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A solution if the ring is a vectorspace over a field

APEL J., Computational ideal theory in finitely generated

extension rings, T.C.S. 224 (2000), 1-33

Extension to suitable rings which are algebra over a ring

Gateva, Weispfenning and Passau group, Reinert, ...



THEOREM

For an (associative but not necessarily commutative) ring with
identity A, there is a (not necessarily finite nor necessarily
countable) set Z and a projection I : Q := Z(Z) — A so that,
denoting T C Q = Z(Z) the bilateral ideal I := ker(I), we have
A=0Q/T.
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Let R be an (associative but not necessarily commutative) ring
with identity 1z and A another (associative but not necessarily
commutative) ring with identity 1 4 which is a left module on R.
We consider A to be effectively given when we are given

e sets V= {x1,...,Xj,...}, V= {Xy,...,X;,...}, which are

countable and

o Z:=vUV="{x,...,%,....Xt,..., Xi,...};
rings R := Z(V) C Q := Z(Z);
projections 7 : R = Z(xy,...,Xj,...) - R and
M:Q:=%Z{x1,....,X,..., X1,..., Xi,...) - A which satisfies

N(x) = m(xj)1a, for each x; €V,
sothat M(R) = {rly:rec R} C A
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Thus denoting

o 7T :=ker(lM) C Q and

o [ :=TNR =ker(r) CR,
we have A = Q/T and R = R/I; moreover we can wlog assume
that R C A. Q as Z-module: using as alphabet V all symbols
representing the primes. Further, when considering A as effectively
given in this way, we explicitly require that

i
X,'Xj = Z 7r(a/,-j)X/ + 7T(ao,'j) mod Z, ajj € Z(Ny, VX € v,Xj ev.
I=1

If not Z(X,Y) as left Z[X]-module requires 1 > X > X?
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If we fix a term-ordering < on (Z) we can assume Z to be given
via its Grobner basis G w.r.t. < and, if < satisfies

X; > t for each t € (V) and X; € V

also / is given via its Grobner basis Gp := GNR w.r.t. <.

f;'j = X,'XJ' — Zw(a,,-j)X/ — 7T(ao,'J') e, ajj € Z(V),VX,‘ € V,XJ eEv
I=1

{Xixj for each X; € V,x; e v} C T(Z)
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The obvious canonical forms of A for Z. namely
Ac:={r:0<r<clorAc:={r:0<r<c}or
Ac:={r:—5 <r < 5} give naturally a computational canonical

form for Z(Z)™ B
For a module | C Z(Z)™, and each term

e (Z)™ = {ve,ve (Z),1<i<m},
considering the principal ideals
I(c;)u:={lc(f): f e, T(f) =7} U{0} C Z,
we have B
Z(Z)"/1 = Zach(Z(Z)" /1) =: @ A.T

7'6(2>(m)
| =1(4X,2X2%) A =7 @ ZyX © X?Z5[X]
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{Xix; for each X; € V,x; € v} C T(Z)




ZACHARIAS CANONICAL FORM




ZACHARIAS CANONICAL FORM

@ (@ Acwv) w

we(V) \vem)
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SPEAR’S THEOREM

B:={we(V): I,# R} CJuw:ve ¥W,we (V)
Spear's intuition that a Buchberger Theory defined in a ring can
be exported to its quotients allow us to impose on A the “natural”
I-valuation /filtration

T(): A" = B f — T(f)

where (I',0), B C T C (V), is a suibale semigroup.
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I

T(): A™ = B L f — T(F)

(Fo),BCT C(V),
The associated I-graded ring G = G(.A) coincides as a set with A

and this is sufficient to smoothly export Buchberger test/completion

but they don’t conside as rings:
the multiplication x of A does not coincide with the one, *, of G

For instance, if we consider the Weyl algebra,

A=Q(D,X)/I(DX — XD — 1)

where
G=Q[D,X],DxX =XD—-1,Dx X = XD.



SPEAR’S THEOREM

vw v € (V),w € (V)

T(): A™ = B L f — T(F)

(F,0),BCT C(V),

The associated I-graded ring G = G(.A) coincides as a set with A
and this is sufficient to smoothly export Buchberger test/completion

but they don’t conside as rings:
the multiplication x of A does not coincide with the one, *, of G
However an old slogan stated that in order to provide a Buchberger

Algorithm on A, one just needs to modify, in the algorithm for G,

the multiplication procedure!
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GROBNER BASES

S
F=> clf,t)ti:c(ft) €Z\{0},t; € (Z),th >+ > ta.
i=1
T(f) := t1,lc(f) := c(f, t1), M(f) := c(f, t1)t1.
Pan: XY =3X .Y — X -2Y € I(3X,2Y)
Let M C A™ be a (left, right, bilateral) .A-module. F C M will be

called
a (left, right, bilateral) strong Grobner basis of | if F satisfies the

following equivalent conditions
o for each f € M there is g € F such that M(g) | M(f),

e for each f € M there are g € F,
A\ p€B,ae Ry\{0},bec R,\ {0}, such that

T(f) = Ao T(g)opand M(f) = aX « M(g) * bp.
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o f €(F) <= it has a representation
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For any set F ¢ A™\ {0} the following conditions are equivalent:

o f €(F) <= it has a representation
o
f=>ai\i*gi*bip;
i=1

T(f) =A1oT(g1)op1 and A\ioT(gi)opi> Ait10T(git1) o piy1Vi;
e F is a weak Grobner basis of I(F);



BUCHBERGER REDUCTION

In order to perform Buchberger Algorithm we need to solve

PROBLEM

Given g € A™\ {0} and F C A™ \ {0} decide whether

M(g) € M{Ix(M{F})} C G"
in which case return g; € F,
i, pi € B,ai € Ry, \ {0}, bi € R, \ {0} such that
e T(g) =)\ oT(g)op; forall i and
* M(g) =>_;ai\i x M(g;) * bjp;.

which is trivial in Q.
Then in G performs g — g — > . ai\i x gi * bip;



LIFTING THEOREM

Given a finite set
F={eg,....au} C A", g = M(gi) — pi =: aiTie,, — pj,
we denote M := I(F) and the morphisms

5;:GY = GMand &, : AY - A™

defined as
u u
51 ( <Z a,-ww> e,-> = Z Z ajew * M(g;),
i=1 \weB i=1 weB
& (z (z w> ) =YY s
i=1 \weB i=1 weB



LIFTING THEOREM

u
S| (Z (Z aiww> ei)
i=1 \weB

u
G (Z (Z aiww> ei)
i=1 \weB

A reformulation (and a more efficient procedure) of the classical
Buchberger test-completion, which states that “a basis F is Grobner
if and only if each S-polynomial reduces to 0.
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u
S| (Z (Z aiww> ei)
i=1 \weB
u
G (Z (Z aiww> ei)
i=1 \weB

A basis F is Grobner if and only if each element v in a minimal basis
of the module ker(s) of the syzygies among the leading monomials
M(g;) lifts, via Buchberger reduction of &(u), to a syzygy U €
ker(&) among the g;.More precisely we have

m
U=6(u) - Z aj\j x e * bip;
i=1

where > aj\j x gj * bjp; is the Grébner repr. of S(u) mod. F.



LIFTING THEOREM

u
S| (Z (Z aiww> ei)
i=1 \weB

u
G (Z (Z aiww> ei)
i=1 \weB

A basis F is Grobner if and only if each element v in a minimal basis
of the module ker(s) of the syzygies among the leading monomials
M(g;) lifts, via Buchberger reduction of &(u), to a syzygy U €
ker(&) among the g;.

As a corollary you get Janet—Schreier Theorem that the lifted ele-
ments form a Grobner basis of ker(S)



