the system

fi = =--. = fs = 0 has no solutions in the algebraic closure of K iff
there exist polynomials 31, . .., Bs € K[Xq, ..., Xn| such that

S
1= A
i=1

The set {B;} is a Nullstellensatz certificate.

@ Degree of the certificate is minimum degree of the j;
@ If degree small, find certificate by brute force over finite field K
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I
Certificates for Zx(G)

Theorem (DMPRRSSS)

Given a non-k-colorable graph G, let d be the minimum degree of a
Nullstellensatz certificate.

@ d=1 mod k
@d>k+1ifk>3.
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I
Certificates for Zx(G)

Theorem (DMPRRSSS)

Given a non-k-colorable graph G, let d be the minimum degree of a
Nullstellensatz certificate.

@ d=1 mod k
@d>k+1ifk>3.

@ Brute force is inefficient for every G
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I
Certificates for Zx(G)

Example: degree-4 certificate over Fy:

1= (1 4 XoXeXs + XoX2Xe + XoXaXa + XoX3X5 + XoXaXs + XoXaXe + X2 Xy + X2 X
+ X1X3X4 + X1 X3X5 + X1 X5Xp + XoX3X4 + XoX3Xg + X3X5Xp + X4X5X6)(x8 +1)
(X1 4 Xa + Xa + XoX1Xa + XEX1 X6 + XoXoXa + XEXeXe + XoXaXa + Xe XaXs
+ XgXSXG + XoX1X3Xa + XoX1X3Xe + XoX2X3Xa + XoXoX3Xe + XoXoXaX5 + XoX2X4Xs
+ XoX2X5Xs + XoX3XaXs + XoX3X4Xe + XoX3X5Xe + XoX4X5Xe+
+ X1X3X4X5 + X1X3X4Xe + X1X4X5Xe + XoX3X4X5 + X2X3X4X6)(X% + XoX1 + Xf)

+ (X1 4+ Xa + Xa + Xo + X5 X1 Xa + X X1 X6 + X5 XaXs + XG XaXe + X X6 Xe
+ XoX1X3Xq + XoX1X3Xe + XoX3X4X5 + XoX3XaXe + X1X3XaX5 + X1 X3X4Xs

2 2
+ X1 XaX5Xe + X3 XaX5X6)(Xo + XoX2 + X3) + -+ -
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Example: degree-4 certificate over Fy:

1= (1 4 XoXeXs + XoX2Xe + XoXaXa + XoX3X5 + XoXaXs + XoXaXe + X2 Xy + X2 X
+ X1X3X4 + X1 X3X5 + X1 X5Xp + XoX3X4 + XoX3Xg + X3X5Xp + X4X5X6)(x8 +1)
(X1 4 Xa + Xa + XoX1Xa + XEX1 X6 + XoXoXa + XEXeXe + XoXaXa + Xe XaXs
+ XgXSXG + XoX1X3Xa + XoX1X3Xe + XoX2X3Xa + XoXoX3Xe + XoXoXaX5 + XoX2X4Xs
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+ X1X3X4X5 + X1X3X4Xe + X1X4X5Xe + XoX3X4X5 + X2X3X4X6)(X% + XoX1 + Xf)

+ (X1 4+ Xa + Xa + Xo + X5 X1 Xa + X X1 X6 + X5 XaXs + XG XaXe + X X6 Xe
+ XoX1X3Xq + XoX1X3Xe + XoX3X4X5 + XoX3XaXe + X1X3XaX5 + X1 X3X4Xs

2 2
+ X1 XaX5Xe + X3 XaX5X6)(Xo + XoX2 + X3) + -+ -
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Certificates for Zx(G)

Example: degree-4 certificate over Fy:

1= (1 4 XoXeXs + XoX2Xe + XoXaXa + XoX3X5 + XoXaXs + XoXaXe + X2 Xy + X2 X
+ X1X3X4 + X1 X3X5 + X1 X5Xp + XoX3X4 + XoX3Xg + X3X5Xp + X4X5X6)(x8 +1)
(X1 4 Xa + Xa + XoX1Xa + XEX1 X6 + XoXoXa + XEXeXe + XoXaXa + Xe XaXs
+ XgXSXG + XoX1X3Xa + XoX1X3Xe + XoX2X3Xa + XoXoX3Xe + XoXoXaX5 + XoX2X4Xs
+ XoX2X5Xs + XoX3XaXs + XoX3X4Xe + XoX3X5Xe + XoX4X5Xe+
+ X1X3X4X5 + X1X3X4Xe + X1X4X5Xe + XoX3X4X5 + X2X3X4X6)(X% + XoX1 + Xf)

+ (X1 4+ Xa + Xa + Xo + X5 X1 Xa + X X1 X6 -+ X5 XaXs + X§ XaXe + X X6 Xe
+ XoX1X3Xq + XoX1X3Xe + XoX3X4X5 + XoX3XaXe + X1X3XaX5 + X1 X3X4Xs

2 2
+ X1 XaX5Xe + X3 XaX5X6)(Xo + XoX2 + X3) + -+ -
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I
Certificates for Zx(G)

Example: degree-4 certificate over Fy:

1 = (14 XoXoX4 + XoXoXe + XoXaXa + XoXaX5 + XoX4X5 + XoXaXe + x12x4 + x12x6
+ X1 XaXa + X1 X3X5 + X1 XsXs + XaXaXa + XoXaXs + XaX5 X6 + XaXsXs)(Xg + 1)
(X1 4 Xa + Xa + XoX1Xa + XEX1 X6 + XoXoXa + XEXeXe + XoXaXa + Xe XaXs
+ XgXSXG + XoX1X3Xa + XoX1X3Xe + XoX2X3Xa + XoXoX3Xe + XoXoXaX5 + XoX2X4Xs
+ XoX2X5Xs + XoX3XaXs + XoX3X4Xe + XoX3X5Xe + XoX4X5Xe+
+ X1X3X4X5 + X1X3X4Xe + X1X4X5Xe + XoX3X4X5 + X2X3X4X6)(X5 + XoX1 + Xf)

+ (X1 4+ Xa + Xa + Xo + X5 X1 Xa + X X1 X6 -+ X5 XaXs + X§ XaXe + X X6 Xe
+ XoX1X3Xq + XoX1X3Xe + XoX3X4X5 + XoX3XaXe + X1X3XaX5 + X1 X3X4Xs

2 2
+ X1 XaX5Xe + X3 XaX5X6)(Xo + XoX2 + X3) + -+ -
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I
Certificates for Zx(G)

Example: degree-4 certificate over Fy:

1= (1 + XoXoXs + XoX2Xe + XoX3Xa + XoXaXs + XoXaX5 + XoXaXs + x12x4 + x12x6
+ X1X3X4 + X1 X3X5 + X1 X5Xg + XoX3X4 + XoX3Xs + X3X5Xp + X4X5X6)(Xg +1)
(X1 4 Xs + Xa + XoX1Xa + XEX1 X6 + Xo XoXa + XEXeXe + XoXaXa + Xe XaXs
+ XgXSXe + XoX1X3Xa + XoX1X3Xe + XoX2X3Xa + XoXoX3Xe + XoXoXaX5 + XoX2X4Xs
+ XoX2X5Xs + XoX3XaXs + XoX3X4Xe + XoX3X5Xe + XoX4X5Xe+
+ X1 X3X4X5 + X1 X3XaXe + X1X4X5Xe + XoX3X4X5 + X2X3X4X6)(Xg + XoX1 + Xf)

2 2 2 2 2
+ (X1 + X3 + Xa + X6 + X3 X1 Xa + X5 X1X6 + Xo XaXs + Xo XaXe + Xg X5 X6
+ XoX1X3Xq + XoX1X3Xe + XoX3X4X5 + XoX3XaXe + X1X3XaX5 + X1 X3X4Xs

2 2
+ X1XaX5X6 + X3XaX5Xe)(Xo + XoXz2 + X3) + -+

David Rolnick (MIT) Graph-coloring ideals ISSAC 2015 15/22



I
Certificates for Zx(G)

Theorem (DMPRRSSS)

Given a non-k-colorable graph G, let d be the minimum degree of a certificate.
@ d=1 mod k
@ d>k+1ifk>3.
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I
Certificates for Zx(G)

Theorem (DMPRRSSS)

Given a non-k-colorable graph G, let d be the minimum degree of a certificate.
@ d=1 mod k
@ d>k+1ifk>3.

Graph | k | Possibledegrees | F» | Fs | Fs | Fy
Ky 3 1,4,7,10,... 1 — 4 4
Ks 4 5,9,13,... - 5 5 5
Ks | 5| 6,11,16,... 6 6 — [ 11
K7 6 7,13,19,... - — 13 13
Ks 7 8,15,22,... 8 >151| > 15 —
Ko 8 9,17,25,... - >17 | > 17 | > 17
Kio 9 10,19,28, ... >19 — >19 | >19
Ki1 10 11,21,31,... — > 21 — > 21
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I
Certificates for Zx(G)

Theorem (DMPRRSSS)

Given a non-k-colorable graph G, let d be the minimum degree of a certificate.
@ d=1 mod k
@ d>k+1ifk>3.

Graph | k | Possibledegrees | F» | Fs | Fs | Fy
Ky 3 1,4,7,10,... 1 — 4 4
Ks 4 5,9,13,... - 5 5 5
Ks | 5| 6,11,16,... 6 6 — [ 11
K7 6 7,13,19,... - — 13 13
Ks 7 8,15,22,... 8 >151| > 15 —
Ko 8 9,17,25,... - >17 | > 17 | > 17
Kio 9 10,19,28, ... >19 — >19 | >19
Ki1 10 11,21,31,... — > 21 — > 21

@ Computation over IF, possible only if p, k relatively prime
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I
Certificates for Zx(G)

For every field K, the minimum degree of a k-coloring certificate grows
superlinearly in k.

Graph | k | Possibledegrees | F» | Fs | Fs | Fy

Ki | 3| 1,4,7,10,... 1 — 7] 4
Ks | 4 5,9,13,... - 5 5 5
Ke | 5| 6,11,16,... 6 6 — 11
K, | 6 | 7,13,19,... = — [ 13 | 13
Ke | 7 | 8,15,22,... 8 |>15|>15| —
Ke | 8 | 9,17,25,... — [>7 [ =17 [ =17
Ko | 9| 10,19,28,... | >19| — |>19|>19
Kn |10 11,21,31,... —[z21| = [>21

David Rolnick (MIT)
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Inapproximability results

Definition
Given a set of polynomials f; and an integer c.
An independent set of variables do not pairwise co-occur in any f;.

@ Grobner problem: Find a Grébner basis.
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Inapproximability results

Definition
Given a set of polynomials f; and an integer c.
An independent set of variables do not pairwise co-occur in any f;.

@ Grobner problem: Find a Grébner basis.

@ Weak c-partial Grébner problem: Throw away c variables and the
polynomials containing them, then find a Grébner basis.
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Inapproximability results

Definition
Given a set of polynomials f; and an integer c.
An independent set of variables do not pairwise co-occur in any f;.
@ Grobner problem: Find a Grébner basis.
@ Weak c-partial Grébner problem: Throw away c variables and the
polynomials containing them, then find a Grébner basis.
@ Strong c-partial Grébner problem: Throw away ¢ independent sets
of variables and the polynomials containing them, then find a
Grébner basis. |
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Inapproximability results

Definition
Given a set of polynomials f; and an integer c.
An independent set of variables do not pairwise co-occur in any f;.
@ Grobner problem: Find a Grébner basis.
@ Weak c-partial Grébner problem: Throw away c variables and the
polynomials containing them, then find a Grébner basis.

@ Strong c-partial Grébner problem: Throw away ¢ independent sets
of variables and the polynomials containing them, then find a
Grébner basis.

'

Theorem (DMPRRSSS)
The strong c-partial Grébner problem is NP-hard for every c.
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Inapproximability results

Definition
Given a set of polynomials f; and an integer c.
An independent set of variables do not pairwise co-occur in any f;.
@ Grobner problem: Find a Grébner basis.
@ Weak c-partial Grébner problem: Throw away c variables and the
polynomials containing them, then find a Grébner basis.

@ Strong c-partial Grébner problem: Throw away ¢ independent sets
of variables and the polynomials containing them, then find a
Grébner basis.

'

Theorem (DMPRRSSS)
The strong c-partial Grébner problem is NP-hard for every c.

@ Simpler proof holds for the weak c-partial Grébner problem
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Inapproximability results

Theorem (DMPRRSSS)
The strong c-partial Grébner problem is NP-hard for every c.
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Inapproximability results

Theorem (DMPRRSSS)
The strong c-partial Grébner problem is NP-hard for every c.

Proof idea:
@ Remove c independent sets of vertices
@ Corresponds to independent sets of variables in coloring ideal
@ Grobner basis = k-coloring of remaining vertices
@ Gives (k + c)-coloring of graph
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Inapproximability results

Theorem (DMPRRSSS)
The strong c-partial Grébner problem is NP-hard for every c.

Proof idea:
@ Remove c independent sets of vertices
@ Corresponds to independent sets of variables in coloring ideal
@ Grobner basis = k-coloring of remaining vertices
@ Gives (k + c)-coloring of graph

Theorem (Khanna, Linial, Safra 1993)

It is NP-hard to color a k-chromatic graph with at mostk + 2 | &| — 1
colors.
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Technical details

@ Certain monomial orders are elimination orders
@ Every lexicographic order x; > --- > Xxp is an elimination order
@ For an elimination order, the Grobner basis allows

back-substitution, e.g.
X3 4 Xoxz — x5 — 1,
X3 —Xp+ x5 +1,
XoX5 — 2X3 + X3,

X3+ 1.
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Technical details

@ Certain monomial orders are elimination orders
@ Every lexicographic order x; > --- > Xxp is an elimination order

@ For an elimination order, the Grobner basis allows
back-substitution, e.g.

X3 4 Xoxz — x5 — 1,
X3 —Xp+ x5 +1,
XoX5 — 2X3 + X3,
X3+ 1.
@ Problem: What if one cannot solve for roots of unity, e.g. over a
field other than R?
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Technical details

@ Certain monomial orders are elimination orders
@ Every lexicographic order x; > --- > Xxp is an elimination order
@ For an elimination order, the Grobner basis allows

back-substitution, e.g.
X3+ xoxg — x5 — 1,
X3 —Xp+ x5 +1,
XoX5 — 2X3 + X3,
X3+ 1.

@ Problem: What if one cannot solve for roots of unity, e.g. over a
field other than R?

@ Solution: Do not solve numerically, merely symbolically
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Summary of results

@ Polytime algorithm finding Grébner basis of graph-coloring ideal in
chordal graphs

@ Complexity of Nullstellensatz certificate for general graphs

@ Hardness of approximate Grébner basis computation,
« from hardness of approximate k-coloring
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