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An extremely short overview of coding theory
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An extremely short overview of coding theory

Encoding Transmission Decoding Info. retrieval
\

[Information k—tuple] [Encoded n—tuple] [Trasmltted n—tuple] [Decoded n—tuple] [Recovered k—tuple]

Block (linear) codes

The encoding process is provided by a linear map, i.e. there is a right invertible matrix G € M,(F) such that
the encoding is v; = u;G € F” for each information word u, € FX.

ut‘)@_’\/t

Additional algebraic structure improves encoding and decoding, F” = F[x]/(x" — 1), e.g. Reed-Solomon codes.
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Convolutional codes

) S

ut Ug_1 ug_2 s Ui—m
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Convolutional codes and cyclicity

Cyclicity in convolutional codes ~~ non commutative structures on F[z]".
[Piret'76, Gluesing and Schmale’04, Lopez-Permouth and Szabo'13, GLN'14b]

For each ring A, the Ore extension A[z; g, 0] is the free right A-module with basis the powers of z and
multiplication defined by the rule az = zo(a) + 0(a) for all a € R, where ¢ is a ring endomorphism of A, and 0 a
o—derivation.

Let A be a finite semisimple algebra of dimension n over a finite field F. Each F-basis 3 of A induces a natural
isomorphism of F[zl-modules v : Alz; g, ] — F[z]". A is the word—ambient of the convolutional code, while
Alz; 0, 0] is the sentence—ambient.

Definition 1 ([Lopez-Permouth and Szabo’13])
An ideal code is a left ideal / < A[z; g, 0] such that v(/) is a direct summand of F[z]".

We focus ourselves in the case 0 = 0, i.e. skew polynomials.
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Two questions about ideal codes

Are ideal codes direct summands as left ideals?

@ A positive answer is shown in [GLN'14b, GLN ISSAC'14 Poster] if [F[z] C A[z; o] is a separable ring
extension.

@ This answer generalizes previous works [Gluesing and Schmale’04] when the word—ambient is a commutative
semisimple F—algebra, and [Lopez-Permouth and Szabo'13] whenever it is a separable group algebra of a
finite group over a F.

F. J. Lobillo (UGR) Separable Automorphisms on Matrix Algebras. ISSAC 2015, July 9th, 2015 (4)



Two questions about ideal codes

Are ideal codes direct summands as left ideals?
@ A positive answer is shown in [GLN'14b, GLN ISSAC'14 Poster] if [F[z] C A[z; o] is a separable ring
extension.

@ This answer generalizes previous works [Gluesing and Schmale’04] when the word—ambient is a commutative
semisimple F—algebra, and [Lopez-Permouth and Szabo'13] whenever it is a separable group algebra of a
finite group over a F.

Can we compute a generator for an ideal code?
@ In general it is not known if ideal codes are even principal.

o If the ideal code is a direct summand as left ideal, which we call a split ideal code, then it is principal and
generated by an idempotent.

@ This generator can be effectively computed under the separability conditions, see [GLN'14b, Algorithm 1] and
[GLN ISSAC'14 Poster, Algorithm 1]

v
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Separable extensions

Definition 2

A non commutative ring extension S C R is called separable if the multiplication map
v:R®sR— R
Z,— a;i ® bj— Z,— aib;

splits, or equivalently if there exists

p=) a®bcR®sR

such that
u(p) = Za,-b,- =1landVr € R, rp = pr.

This element is called a separability element.

Proposition 3 ([Hirata and Sugano’66])

In a separable extension, R—submodules which are S—direct summands are also R—direct summands.
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Separability and skew polynomials

@ A'is a separable F—algebra and o € Autg(A),
0 0®: A®r A > AQ®p A is defined by 0®(a® b) = d(a) ® a(b).

Corollary 4

Let F be a finite field and let A be a separable F-algebra with separability element p =) . a; ®r b; € AQp A.

Let 0 € Autp(A) such that o®(p) = p. Then F[z| C Alz; o] is a separable extension and a separability element is
given by

pP= Z a; @[z bi € Alz; 0] Q| Alz; 0].

In particular each ideal code is a split ideal code and it is generated by an idempotent.

This corollary follows from [GLN'14b, Theorem 6].
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Framework and target

o IF C K is a finite fields extension with dual normal bases {a?’, ..., a? "} and {B%°, ..., B9 "}.
@ Word-ambient is A = M, (K).
@ The center of an A-bimodule M is MA = {m & M | rm = mr Yr € A}.

The desired p € A®r A must satisfy

(P1) p€ (A AA

(P2) pe Ex={) ,a®b € (A®: A*| }_;aib =1}
(P3) p € ker(ldagza — 0®)

F. J. Lobillo (UGR) Separable Automorphisms on Matrix Algebras.



(P1) (A®r AA

Foreach0<i/,j<n—1andall0< k< t—1, we denote

-
[

n—1 t—

Pijk = E/iaqkaqh ® thEj[ cA Qr A.
/ 0

Il
o
>
Il

Lemma 5

The dimension of (A ®z A)”* as an F—vector space is n*t. An F—basis for (A @z A)* is
{pix |0<i,j<n—10< k<t—1}

F. J. Lobillo (UGR) Separable Automorphisms on Matrix Algebras.



(P2) E; =

Let

and

Proposition 6

Ey is an F—vector subspace of (A ®x A)*

{Y,ai®@bc(Adr A

An F—basis of Ey is

A|Za,1—1}

Eo={p € (A®r A" | u(p) = 0}

Er={pe(Aer A" | u(p) = 1}.
Then E; is the set of all separability elements of the extension F C A. Let p;

and E; is an affine subspace of (A ®r

= ZZ;%) Trc/r (B) Pook-

A)” both of dimension (n?> — 1)t.

gz{p,]k|OSI#JSH—l,OSkSt—l}U{pook—p,,k|1£ISn—1,0Sk§t—1}

Moreover E; = {p1 + q | q € Eo}.
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(P3) ker(ldag,a — 0®) |

Recall

Eo={p e (A®r A | u(p) = 0}
and

Er={pe(A®s A" | u(p) = 1}.

Linearizing the problem

dp € E; N ker

—

IdA®]FA - J®)

<

dgeE | o®(pr+q) =p1+q

mn <——

(0% — Idagy 4)(P1) € (Idage s — 0%)(Eo)
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(P3) ker(ldag,a — 0®) Il

Converting to matrices

o®

AQ®r A AQr A

MQ >f® m% 5@

Mt (F) @ My (F) > Me(F) @ M e (F)

_g_i l_g_

antz (]F)
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Example |

The field extension is F = F, C F; = K.

The base algebra is A = M5 (K).

We fix the normal basis B = {a, a}, which is also self-dual.

Two canonical inclusions, A — M, (F) and A®r A — M6(F)
The basis {pj} of A®p A% can now be constructed. For example

_1O®aO+aO®aZO+OO
Poor =19 o 0 0 0 0 0 0 10

and via the canonical inclusion

Poo1 =

O0O0OO0OO0OOOOOOHKKOOHKO
OCOOOOOOOOOOKOOHKH
OCOHHOOHOOOOOOOOO
OOOHOOHHOOOOOOOO
O0O0OO0OO0OO0OO0ODO0OO0OO0OOHOOHHK
O0OO0OO0OO0OOOOOOHOOOOHK
OOOHOOHHOOOOOOOO
OOHOOOOHOOOOOOOO
0O0O0OO0O0OO0OO0OO0OOOOOOOOO
Oo0Oo0O0OO0OOOOOOOOOOOO
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0O0O0O0OO0O0OOO0OOOOOOOOO

O0oo0oO0OO0OOOOOOOOOOOO

0
0

0O00OO0OO0OOOOOOOOOOOO

a
0

0O0O0O0O0OO0OO0OOOOOOOOOO

)+

O0OO0O0OO0OOOOOOOOOOOO

0 0
a
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Example Il

@ The basis of Ej is

{Po10, Po11, P100, P101. Pooo + P110, Poor + P11}

E =

p1 + Eo where

and E;

©0ocooooo0o0o0

©oooo0oo0o0oo0o0o0

©Oo0oo0ooo0oo0oo0o0o0

ocooo0oo0o0o0o0o0

©oooo0oo0o0o0o0o0

©oocoo0oo0o0o0o0o0

©oooo0oo0o0o0o0o0

©Oo0oo0ooo0oo0oo0o0o0

ocooo0oo0o0o0o0o0

©ococoo0oococo0o0oH

oMOOMHMOOO

HmoooordOOO

ocooocococoomH

ocooo0oo0o0o0o0H

MmooooOoMOOO

MmHMOOMOOO

o

coooo0o

cooooo

ocooo0ooo

[CR-N-N-N-N-]

coooo0o

cooooo

cooooo

ocooo0ooo

corMMOO

coorMoOO

cooooo

cooooo

coormMOO

corMoOOO

coooo0o

cooooo

Pooo + Poo1 =

p1 =

) and 7 is the Frobenius automorphism.

(la
a a

, where U =

= O'U/‘l:

@ The automorphism is o

(14)

ISSAC 2015, July 9th, 2015

Separable Automorphisms on Matrix Algebras.

F. J. Lobillo (UGR)



Example Il

@ The matrix M, is

<

Q

Il
FHOHHHOHOKRHOOKKDO
HOHMHHOHKHHHOKKKHOR
HOOHHOOHKKHKHOKHKHKO
OHHHOHKMHHHOOKHKOOHR
HOMHHOKHKHHHOKKKOHR
OHHOOHHOHKOHKHKHKOKRHK
OHHHOKHHHOOKKOOR
HHHOHHHOOKRHHOHKHR
HHOHHHOHKHKOHKHKHKOHKHR
HOHMHHOKHOKHKOOHKRHKO
HOOHHOOHOKHHOKHKLHR
OHHHOKHHHKHHHOKKKO
HOHMHHOHHOKHOOKHKO
OHHOOHKHHOKHKHOKHKHKOHR
OHHHOHKMHKHHHHKOHKKEKO
HHHOHHHOHMOOKKOOHR

and the matrix Mye has size 256 x 256.

@ In order to check if (6® —id)(p1) € (id —0®)(Ep), we had to solve the non homogeneous linear system of size
256 x 6

v(p1) - (Mye — hse) = Z Z Qi U(Puk) (lse — Mye) Z Z alk P00k—Puk)'(/256—Ma®))

0<i#j<10<k<1 0<i<10<k<1

whose solution is (0,0,1,0,1,0).
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Example IV
@ The desired separability element is p = p; + pioo + Pooo + P110 = P1oo + P110 + Poo1. Concretely,

01 0 o 1 1 0o 0o 1 0 0o 0 0o 1 o0 ©
1 1 0o 0 1 0 0o 0 0o 1 0o 0o 1 1 0 O
0o 0 o 0 o 0o 0o 1 0 0o 0 0 1 o0 O
0o 0 o 0 0o o 0o 0o 1 0o 0 1 1 0 O
i1 o o 1 0 0 O O 1 O O 1 1 o0 o0
i o o o o 1 0 o0 1 1 O O 1 0o o0 o0
o o o o o o o o o 1 o o0 1 1 o0 o

.} o o o o o o o0 1 1 0 O 1 o0 o0 O

P=1]0o o o 1 o o 1 1 0o o 1 o o o o 1]=
6o 1 1 0o o 1 0o o o0 0o 1 o 0 1 1
0o o 0 o 0 0o 0o 0o o 0 1 0 o 0 o 1
0o 0 o 0 o o 0o o o0 0o 1 o 0o 1 1
0o 1 1 0 o 1 0o o 0 o 1 o 0 1 1
0o o 1 0 0 0o 0o 1 o 0 1 1 0o 0 1 0O
0 o 0 o o0 o o 0o o 0 0o 1 o 0 1 1
o o o o o o o o o o 1 1 o o 1 o

Viewed as a tensor product of matrices in M5 (K),

=6 3] (5 o)+ (o o) o (5 o)+ lo ) olo &)< (o 2)e 6 3)
o t)els oo o)els o)+ lo el 5o 2)elc 2
o g)ols o+ (3 o) (s o)+ (2 a)elo 8+ (5 o)elo 3)
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Summary, conclusions, further work...

Summary and conclusions.

@ This paper concerns about convolutional codes with word—ambient matrices over a finite field extension of the
symbol-ambient finite field.

@ We have presented a complete computational answer to decide if a given automorphism o € Autg(A) is
separable, computing a suitable separability element.

o If the answer in positive, the separability element can be used to compute an idempotent generator of any
ideal code.

o This idempotent allows an easy parity check of transmitted sentences.
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Summary, conclusions, further work...

Summary and conclusions.

@ This paper concerns about convolutional codes with word—ambient matrices over a finite field extension of the
symbol-ambient finite field.

@ We have presented a complete computational answer to decide if a given automorphism o € Autg(A) is
separable, computing a suitable separability element.

o If the answer in positive, the separability element can be used to compute an idempotent generator of any
ideal code.

o This idempotent allows an easy parity check of transmitted sentences.

Improvements not explained here and further work.

@ We have also proved that F[z] C A[z; o] is a separable extension if and only if ¢ is a separable automorphism.

o From the idempotent generator, the dual code can be easily computed if it is also an ideal code over the
same word—ambient. This has been also completed.

@ Distance profiles of these codes have to be computed.
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