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Introduction / Motivation



General Purpose of the Talk

o Notation: z complex variable, C field of complex numbers

o We consider systems of linear ordinary differential equations:

y_d

Y/ = A Y = —
(2) %

A square matrix (size n) of analytic functions of z
Y vector of n unknown functions of z
¢ General purpose: local analysis around singularities

— more precisely, algorithms for computing formal local solutions



Different Types of Singularities

Entries of A are holomorphic in a punctured neighborhood of z =0

© Singularity at z = 0:

Removable (holomorphic function): 3"7°0 a, z"

Pole (meromorphic function): jj‘;k anz", with k €N

+oo n

Essential: neither removable nor pole: » =~ a,z

¢ Cases 1. and 2. widely studied, various computer algebra
algorithms exist for computing formal solutions

— This work tackles a class of systems with essential singularities



o h,m, g, k and E (physical) constants

o X =exp (—k?m) non-zero solution of the scalar linear differential
equations

dX

— =z 2kmX

dz

o Schrodinger equation with Yukawa potential (Hamzavi et al'12):

0 -1

vy o,

—— =z 2mg? Y
A(z,X)
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A(Z7X):<2mE >+ 2mg? X



Applications

o Linear differential systems with essential singularities appear in
many applications:

m Linearization of a non-linear differential system around a
particular solution (Aparicio’10)

m Computation of a closed form of some integrals
(BarkatouRaab’'12)

m Equations from physics (Schrédinger, .. .)



Formal Fundamental Matrix of Solutions of Y/ =AY

Removable singularity:
Y = ®(2)

®(z) matrix of formal power series in z
Pole: Turritin’55, Wasow'65, ... Algo: Barkatou'97

Y = o) t exp(Q(1/1))

2= ¢, Q(1/t) = diag(an(1/2),...., aa(1/1), A € M,(C),
and ®(t) € M,(C((1)))

Our class of systems with essential singularities: Bouffet'03 in
the particular case X = exp(1/z), BCJ'15

+oo
Y = (Z CDk(t)Xk) tN exp(Q(1/t))
k=0

same as 2. and ®,(t) € M,(C((t)))



Previous works and contributions

o Linear differential systems with hyperexponential coefficients in
computer algebra:

m Fredet'01: algo. for closed form solutions (polynomial,
rational) of scalar equations

m Bouffet'02: diff. Galois theory, Hensel lemma

m BarkatouRaab’12: direct algo. for closed form solutions of
systems, applications to indefinite integration

o Contribution: algo. for computing a formal fundamental matrix

of solutions of a class of systems with essential singularities
Approach: viewing Y’ = z7P A(z, X) Y as a perturbation of
the meromorphic system by letting X — 0



Meromorphic Linear Differential
Systems



Y =z PA@Z)Y, peN, Az)e M (C[[z]]), A0)#0

o The integer p — 1 > 0 is called the Poincaré rank of [z7P A]
o Change of variables Y = T Z with T € GL,(C((2))):

Y =AY -7 =T Y AT -T)Z
N——

(Al T[A]

o Equivalence: [A] ~¢ [B] if 3T € GL,(F) such that B = T[A]

B=TIAl B
{ Yig) FFMS of [B] } = Y[a) = T Y[g FFMS of [A]



Computation of a FFMS of a meromorphic system (1)

¢ Turritin’b, Wasow'65, . ..
Y' =2zPA(Z) Y — FFMS : Y = &(t) t" exp(Q(1/t))

z=1t", Q(1/t) = diag(q1(1/t),...,qn(1/t)), A € M,(C), and
d(t) € Ma(C((1)))

¢ Sketch of the algorithm of Barkatou'97:
Case p < 1: easy, r =1, Q = 0 — use BarkatouPfliigel’99
Case p > 1: Barkatou-Moser's algo. (Moser'60, Barkatou'95)

— equivalent system with minimal Poincaré rank p — 1:
m If 5 =1, then regular (r=1, @ =0) — same as 1.
m If 5> 1, then irregular (Q # 0) — see next slide



Computation of a FFMS of a meromorphic system (2)

Y =2z PA(z) Y — FFMS : Y = &(t) t" exp(Q(1/t))

o lrregular case: Minimal Poincaré rank > 0 — FFMS with Q # 0

¢ Method of Barkatou'97: reduce to several systems with either
Poincaré rank 0 or scalar:

15t gauge transfo. to split the system into smaller systems
where Ag(0) has only one eigenvalue

279 gauge transfo. to get a new system with nilpotent Ag(0)
and apply Barkatou-Moser to get minimal Poincaré rank
If Poincaré rank still > 0 and Ap(0) nilpotent, then:

m Compute Katz' invariant x and perform ramification z = t
m Barkatou-Moser to get new system with Poincaré rank mx
and Ao(0) not nilpotent

Apply recursion



Linear Differential Systems with
Essential Singularities



Class of Systems Considered (1)

B g € Nsuch that g > 2
m a(z) = > /25 ax z¥ € C[[2]] with a(0) = ap # 0

© X(z) non-zero solution of the scalar linear differential equation:

X' =z79%(z) X

X(z) = exp </z_qa(z)dz> = exp ((1—:(;2‘7—1 + (2—232‘1—2 _|_>

o Hypotheses on g and a(z) = X(z) transcendental over C((z))



Class of Systems Considered (2)

m g € Nsuch that g > 2

m a(z) = Y/ %5 ax 2K € C[[2]] with a(0) = ap # 0

p € N*

Ak(z) € Mp(C[[z]]), k=0,...,+0o0 with Ag(0) # 0

dX

E =z 49 a(Z)X

dy _ +00 k

7:2 pA(va) Y: A(va):Zk:OAk(Z)X
V4

— We have an essential singularity at the origin z =0



Computation of a FFMS: different cases

X' =z79a(z) X

Y'=2zPA(z,X)Y, Alz,X)=3125A(z) X¥

o Algorithm for computing a FFMS:

Case p < g: reduction to the meromorphic system [z7P Ag]

Case p > g: adapt the process of Barkatou'97 to reduce to
several systems with either p < g or scalar



Computation of a FFMS: Case p < q (1)

Case 1: p < g or p=q and Ap(0) has no eigenvalues that
differ by an integer multiple of a(0)

Case 2: p = g and Ap(0) has eigenvalues that differ by an
integer multiple of a(0)

Theorem (BCJ'2015)

In Case 1., we can compute an invertible matrix transformation
T=Il+Ti(2) X+ Ta(2) X3+ -, Tu(2) € M,(C[[2]])
such that

A=T AT -2 T «=2PT' =AT - T A

Tool: resolution of equations z” U' = M U — UN — V over C[[z]]



Computation of a FFMS: Case p < q (2)

Proposition (BCJ'2015)

A system such that p = g and Ap(0) has eigenvalues that differ by
an integer multiple of a(0) can be reduced to a system such that
p = g and Ap(0) has no eigenvalues that differ by an integer
multiple of a(0).

Constructive proof provides the invertible transformation matrix
with coeffs. in C[[z]][[X]]

Theorem (BCJ'2015)

In the case p < g, we can compute a FFMS of the form:

+oo
= <Z Tk(Z)Xk> (1) t" exp(Q(1/1)),  Ti(z) € Ma(Cl[]])
k=0



Computation of a FFMS: Case p > g - Scalar Equations

{ X' =z79a(z) X

Y'=2zPA(z,X)Y, Az, X) = 3125 Ak(z) XK, Ak(z) € C[[z]]

Yo(z) = exp( [ z7P Ao(z) dz) solution of [z7P Ay(z)]
Y = YoZ — 7' = 2P (A(2) X + Ao(2) X2 4 --) Z

Normalization X — z¢ X with ¢ € Z — new system with
p < qand Ag(z) =0

3T € C[[z]][[X]] such that the equation is reduced to [0]

— formal fundamental solution Y = Yy(z) T(z, z¢ X)



Computation of a FFMS: Case p > ¢ (1)

© Method: adapt the process of Barkatou'97 to reduce to several
systems with either p < g or scalar

Proposition (BCJ'2015)

We can compute a matrix transformation
T=lh+Ti(2) X+ To(2) X>+--, Ti(2) € Myp(C[[2]]),
such that
2P T' = A(z, X) T — T diag(Al(z, X), ..., All(z, X)),

and each Al(0,0) has only one eigenvalue.



Computation of a FFMS: Case p > ¢ (2)

o Follow the algorithm of Barkatou'97 applied to [z—P Ap(z)] and
at each step perform the transformations needed (e.g., splitting,
shift, Moser's reduction, ramification, ...) to the whole system

© Ramification z = t" — new differential system in t with

p=r(p—1)+1, Gg=r(g—1)+1, A(t,X) =rA(t", X), a(t) =ra(t")

Theorem (BCJ'2015)

In the case p > g, we can compute a FFMS of the form:

+0o0
Y — (Z Cbk(t)Xk> th exp(Q(1/t)), P(t) € M,(C((t)))
k=0



IV

Extensions and Future Works



Ring of Coefficients

o X given by X’ = z79 a(z) X with same hypotheses as before

o R = C((2))[[X]]: the ring of constants of (R,d/dz) is C

{f_ka Xk ER‘ Inf Vz(fk( )) OO}QR

o This talk: systems with coeffs in A and Ap(0) # 0

— This can be generalized to tackle systems with coeffs in

o0
— {f:ka(z)Xk € R|3a,B € Q; Vk, vz(fk(z))ZOékJrﬁ} 2 A
k=0

Tool: normalizations X — z¢ X



o Implementation in progress — handle many examples

o This work: 1%t order systems with coeffs in C((z))[[X]]

— Future Work: more general systems
Systems with coeffs in C((z))((X)):

X' =z79a(z) X
Y =2z PA(z,X)Y, A(z,X)=31>, Az) X*

~> Classification of singularities, rank reduction, ...
Systems involving several transcendental functions

Systems of arbitrary order



Thank you!



Example (1)

o X(z) non-zero solution of X' = z79a(z) X

¢ Consider the scalar equation:

y! — —(g+1) <Z Ae X )
Ag=29 Vk>1, Ay =z 7D (2971 — 5(2))

© With the previous notation, we have p=qg+1 > g
o infren vz(Ax) = —o0 — coeffs not in A

— They are in B since v,(Ax) > —k +1



Example (2)

¢ Normalization X — z79 X
400 . . .
Y =-z1 (Z AkX"> Y, Ao(z) =1, A € M,(C[[z]])
k=0
¢ Case p < g — Using as transformation the formal power series
T=14+T1X+ToX>+--., To=z@1Dk

we are reduced to the leading equation y/ = —z"1y

o Trivial solution y = z=! — formal fundamental solution

400 +o0
Y = (Z 2@k (z=a X)k> zl=71 Z 7k Xk
k=0 k=0
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