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Finite element methods (FEM)

Numerical methods for finding approximate
solutions to partial differential equations
(PDEs) on non-trivial domains.

The domain is subdivided into simple geo-
metrical objects (triangles, tetrahedra, ...)
and the solution is then approximated by
locally supported, piecewise polynomial basis
functions.

The task of solving the PDE is reduced to the
solution of a (large scale) linear system.

(Solving the PDE) — (Solving Au = f)
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—u"(x) =f(x), in Q=(0,1)
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> Let v be a sufficiently smooth function with v(0) = 0. We
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Variational /Weak formulation (1D)

» Consider the two-point boundary value problem: given f, find
u such that
—u"(x)=f(x), in Q=(0,1)
u(0)=0, J(1)=0.
> Let v be a sufficiently smooth function with v(0) = 0. We
multiply the equation above by v(x) and integrate over Q.

Next we do integration by parts. Now we use the Neumann
boundary condition

- /01 U (x)v(x) dx = /01 f(x)v(x) dx
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» Consider the two-point boundary value problem: given f, find
u such that
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> Let v be a sufficiently smooth function with v(0) = 0. We
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Galerkin method

> Problem: Given a bilinear form a(-,-) and a linear form F(-),
findue V: a(u,v)=F(v) YvevV,

where V is some infinite dimensional function space.
» Approximate V' by finite dimensional subspaces V}, C V.
» Discrete problem: Given a(-,-) and F(-),

find up € Vo a(up, vi) = F(vp) Yy € V.

> Let Ny =dim V), and {¢1,...,én,} be a basis for Vj,, then

we can expand
Np

up(x) = > uidi(x)

i=1

and it is sufficient to consider vj(x) = ¢j(x) for j=1,..., Np.
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Galerkin method
> Plug up(x) = M uidi(x) and vi(x) = ¢;(x) into
find up € V) a(uh, Vh) = F(Vh) Vv, €V,

to obtain

Ny
findue RM: > wa(¢i, ¢) = F(¢y), Vi=1,...
i=1

where u = (u1,...,up,).
> Let
A= (a(¢i, ¢y and f=(f,..., ),

then we arrive at the /inear system

findue RM:  Au="f.
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Weak derivative

A function f € L?(a,b) is weakly differentiable, if there exists
w € L} (a,b) satisfying

loc

/ab f(x)V/(x)dx = — /ab w(x)v(x) dx

for all v € C3°(a, b). If such a w exists, then it is unique a.e.
and we write f'(x) = w(x).

» Weak and strong derivative coincide (in the L?-sense) if f is
classically differentiable.

» Continuous functions that are piecewise differentiable are
weakly differentiable.

» Functions with jumps are not weakly differentiable.
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Strategies for increasing the accuracy

» initial mesh

> h-version: mesh refinement while
keeping the polynomial degree fixed

> p-version: increasing the
polynomial degree while keeping
the mesh fixed

» hp-version: combination of both
strategies

» higher order (i.e., p- and hp-) methods converge faster with
respect to the number of unknowns, but require more effort in
the implementation.
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Conforming finite element bases

» The given domain is subdivided into simple geometric objects
(intervals, quadrilaterals, triangles, prisms, tetrahedra, etc.)
that are called elements.

> A finite element basis consists of locally supported, piecewise
polynomial basis functions ¢i(x).

> A finite element basis is conforming if for all i, ¢; € V/, where
V is the function space where the variational problem is posed.

> For 1D we consider next examples for two types of conforming
finite element bases: a nodal basis and a hierarchic basis.

» The basis functions are defined on a reference element and
then mapped to the actual element in the mesh.
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Setting for the 1D model problem

» Given f € L2(0,1), find u € V such that

1 1
/Ou(x)v(x)dxz/0 f(x)v(x)dx, VveV,

-~ -~

=a(u,v) =F(v)

where V = {v € L?(0,1): a(v,v) < oo and v(0) = 0}.

» Regularity requirements for the basis functions: weakly
differentiable and square integrable on (0,1). We will define
continuous, piecewise polynomial basis functions.

» For sake of simplicity we use an equidistant subdivision of
(0,1) with the same maximal polynomial degree p on each
element. Note that the construction we present allows to vary
the polynomial degree on the elements.
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High order nodal finite element basis

> reference element 7 = [—1, 1], maximal polynomial degree p

» Lagrange basis polynomials:

where {x1,...,xp41} is an equidistant subdivision of Z.

» Example p = 3:
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Local and global basis (p = 2, 4 elements)

1]

X

T p1(x), P2(x), 93(x), Pa(x), Ps(x),
l1(x), €2(x), £3(x) P6(x), p7(x), dg(x)

— global basis functions




The system matrix

= (a(@i, ¢)M_y with a(u,v) = [§ u'(x)V/(x) dx.

<> < 0 0 0 0

<>E<><>O 0
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O O O O o
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The system matrix

> A= (a(¢r, 0))M_y with a(u, v) = [ o/ (x)V(x) d.

<« v 0 0 0 0
< << <P U 0 0

O OO o oo

O O O O O

<>
<>
<>




The system matrix

> A= (a(¢r, 0))M_y with a(u, v) = [ o/ (x)V(x) d.

<« <o
o <«
0 =»
0 «»
A= 0 0
0 0
0 0
0 0

N

<>
<>
<>

o O O o

4>
<>
<>
<>
<>

0 0 0
0 0 0
0 0 0
<@ <O 0
<« <> 0

<« (o] o

0 | | =
0 <> <P

N

N
[

O O O O o

<>
<>
<>
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High order hierarchical finite element basis

> reference element 7 = [-1,1], maximal polynomial degree p

» vertex based basis functions: 1 in the defining vertex and 0 in
all other vertices,

1—x 1+x
> pva(x) = 5

» cell based basis functions: vanish at the boundary of the
element, polynomial inside:

pvo(x) =

X

vc,i(x) = Li(x) = /_1 Pi_1(x)dx, i>2,

where P,(x) is the nth Legendre polynomial. The polynomials
Ln(x) are called integrated Legendre polynomials.

> Legendre polynomials are orthogonal w.r.t. the L?(—1,1)
inner product, i.e.,

1
/P,-(X)Pj(x)dXZO, it i)

-1



Integrated Legendre polynomials
» For n > 2 with Lo(x) = —1 and L;(x) = x we have

2n—3 n—3
xLp—1(x) —

La(x) =

Ln_z(X).
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Integrated Legendre polynomials
» For n > 2 with Lo(x) = —1 and L;(x) = x we have

2n—3 n—3

Ly(x) = xLp—1(x) —

» Lp(£1)=0
» Orthogonality relation

Ln_z(X).

1
/ Li(x)Li(x)dx =0, if i#j
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Integrated Legendre polynomials
» For n > 2 with Lo(x) = —1 and L;(x) = x we have

_2n-3 n—3

Ln(X) XLn—l(X) -

» Ly(£1)=0
» Orthogonality relation

1
/ Li(x)Li(x)dx =0, if i#j

-1

Ln_z(X).

» Sparse w.r.t. the L? inner product

1
/L;(X)Lj(X)dXZO, it |i—j|#0,2

-1




Local and global basis (p = 2, 4 elements)

1]

-~

=y

! global basis:
¢V2(X)7 ¢V3(X)7 ¢V4(X)7 C)Vs(x)v

b 2(%), 06 2(x), Dy 2(x), $ci2(x)

wv.o(x), ev.i(x), pca(x) —oc




The system matrix

(a(¢n¢1),d 1= < ﬁgt QZE ) with a u, v fulvldx

«»] @« 0 0|« <« 0 0

o [« @ 0|0 <« <« 0
0 <« [« |0 0 <« <«

A 0 0 @ <« | 0 0 0 «»
<> 0 0 0O |«» O 0 0

«»> <> 0 0 0 «» 0 0

0 «@» <«v» 0 0 0 <« 0

0 0 <« <« | 0 0 0 «»

N

.
[N



The system matrix

(a(¢n¢1),d 1= < ﬁgt QZE ) with a u, v fulvldx

<« < 0 0  » < 0 0
<P D> <D 0 0 <« U 0
0 o [ <« 0 «» <«
0 0 <@ <A 0 0 <«»

o O

<> 0 0 0 | «» 0 0 0
<« <> 0 0 0 <> 0 0
0 <@ <O 0 0 0 <« 0
0 0 @ < | 0 0 0 «»

s
[N



Example

Find u:

_ ul/(X)

%(2x — 1)(4x — 3) sin(7x),

u(0)=0, J(1)=0.



Example

Find u:  —u"(x) = §(2x — 1)(4x — 3)sin(rx), in (0,1)
u(0)=0, J(1)=0.
0.008
0.006
0.004
0002
0.0 0.2 0.4 0.6 0.8 1.0

exact solution



Example

Find u:

— u"(x) = £(2x — 1)(4x — 3)sin(7x),
u(0)=0, J(1)=0.
ooog T
0.006
0.004
0002
0.0 0.2 0.4 0.6 0.8 1.0

exact solution

, approximation for p = 2



Example

Flnd u:

— u"(x) = £(2x — 1)(4x — 3)sin(7x),
«(0)=0, u(1)=0.
- —
s
0.004
0.002
0.0 02 o4 - " _

exact solution

, approximation for p =3



Example

Flnd u:

e %(2)( — 1)(4x — 3)sin(mx),
u(0) =0, v(1)=0
- =
N
o00¢
iy
0.0 02 o - _ .

exact solution

, approximation for p = 4



Example

Find u:

— u"(x) = §(2x — 1)(4x — 3) sin(7x),
u(0) =0, v(1)=0
0.008
N
0.004
0.002
0.0 0.2 o - _ _

exact solution

, approximation for p =5



Example

Find u:

— u"(x) = £(2x — 1)(4x — 3)sin(7x),
u(0)=0, J(1)=0.
0.008
0.006
0.004
0002
0.0 0.2 0.4 0.6 0.8 1.0

exact solution

, approximation for p = 6



Example: the system matrix for p = 6

in the hierarchic basis: In the nodal basis:
1/0 000 0 40. —48. 38. —24. 10. -2
0/ 000 O —48. 80. —76. 50. —24. 5.9
0/0 2 00 0 3. —76. 95. —76. 38. —938
0({0 0 3 00 —24. 50. —76. 80. —48. 1L.
0/0 0035 O 10. —24. 38. —48. 40. -—14.
0/0 0 0 0 —-22 59 -98 11. -14. 86




Example: the system matrix for p = 6

in the hierarchic basis: In the nodal basis:

110 0 0 0 O 40. —48. 38. —-24. 10. -2.2
0/ 000 O —48. 80. —76. 50. —24. 5.9
00 % 0 0 O 38. —76. 95. —-76. 38. -9.8
0/0 0 300 —24. 50. —76. 80. —48. 1l
0/0 0035 O 10. —24. 38. —48. 40. -—14.
0/0 0 0 0 % —-22 59 -98 11. -14. 8.6
> sparse element » full element matrix

matrix



Example: the system matrix for p = 6

in the hierarchic basis: In the nodal basis:
110 0 0 0 O 40. —48. 38. —24. 10. -22
0/ 000 O —48. 80. —76. 50. —24. 5.9
0|0 % 0 0 O 38. —76. 95. —-76. 38. -9.8
0/0 0 300 —24. 50. —76. 80. —48. 1l
0/0 0035 O 10. —24. 38. —48. 40. -—14.
0/0 0 0 0 % —-22 59 -98 11. -14. 8.6
> sparse element » full element matrix
matrix » recompute whole basis when
» add new increasing the polynomial degree

polynomials when
increasing the
polynomial degree



Example: the system matrix for p = 6

in the hierarchic basis: In the nodal basis:
110 0 0 0 O 40. —48. 38. —24. 10. -2.2
0/ 000 O —48. 80. —76. 50. —24. 5.9
0|0 % 0 0 O 38. —76. 95. —76. 38. -9.8
0/0 0 300 —24. 50. —76. 80. —48. 1L
0/0 0035 O 10. —24. 38. —48. 40. -—14.
0/0 0 0 0 % —-22 59 -98 11. —14. 8.6
> sparse element » full element matrix
matrix » recompute whole basis when
» add new increasing the polynomial degree

polynomials when
increasing the
polynomial degree

» recurrence for fast
evaluation



Variational /Weak formulation (2D)
» Model problem: given f: R?> — R, find u: R> — R s.t.
—Au(x) = f(x), in Q
u(x) =0, on 09,

where Ag(x) = Zfl 1 —;(X) denotes the Laplace operator.



Variational /Weak formulation (2D)
» Model problem: given f: R?> = R, find u: R?> = R s.t.
—Au(x) = f(x), in Q
u(x) =0, on 01,

where Ag(x) = Zfl:l %(X) denotes the Laplace operator.
> Let v be a sufficiently smooth function with v |so= 0. We

multiply the equation above by v(x) and integrate over Q.

- /Q Au(x)v(x) dx = /Q F()v(x) dx



Variational /Weak formulation (2D)
> Model problem: given f: R?> — R, find u: R> = R s.t.

—Au(x) = f(x), in Q
u(x) =0, on 01,

where Ag(x) = Zfl:l %(X) denotes the Laplace operator.

> Let v be a sufficiently smooth function with v |so= 0. We

multiply the equation above by v(x) and integrate over Q.
Next we apply GauB' theorem

/ Au(x)v(x) dx = /Q F(x)v(x) dx
L (x)v(x) dx = /Q F(x)v(x) dx

o0 8n

/Vu(x Vv(x)dx —



Variational /Weak formulation (2D)
> Model problem: given f: R?> — R, find u: R> = R s.t.

—Au(x) = f(x), in Q
u(x) =0, on 01,

where Ag(x) = Zfl:l %(X) denotes the Laplace operator.

> Let v be a sufficiently smooth function with v [9o= 0. We
multiply the equation above by v(x) and integrate over Q.

Next we apply GauB' theorem and use the essential condition
on v.

/ Au(x)v(x) dx = /Q F(x)v(x) dx
/Vu(x Vix)dc— | 2vix )dx—/ﬂf(x)v(x) dx

o0 8n



Variational /Weak formulation (2D)
> Model problem: given f: R?> — R, find u: R> = R s.t.
—Au(x) = f(x), in Q
u(x) =0, on 01,

where Ag(x) = Zfl:l %(X) denotes the Laplace operator.

> Let v be a sufficiently smooth function with v |so= 0. We
multiply the equation above by v(x) and integrate over Q.

Next we apply GauB' theorem and use the essential condition
on v.

_ /Q Au(x)v(x) dx = /Q F(x)v(x) dx
/Q Vu(x)Vv(x) dx _ /Q F(x)v(x) dx
o, v) = /Q Vu(x)Vv(x) dx = /Q FO)v(x) dx = F(v)



Model problem in 2D

> Given f € C(R), find u € C?(Q) such that

f
u(x) =0, on 01,

» Given f € L2(Q), find u € V such that
/ Vu(x)Vv(x) dx :/ f(x)v(x)dx, VYveV,
Q Q

where V = {v € L?(Q): a(v,v) < o0 and v |so= 0}.
» Find u € RN»:
Au = £,

where N, = dim V}, C V, and the approximate solution is

up(x) = Z,N:hl uipi(x) for a basis {¢1(x), ..., én,(x)}.



Hierarchic high order finite element basis in 2D

» Vertex based basis functions
» Edge based basis functions

» Cell based basis functions




Hierarchic high order finite element basis in 2D

» Vertex based basis functions 1 at the defining vertex, 0 on all
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» Vertex based basis functions 1 at the defining vertex, 0 on all
other vertices, linear in between

» Edge based basis functions polynomial on the defining edge,
vanishing on all other edges, polynomial in between

» Cell based basis functions




Hierarchic high order finite element basis in 2D

» Vlertex based basis functions 1 at the defining vertex, 0 on all
other vertices, linear in between

» Edge based basis functions polynomial on the defining edge,
vanishing on all other edges, polynomial in between

» Cell based basis functions supported only on the defining
element, i.e., vanish on the boundary, polynomial on the
interior of the element




High order finite element basis on quadrilaterals

» reference element Q = [-1,1]? V, & V3




High order finite element basis on quadrilaterals
> reference element Q = [—1,1]2 Vs e Vs

» tensor product of 1D basis functions




High order finite element basis on quadrilaterals

> reference element @ = [—1,1]2
» tensor product of 1D basis functions

» Vertex based basis functions:

evi(x,¥) = pvo(x)evoly)
=;1-x)(1-y)

Va4

€4

Vi

€3

Vs

Va



High order finite element basis on quadrilaterals

> reference element Q = [—1,1]2
» tensor product of 1D basis functions

» Vertex based basis functions:

90V1(X’y) = QOV,O(X)QOV,O(}/)
=3:(1-x)(1~y)




High order finite element basis on quadrilaterals

» reference element Q = [-1,1]? V, €3 V3

> tensor product of 1D basis functions

» Vertex based basis functions:
€4 €2

evi(x,¥) = pvo(x)evoly)
=;1-x)(1-y)

Vi € Va

» Edge based basis functions: e, i(x,y) = Li(x)pv,o(y), for
I=2,...,p



High order finite element basis on quadrilaterals

> reference element Q = [—1,1]2
» tensor product of 1D basis functions

» Vertex based basis functions:

ovi (%) = pvo(x)evely)
=;(1=x)(1-y)

» Edge based basis functions: e, i(x,y) = Li(x)pv,o(y), for
I=2,...,p



High order finite element basis on quadrilaterals

» reference element Q = [-1,1]? V, €3 V3

> tensor product of 1D basis functions

» Vertex based basis functions:
€4 €2

evi(x,¥) = pvo(x)evoly)
=;1-x)(1-y)

Vi € Vo
» Edge based basis functions: e, i(x,y) = Li(x)pv,o(y), for
I=2,...,p
» Cell based basis functions: ¢c i j(x,y) = Li(x)L;j(y) for
ij=2....p



High order finite element basis on quadrilaterals

reference element Q = [—1,1]?

v

v

tensor product of 1D basis functions

v

Vertex based basis functions:

ovi (%) = pvo(x)evely)
=;(1=x)(1-y)

Edge based basis functions: e, i(x,y) = Li(x)pv.o(y), for
I=2,...,p

Cell based basis functions: ¢pc i j(x,y) = Li(x)L;j(y) for
ij=2....p

v

v



High order finite element basis on quadrilaterals

> reference element Q = [-1,1]? V, e Vs
» tensor product of 1D basis functions
» Vertex based basis functions:
€4 €
evi(x,y) = pvo(x)evoly)
=;(1=-x)(1-y)
Vi e Vo
» Edge based basis functions: @e, i(Xx,y) = Li(x)ev,o(y), for
I=2,...,p
» Cell based basis functions: pc i j(x,y) = Li(x)L;j(y) for
ii=2,....p
» Local vector of basis functions:

(@Vp PVys PVs,s @Vy Per,25 -+ Peqg,ps PC225 -+ QDC,p7p)

-~ -~

Py

Pe Pc



Global vector of basis functions

> Collect globally vertex, edge and cell
based basis functions (¢, g, ®¢)
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the defining edge




Global vector of basis functions

» Collect globally vertex, edge and cell
based basis functions (¢, g, ®¢)

» Vertex based basis functions are
supported on all elements sharing the
defining vertex

» Edge based basis functions are
supported on the two elements sharing
the defining edge (Need to care about
orientation of edges!)




Global vector of basis functions

> Collect globally vertex, edge and cell
based basis functions (¢, g, ®¢)

» Vertex based basis functions are
supported on all elements sharing the
defining vertex

» Edge based basis functions are
supported on the two elements sharing
the defining edge (Need to care about
orientation of edges!)

» Cell based basis functions are only supported on the defining
element



Global vector of basis functions

> Collect globally vertex, edge and cell
based basis functions (¢, g, ®¢)

» Vertex based basis functions are
supported on all elements sharing the
defining vertex

» Edge based basis functions are
supported on the two elements sharing
the defining edge (Need to care about
orientation of edges!)

» Cell based basis functions are only supported on the defining
element

» There can only be nonzero entries in the system matrix, if the
support of two basis functions overlaps.



The system matrix on the reference element

= (a(ej, ¢j)ij with a(u, v) = [o Vu(x,y)Vv(x,y)d(x,y)



The system matrix on the reference element

= (a(ej, ¢j)ij with a(u, v) = [o Vu(x,y)Vv(x,y)d(x,y)

» All basis functions are tensor products: ¢;(x,y) = fi(x)gi(y),
hence

Voi(x,y) = (f (x)&i(y), fi(x)gi(y))



The system matrix on the reference element

= (a(ej, ¢j)ij with a(u, v) = [o Vu(x,y)Vv(x,y)d(x,y)
» All basis functions are tensor products: ¢;(x,y) = fi(x)gi(y),

hence
Voi(x,y) = (f(x)gi(y), fi(x)gi (v))
and a(¢i(X7y)7 (Z)J(Xay)) =

- /Q (FCF (& )g(y) + F)E(X)E ()E)) dix.y)



The system matrix on the reference element

= (a(ej, ¢j)ij with a(u, v) = [o Vu(x,y)Vv(x,y)d(x,y)
» All basis functions are tensor products: ¢;(x,y) = fi(x)gi(y),

hence
Voi(x,y) = (f(x)gi(y), fi(x)gi (v))
and a(¢i(X7y)7 ¢J(X7)’)) =

/ (£ (0f ()ai(v)gi(y) + fi(x)fi(x)gi (v)gj(y)) d(x. y)

- [ s | s

(v)gi(y) dy
1
/ F(x)F(x) dx / ¢l(v)gl(y)) dy
—1 —



The system matrix on the reference element

> A= (a(j, ¢j)ij with a(u, v) = [ Vu(x,y)Vv(x,y)d(x,y)
» All basis functions are tensor products: ¢;(x,y) = fi(x)gi(y),

hence
Voi(x,y) = (f(x)gi(y), fi(x)gi (v))
and a(¢i(X7y)7 ¢J(X7)’)) =

= [ FOIFIa0)80) + A& 08 1) dlx.)
/ 7 ()1 (x) dx / 8i(v)gi(y) dy

1
v / A6 o [ el dy

» combination of one-dimensional bilinear forms!



The element system matrix for p = 3

The matrix can again be subdivided into block according to the
different types of basis functions:

Avw Ave Avc
Aev  Aee Aec
Acv Ace Acc

and if the basis using integrated Legendre polynomials is used, then
the nonzero pattern is as follows...



3

The element system matrix for p







Efficient computations: recurrence relations

» FE-basis on quadrilaterals defined as tensor products of 1D
basis functions
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» FE-basis on quadrilaterals defined as tensor products of 1D
basis functions

» Hierarchic 1D basis functions defined using orthogonal
polynomials

» Orthogonal polynomials ¢,(x) satisfy three term recurrences
Gn(x) = (anx + bn) dn-1(x) + cndn—2(x), n=>1.

So do integrated Legendre polynomials!



Efficient computations: recurrence relations

» FE-basis on quadrilaterals defined as tensor products of 1D
basis functions

» Hierarchic 1D basis functions defined using orthogonal
polynomials

» Orthogonal polynomials ¢,(x) satisfy three term recurrences

Gn(x) = (anx + bn) dn-1(x) + cndn—2(x), n=>1.

So do integrated Legendre polynomials!
» Derivatives of orthogonal polynomials also satisfy three term
recurrences.



Efficient computations: recurrence relations

>

FE-basis on quadrilaterals defined as tensor products of 1D
basis functions

Hierarchic 1D basis functions defined using orthogonal
polynomials

Orthogonal polynomials ¢,(x) satisfy three term recurrences

Gn(x) = (anx + bn) dn-1(x) + cndn—2(x), n=>1.

So do integrated Legendre polynomials!

Derivatives of orthogonal polynomials also satisfy three term
recurrences.

Building blocks of system matrices are integrals of the form

/ 6i(x)5(x) dix,
A

where ¢; and v; are orthogonal polynomials (satisfy three
term recurrences).



Efficient computations: recurrence relations

> Let ¢n(x),¥n(x) be polynomials defined by the recurrences

bn(x) = (anx + bn) pn-1(x) + cndn—2(x),

and

¢H(X) = (O(,,X + /Bn) wn—l(x) + ’an,,_z(x).



Efficient computations: recurrence relations

> Let ¢n(x),¥n(x) be polynomials defined by the recurrences

¢n(x) = (anx + bn) dn—1(x) + cndn—2(x),
and
PYn(x) = (nx + Bn) Yn-1(x) + Yatbn—2(x).
> Let Pjj(x) = ¢i(x)¥j(x), then

P,‘J(X):A;JP;_1J+1(X)—I—B,'JP,'_]_’J'(X) i® ® ®
+ G jPi—1j-1(x) + Di jPi_2j(x),
with
Aij = ai/ji1, Bij = (bicjr1 — aiBj1)/ s,
Cij=—aivj+1/ajr1,  Dij=ci



Efficient computations: recurrence relations

» We have an x-free recurrence
Pij(x) = Ai jPi—1j+1(x)+B;i jPi-1,;(x)+Ci jPi—1j-1(x)+D; j Pi-2,(x),

for P;j(x) = ¢i(x)j(x).



Efficient computations: recurrence relations

» We have an x-free recurrence
Pij(x) = AijPi—1,j+1(X)+BijPi—1,j(x)+Ci jPi—1,j—1(x)+D; jPi_2 j(x),

for P,'J(X) = ¢i(x)wj(x)'

» It can be multiplied by any function f(x) and one may
integrate over Z and the recurrence remains valid, i.e.,

Mij = AijMi-1j41+ BijMi—1; + CijMi—1j-1 + DijMi_2,

for Mij = [5 f(x)pi(x)j(x) dx.



Efficient computations: sum factorization

» Usually the bilinear forms a(u, v) building the system matrix A
are evaluated using numerical integration:

a(0njsonr) = [ /Q C e y)i ()0 (X)) . )

~ > Waws C(Xa, y3)bi(Xa )i () di (xa )1 (v3),
o8
where
» C(-,-) is a coefficient function (contains also transformation
from the actual element in the mesh to the reference element),
> w, are the quadrature weights and x,, y3 are the quadrature
points.



Efficient computations: sum factorization

» Usually the bilinear forms a(u, v) building the system matrix A
are evaluated using numerical integration:

a(0njsonr) = [ /Q C e y)i ()0 (X)) . )

~ > Waws C(Xa, y3)bi(Xa )i () di (xa )1 (v3),
a,B
where
» C(-,-) is a coefficient function (contains also transformation
from the actual element in the mesh to the reference element),
> w, are the quadrature weights and x,, y3 are the quadrature
points.
» For the approximate solution of the linear system Au = f an
iterative scheme is used

uk ) = £ — AR

hence not fast assemblance of the matrix is needed, but fast
application.



Efficient computation: sum factorization

Let's write the solution vector u with two indices, then

(Au)y = D Waws Clxa, y5)8i(xa) i (vs) dr(xa)¥i(ys) s,

o,

where each summation is O(p) with maximal polynomial degree p.



Efficient computation: sum factorization

Let's write the solution vector u with two indices, then

(Au) = > WawsClxa, v5)di(xa )i (vs) bk (xa)¥(ys) i,

o,

where each summation is O(p) with maximal polynomial degree p.

MSJ) = Z Pi(%a)u; j



Efficient computation: sum factorization

Let's write the solution vector u with two indices, then

(Au) = > WawsClxa, v5)di(xa) ¥ (vs) bk (xa )W (ys) i,

B,

where each summation is O(p) with maximal polynomial degree p.
1
ML) =7 dilxa)u,
i

MEL =" M wi(ys)

J



Efficient computation: sum factorization

Let's write the solution vector u with two indices, then

(Ag)k,/: Z wowg C(Xa, ¥8)0i(%a ) Vi (vs) Pk (Xa)¥i(ys) U, ;

0,

where each summation is O(p) with maximal polynomial degree p.

= Z ¢i(Xa)HiJ
M) = Z MO (ys)

[(3?;)( = Z M( ) XaaYﬁ)(z)k(Xa)



Efficient computation: sum factorization

Let's write the solution vector u with two indices, then

(Ag)k,/: Z Wa W C(Xas ¥5)0i(Xa )i (ys) ok (Xa )i (ys) u;

a,B,i,j

where each summation is O(p) with maximal polynomial degree p.

= Z ¢i(Xa)HiJ
M) = Z USTON
[(3?;)( = Z M( ) XaaYﬁ)(z)k(Xa)

AU kl ~ Z M( )ng/ll(yg



Hierarchic high order basis functions on triangles

On quadrilateral elements the basis func-
tions were defined exploiting the tensor 11 _ay
product structure: "

Bi1(x.y) = (),

with i,j >0 and x,y € [-1,1].




Hierarchic high order basis functions on triangles

On quadrilateral elements the basis func-
tions were defined exploiting the tensor 11 _ay
product structure: "

¢ij(x,y) = wi(x)¥i(y),

with i,j >0 and x,y € [-1,1].

(3]

The basis functions on the reference tri-
angle T are defined by collapsing the
quadrilateral to the triangle:

o) = o (25) (7) w).




Integral over reference triangle

Let ¢;j(x,y) = @i <%> (%)I ¥j(y), then by means of the

substitution z = 12% we decouple the integrals:
y

1

/ 61106 V)b (x,y) d(x, ) = / 2i(x)k(x) dx
T 1

1 .
<[ @)

-1



Integral over reference triangle

Let ¢;j(x,y) = @i <%> (%)I ¥j(y), then by means of the

substitution z = 12% we decouple the integrals:
y

1

/ 61106 V)b (x,y) d(x, ) = / Pi(x)Pe(x) dx
.

-1

1 .
< [ @) o

-1

» Set pi(x) = Pi(x) (Legendre polynomials)



Integral over reference triangle

Let ¢;j(x,y) = @i <%> (%)I ¥j(y), then by means of the

substitution z = 12% we decouple the integrals:
y

/%¢;,j(x,y)¢k7,(x,y) d(x,y) = gidik

1 .
< [ @) d

-1

» Set pi(x) = Pi(x) (Legendre polynomials)



Integral over reference triangle

Let ¢ij(x,y) = ¢i <12—Xy> (11)"%( ), then by means of the

2x

substitution z = ;= we decouple the integrals:
-y

UL¢MQU¢MAXJ)ﬂ&y)=&&¢

1 .
<[ ) -
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» Set pi(x) = Pi(x) (Legendre polynomials)

> Set ¢;(y) = 1(2'“ 0)( ), the Jacobi polynomials orthogonal

2i+1
w.r.t. the weight function (%) e,

Lo N2+ 10 2i41,0
| (5) 7 RO PO dy
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Let ¢ij(x,y) = ¢i <12—Xy> (11)"%( ), then by means of the

2x

substitution z = ;= we decouple the integrals:
-y

/f Gij(x,¥)Pr(x,y) d(x,y) = gidi«

1
—z\2i+1 5(2i+1,0 2i+1,0
<[ ()PP 2)
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Integral over reference triangle

Let ¢ij(x,y) = ¢i <12—Xy> (177}/)"%( ), then by means of the

2x

substitution z = ;= we decouple the integrals:
-y

/f Gi (X, ¥)Pk,1(x,y) d(x,y) = &ihijdi k6;,

Dubiner basis

» Set pi(x) = Pi(x) (Legendre polynomials)

> Set ¢;(y) = 1(2'“ 0)( ), the Jacobi polynomials orthogonal

2i+1
w.r.t. the weight function (%) e,

Lo N2+ 10 2i41,0
| (5) 7 RO PO dy
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Sparsity optimized basis functions for simplices

» Dubiner: [?-orthogonal basis functions on triangles (suitably
chosen Jacobi polynomials)

» Beuchler+Schéberl: sparse system matrices for H* on
triangles (suitably chosen integrated Jacobi polynomials)

» Beuchler + VP: extension of the basis construction in H! to
tetrahedra
» Beuchler+VP+Zaglmayr: basis functions for H(div) and
H(curl), where
» construction principle follows Zaglmayr
» exploit products of suitably chosen integrated Jacobi
polynomials
» Proof of sparsity in the latter three cases: exact evaluation of
the integrals using symbolic computation



Jacobi and integrated Jacobi polynomials

» Fora> -1, -1 <x <1 and n2> 0 we denote by P,(,O"O)(x)
the nth Jacobi polynomial orthogonal w.r.t. the inner product

(f. &)1z (- 11)/ (153%)*f(x)g(x) dx.



Jacobi and integrated Jacobi polynomials

» Fora> -1, -1 <x <1 and n2> 0 we denote by P,(,O"O)(x)
the nth Jacobi polynomial orthogonal w.r.t. the inner product
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> We define the nth integrated Jacobi polynomial as

p(x) = / P ds
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» Fora> -1, -1 <x <1 and n2> 0 we denote by P,(,O"O)(x)
the nth Jacobi polynomial orthogonal w.r.t. the inner product

fgl_2( 11)/ 17 (X)dX.

> We define the nth integrated Jacobi polynomial as
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F1=A ABC
basis functions

F2=A ACD
F3=A BCD
F4=A ABD

> usually defined by collapsing a
hexahedron to a tetrahedron




High order basis functions on tetrahedra

> vertex, edge, face, and cell based

F1=A ABC
basis functions

F2-A ACD
F3=A BCD
F4=A ABD

» usually defined by collapsing a
hexahedron to a tetrahedron

Example: Cell based basis function for H?:

4x cooi 2y
~0 ~2
Gijk(x,y,2) = B <1_2y_z> (1—2y—2)’Pj'< >

1—-=z
x (1-2Ypi % (2)




System matrix

» The FE-matrix that we consider is built from

a(u, v):/?_uvd(x,y,z)—i—/:r(Vu)TCVvd(X,y,z),

where C is a constant coefficient matrix.



System matrix

» The FE-matrix that we consider is built from
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T T
where C is a constant coefficient matrix.

» The results we obtain are of the form:

Let A = (a(®ijk, imn)) jjiymn then the entries of the system
matrix are zero if [i — /| > 2 or |i+j—1—m| > 3 or
li+j+k—1—m—n|>2,




System matrix

» The FE-matrix that we consider is built from

a(u,v) = [ uvd(x,y,z)+ / (Vu)TCVv d(x,y,z),
T T
where C is a constant coefficient matrix.

» The results we obtain are of the form:

Let A = (a(®ijk, imn)) jjiymn then the entries of the system
matrix are zero if [i — /| > 2 or |i+j—1—m| > 3 or
li+j+k—1—m—n|>2,

» The results are proven by explicitly evaluating the integrals
using rewriting.
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Example for evaluation

After decoupling the integrals for computing

A Gik(%, v, 2) b,y 2) d(x, v, 2)

are
1 1 1
/i\)?(x)ﬁ?(x) dx /ﬁfl(y)ﬁi]l(y)(l _ y)i+/+1 dy /i\)ii+2j(z)ﬁ5/+2m(z)(l _ Z)I'+j+/+m+2 dz
21

—1 —1



Example for evaluation

After decoupling the integrals for computing
[ ity 2Yormn(x. . 2) .. 2)
N

1
P,Zl(y)dl( )(1 _ )l+l+1 dy /A21+2J( )ﬁ5/+2m(z)(l _Z)i+j+/+m+2 dz

—1

—
el
o
—~

X

N

>

o

—~

x

N
%
H\H

» application of 2 rewrite rules and evaluation of 4 integrals



Example for evaluation

After decoupling the integrals for computing

A Gik(%, v, 2) b,y 2) d(x, v, 2)

are
1 1. 1
JEaRe) dx [ B0 =)y [ @R @ - 2 e
21 21 21

» application of 2 rewrite rules and evaluation of 4 integrals

» application of 6 rewrite rules and evaluation of 40 integrals



Example for evaluation

After decoupling the integrals for computing

A Gik(%, v, 2) b,y 2) d(x, v, 2)

are

1

1 1

R0 dx [BE B =)y [B P @p (1 2) U e
—1 —1 ;1

» application of 2 rewrite rules and evaluation of 4 integrals

» application of 6 rewrite rules and evaluation of 40 integrals

» application of 14 rewrite rules and evaluation of 147 integrals



Example for evaluation

After decoupling the integrals for computing

/f¢Uk(X,yaZ)¢/m"(X7y,z) d(X,y,Z)

are

1 1 1
/i\)?(x)ﬁ?(x) dx /ﬁfl(y)ﬁi{(y)(l _ y)i+/+1 d_y /f)iiﬂj(z)f)glﬂm(z)(l _ Z)i+j+/+m+2 dz
21

—1 —1
» application of 2 rewrite rules and evaluation of 4 integrals
» application of 6 rewrite rules and evaluation of 40 integrals

» application of 14 rewrite rules and evaluation of 147 integrals

In total 189 nonzero matrix entries



Sparsity pattern for H(div), p = 15

» using standard Legendre-type polynomials

0 o
200 200
:
600 I . 600
800 | 800
1000 L 5 ) 1000
1200 [ B i 1200
1400 1400
1600 - 1600
1800 1500

0 500 1000 1500 0 500 1000 1500

nz = 555432 nz = 41359

element mass matrix element stiffness matrix



Sparsity pattern for H(div), p = 15

» using the Jacobi-type polynomials with optimized parameters

0 N LN 0
200 N\ 200
\\ \ N\
an SN 400
RN Y
RAAY
600 N 600
800 AN 800
1000 1000
1200 A A N N 1200
1400 1400
\
1800 1600
1800 1800
0 500 1000 1500 0 500 1000 1500

nz = 66626 nz =673

element mass matrix element stiffness matrix



Fast assembling of the system matrices

» Lehrenfeld4+Koutschan+Schoberl: using mixed relations of
the form

R

( ?J)¢I+r1d+r2 X y ZDX¢I+51,J+S2(X y)
r=0 s=0

» Combining recurrences for Jacobi polynomials p5(x), p%(x)
and sum factorization techniques [Beuchler et al]

» Computing recurrences for the explicit matrix entries
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numerical method
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» standard tool to analyze the convergence behaviour of a
numerical method

» Model problem: optimization problem constrained to a partial
differential equation
Find a state y and a control u that minimize

Iy, u) = 3lly - )/DH%2(Q) + %HUH%z(Q)’

subject to —Ay = u in the domain Q.

» solution method: Finite Element Method (FEM) with a
multigrid-solver (which ultimately means solving a large scale
linear system)



Local Fourier analysis (Takacs + VP)

» standard tool to analyze the convergence behaviour of a
numerical method

» Model problem: optimization problem constrained to a partial
differential equation
Find a state y and a control u that minimize

Iy, u) = 5lly = yoliz + 5 Ul

subject to —Ay = u in the domain Q.

» solution method: Finite Element Method (FEM) with a
multigrid-solver (which ultimately means solving a large scale
linear system)

» robust with respect to parameters such as mesh-size and
regularization parameters



Local Fourier Analysis

» Given: lterative procedure of the form
(k1) — Ay (k)
the convergence rate is related to the matrix norm of A which

can be estimated by the spectral radius, i.e., the /argest
eigenvalue in absolute value
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» Given: lterative procedure of the form

(kD) _ A (R)
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can be estimated by the spectral radius, i.e., the /argest
eigenvalue in absolute value

> typically rates are obtained only by numerical interpolation



Local Fourier Analysis

» Given: lterative procedure of the form

(kD) _ A (R)

the convergence rate is related to the matrix norm of A which
can be estimated by the spectral radius, i.e., the /argest
eigenvalue in absolute value

> typically rates are obtained only by numerical interpolation

» symbolic local Fourier analysis: exact bounds
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more) grids
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FEM and multigrid

» Multigrid methods operate on two (or
more) grids

> One step in a multigrid method consists
of
» (pre)smoothing steps

J restriction |

> coarse grid correction

J prolongation |

» (post)smoothing steps



Bound the convergence rate (2D)

Given: matrix A(q, c1, c2,1) € R8® with 0 < g < 1 and
(C17C2777) €= {(Clac2777) ‘ 0 Safoc< 1A n> 0}7
where ¢; = cos(6;) for some frequencies 6; and n = h*/a with

mesh-size h and regularization parameter «.

Find: bound B(q) for the maximal eigenvalue Apax(q, c1, ¢2,7)
of A over (0,1)% x Q.



The Matrix A

Common denominator of the matrix entries:

D =256 (16c§cf17 + 16c22cf77 + 4cf17 + 16c§c1277 + 16c22c1277 + 4c1277
+ 4c§77 + 4c22n + 144c§cf — 72c22cf + 9cf — 72c§c12 — 126c22c12

+36¢% +9¢ + 3662 + 1 + 36)



The Matrix A

Common denominator of the matrix entries:

D =256 (16c§cf17 + 16c22cf77 + 4cf17 + 16c§c1277 + 16c22c1277 + 4c1277
+ 4c§77 + 4c22n + 144c§cf — 72c22cf + 9cf — 72c§c12 — 126c22c12

+36¢% +9¢ + 3662 + 1 + 36)



The Numerator of Aj

432q2r:26cf + 3q217c26c16 + nczﬁcf + 144526:16 + 10081:;2c25c16 + 16q217c§cl6 + 877::?[:16 + 720c§c16 + 972q2c§cl6 +
30q%ncs cd +26mch cd 414763 <8 + 10082 c3 P +2892nc3 P + 4dnci P + 15843 cf + 108¢° cD 4 1080¢7 2 +
27q2nc22c16 + 41nc22cf + 936522C16 + 12q2ncf + 4'r]c16 + 576q2czf:16 + 28q2nc2cf + 20ncch + 288c21:16 + 36C16 +
1008925 ¢} +16g°ncS cf +8nc§ e} +720c8 ¢f — 360423 cf +80g°nc3 cf — 64ncs ) — 1656c5 ¢ — 3600425 ¢} +
128q2nc§c15 — 3047)c§c15 - 7056c§ci3 - 2736q2523:15 + 80q2nc§‘cf — 35277c23ci3 - 5328c23ci3 - 720q2cf —
1872¢% 3¢} +80g?ncacy — 184nc2cd +720c3 ¢} +64q°nc — 96mc; — 2088¢%caci + 128q°ncacy — 160mcac +
1800cy 615 + 432cf' + 972q2 cg cf + 30&7277c26 cf + 2617(:26 cf + 1476c26 cf - 3600q2 c25 Cf + 128q2nc§3 cf - 3O4nc25 Cf —
7056¢5 ¢f — 5616¢%ch ¢ +108¢2ncy cf + 2724nc cf + 211683 ¢ff + 1584¢%c3 ¢f — 13692 ncict — 1672nc3cf —
3600623 cf +648q2 Cf + 1404:72 c22 cf — 114q2nc22 cf + 3114nc22 cf — 15660622 cf + 120q2nc{1 + 616ncf — 576q2 <) cf +
152¢2ncyct — 760mcact — 2304cct + 792¢; 4100862 S ¢} + 2842 ncS cf +44ncS cp +1584cS ¢} — 2736425 ¢} +
80q2nc255% — 35277cé5 ::13 - 5328c§’c13 + 1584q2c;cf - 136q2nc§::13 - 16727]c§'c13 — 360063613 + 12384q2c23c13 —
640¢°nc3ci — 1936nc3 ¢} + 17568c3c; + 1872q%¢} + 5904¢°c5c; — 580g°ncici — 1012ncacy + 14544c3c +
112¢2nc} — 528nc} + 72062 caci — 1662 ncacd — 880ncac; — 1872cxc) — 2160} + 1080g2c§c? + 27g2ncSc? +
41ncSc? + 936c5c? — 1872% 5 c? + 80g2ncS el — 184nchc? + 720c5 ¢ + 1404q2chc? — 114¢2nchc? +
3114nch el — 15660c5 c? + 5904q°c3c? — 580g°ncic? — 1012nc3c? + 14544c3 ¢ + 108q2c? — 5184g°c5cd —
525q2nc22c% + 3729’)7C22C12 — 15552:22512 + 108q277C12 + 67617c12 - 6624q2C2512 - 4q27752512 — 460nc2c% +
2880cyc? + 6948¢2 + 576¢7cSc1 + 28¢%ncS ey +20ncS ey + 2885 ¢y — 2088q2cS ¢y + 1282 ncScp — 160ncy ey +
1800c5¢c; — 576¢%c5 ey + 152q2ncscy — 760mcsc; — 2304cs ¢ + 720q°c3 ¢y — 16g°ncacy — 880ncicy —
1872¢3 ¢1 + 14409%¢c; — 6624q°c2c; — 4g°nc2 ey — 460ncicy + 2880ca ¢y + 112¢%nc; — 240m¢; — 381692 cacy +
176q2nc2c1 — 400mcyc; — 5112cpcp — 6048cy + 108q2c26 + 12q2'r7c26 + 4nc26 + 36c26 — 720q2c§ + 64q2':7::§3 —
96mc3 +432¢3 + 648¢° c5 + 120¢21cs + 6167c5 + 792¢5 +1872¢% c3 +112q%nc; — 528nc; — 21603 +1728¢% +
108¢%c3 + 108¢°1c3 + 676mc3 + 6948c3 + 48¢°n + 144n + 1440¢%c; + 112%nc, — 240nc; — 6048c, -+ 5184



Computational Issues

1. How to find the eigenvalues?

2. How to find the bound?

3. How to prove the bound?
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Computational Issues

1. How to find the eigenvalues?
» symbolic interpolation in g

2. How to find the bound?

» consider the boundary of the domain to obtain a plausible
guess for the bound using CAD

3. How to prove the bound?
» use CAD
> necessary to split into subtasks and consider sufficient
conditions



The Eigenvalues

Using interpolation on the characteristic polynomial of the matrix
we find that the eigenvalues are

1
M=0, M=¢" 3\= D (e(Q2) + d(q2)> ;

each of multiplicity 2 with g» = g° and e, d polynomials in c1, ¢, n
and go.



The Eigenvalues

Using interpolation on the characteristic polynomial of the matrix
we find that the eigenvalues are

1
M=0, M=¢" 3\= D (e((h) + d(q2)) ;

each of multiplicity 2 with g» = g° and e, d polynomials in c1, ¢, n
and go.

The largest eigenvalue is

1

Amax = (e(qz) + v d(Qz)) :



The Eigenvalues

Using interpolation on the characteristic polynomial of the matrix
we find that the eigenvalues are

1
M=0, M=¢" 3\= D (e(Q2) + d(q2)> ;

each of multiplicity 2 with g» = g° and e, d polynomials in c1, ¢, n
and go.

The largest eigenvalue is

1

Amax = — (e(02) + V/d(a2) )



The Polynomial e(q»)

nc26516 + 144c§c16 + 817c§’cl6 + 720c25c16 + 267]c§c16 + 147653516 + 44nc23cf + 1584c23cf + 41n522c16 + 936c22c? +
9ncS g3 cd +1206c5 g3 ¥ — 2415 g3 8 — 2160c3 g3 ¢ +138nc3 g3 P +6372c5 g3 cd — 132nc3 g3 cd — 475263 g3 <0 +
17713 a5 ¢0 + 4968c3 G50 + 36ma3cd — 60mcaq3cd — 864c2q3c + 32403 + 4ncd + 20meycd + 288cxcf +
6nc§q2c16 + 864626q2c16 + 167]::25q2c16 + 144Oc§’q2c16 + 6Onc§q2c16 + 1944c§q2c16 + 88nc23q2c16 + 3168c‘23q2c16 +
5473 g0 +2160c3 go ¥ +24nqa ¥ +40ncrgacd +576crgp c? +216q5 8 +368 +8ncSc) +720cS ) —64ncy <) —
1656c§3 cf’ — 3047753 c15 - 705653 cf - 352nc23 Cf - 5328c23 Cf - 18477c22 cf + 720c22 cf - 2417c26 q% 515 - 2160526 q% cf +
32163 g3 ¢f +2664¢3 g3 cf +272nch g3 ¢f +10224¢5 g3 ¢ +416m¢3 g3 ¢ +3312¢3 g2 ¢} +2967c2 g3 ¢ — 27363 g3 5+
32nq§cf + 12877:2q§cf - 792c2q§cf - 144q§r:15 - 96ncf - 16017c2ci3 + 1800::2515 + 167]cgq2c15 + 1440c26q2ci3 +
3203 qacy — 1008¢5 gacf +32nch gacy — 3168c5 gacy — 6413 qaci +2016¢5 gacy — 112nc3 gacy +2016c2gacy +
6477q2615 + 32'r]czqch - 100862q,25iS — 288q2cf + 432(_‘15 + 2677:?5{‘ + 1476634 - 3047]:3:{‘ — 7056:;:{‘ +
2724nc3cf + 21168c5 ¢f — 1672nc3cy — 3600c3cf + 3114nc3cf — 15660c3cy + 138ncSg3cf + 6372cS g3ct +

2727]c§ q% cf + 10224c§’ q% Cf + 4292nc;q§ cf + 15408:; q% cf + 1496nc23 qg Cf + 8496c§' q% cf + 50187]:22 q% cf +...



The Polynomial e(q»)

-+ — 25740c3 3 cf + 1064nq3cf + 680ncrg3ct — 576crq3ct + 1368g3cf + 616nct — T60ncrcy — 2304cpcf +
60nc26qch + 1944c26q25f + 327]C§qch - 3168c;3q2ci1 + 216nc§q2cf - 11232c§q2cf + 176nc23q2cf -
4896¢3 gact — 228nc2qact + 2808c2gact + 240ngact + 80ncagact + 2880crqact + 1296gact + 792¢f +
44ncSc] + 1584c8 ¢} — 352nc5 ¢} — 5328c5 ) — 1672nc5 ¢} — 3600cs ¢ — 1936nc3c) + 175683 ) —
1012771-221-13 + 14544522::13 — 132nc26q§c13 — 4752626q§cl3 + 416nc§q§cl3 + 3312c25q§cl3 + 1496nc§q§cf +
8496¢3 g3 ¢} + 1808nc3 g2 ) — 13536¢3 g3cy + 1628ncagacy — 14832cagacy + 176nq3c; + 944ncrgicd —
144czq§cf +720q§c§ - 52817(:13 — 880ncch - 1872cch +88nc26q2513 +3168c26q2613 — 64nc25q2<:13 +2016c§’q2cf +
17613 gacy — 4896¢5 23 + 128nc3 gac} — 403263 qaci — 61673 gac; + 2885 ¢ +352nqac — 64ncadacs +
2016c2qo¢3 + 1440g2¢3 — 2160c3 + 41ncSc? + 936c5 ¢ — 184ncsc? + 720c5 ¢ + 3114nc) c? — 15660cy cf —
1012nc3c? + 14544c3 c? +3729nca ¢ — 16552¢2 ¢2 + 177ncS g3 c? + 4968c5 g3 c? +296mcs gac? — 2736¢5 gac? +

50187]c§q%r:12 — 25740c§q§c12 + 1628nc23q§c12 — 14832c§q§::12 + 604177:22q§cf - 24768c22q§cl2 + 1220nq§c12 +...



The Polynomial e(q»)

- TAONCaGaCE + 4608ca g5 ¢ + 11844G5 2 + 676mc? — 460mcacs + 2880cocl + 54ncSqac? + 2160cS gac? —
112nc3 goc? + 2016¢3 goc? — 228ncsgpc? + 28085 qpc? — 61613 qac? + 288c3 gpci — 1050nc2 gpcf —
103683 qac? + 216mgac? — 280mcaqac? — 7488caqacs + 216gac? + 6948¢ + 20mcScy + 288cSc; —

1607]52551 + 180055‘51 — 7601’]6361 — 2304c§cl — 880nc23c1 — 187252351 — 4601’]62261 + 288062261 — 6Onc§’q§c1 —

864cSq3c1 +128nc5a3c1 — 792¢5 g3 ¢t + 680ncs g5 cr — 576c5 g5 ¢y + 944nciqacy — 143 qacy + T40nc3 q3cr +
4608c3q3c1 + 80mqacy + 368ncag3cy + 6120c2q3¢) + 2016g3¢; — 240mc; — 400mcacy — 5112¢p¢p +

40ncSqacy + 576cSgacy + 32ncSgacs — 1008c3 gacy + 80mcs gacy + 2880ci gacy — 64nc3qacy + 2016c3 gacy —

280nc22q2c1 — 7488c22q2::1 + 160mqgacy + 32ncpgac; — 1008cpqacy + 4032g2¢; — 6048¢; + 47]:26 + 36c26 —

9615 + 43265 + 616nc5 + 792c5 — 528nc3 — 2160c; + 6767c3 + 6948c3 + 3675 q3 + 324c5 q3 + 32nc5 43 —

144:?17% + 10647]C§q§ + 1368c§q§ + 176nc23q§ + 720c23q§ + 122077:22q§ + 11844622q§ + 272nq§ + 80nc2q§ +

2016¢2q3 + 9792q3 + 144n — 2407cy — 6048 + 241cS g + 2165 qp + 6413 g2 — 2885 qp + 240mch g2 +

1296¢5 g2 + 352nc3qn + 1440c3 gy + 216mc3qn + 216¢3qn + 96mqn + 160mcaqn + 4032c2 g2 + 3456qp + 5184



The Bound

» Consider extreme cases for
(Clv C2)

» Consider the limits n — 0
and n — oo

0.5
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The Bound

» Consider extreme cases for
(Clv C2)

» Consider the limits n — 0
and n — oo

This yields the following guess:
(=2)
a(q2 +1),

with Q = 7 (4v10 — 5).

0 0.5

&8'0.5 /

y

0.5

0 05
G

0<q2<Q2a
Q@<gp<l

9



Bound for the Convergence Rate

dre

14
12 \ [
1.0

0.8

0.6

04r

021
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Experimental all-at-once analysis for 2D

> Set up the full matrix for the all-at-once approach
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Experimental all-at-once analysis for 2D

» Set up the full matrix for the all-at-once approach

» Consider only the limiting cases for ¢1, ¢, 7

> qro(r) = max{5(r — 4%, 1|37 —2/ Vor* — 12 + 8
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Experimental all-at-once analysis for 2D

» Set up the full matrix for the all-at-once approach

» Consider only the limiting cases for c1, ¢, n

> qro(r) = max { g5(r — ) 3137 — 2| Vor* — 127 + 8}
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Chapter 0, Basic Concepts, Brenner+Scott, 2002

The finite element method provides a formalism for generating
discrete (finite) algorithms for approximating the solutions of
partial differential equations. It should be thought of as a black
box into which one puts the differential equation (boundary value
problem) and out of which pops an algorithm for approximating
corresponding solutions. Such a task could conceivably be done
automatically by a computer, but it necessitates an amount of
mathematical skill that today still requires human involvement.
The purpose of this book is to help people become adept at
working the magic of this black box. The book does not focus on
how to turn the resulting algorithms into computer codes, although
this is at present also a complicated task. The latter is, however, a
more well-defined task than the former and thus potentially more
amenable to automation.



