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Summability Problem

Problem. Determine whether f(x1,...,x,) can be written as

f:A)q (gl)+"'+Axn(gn)’
Application.
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Summability Problem

Problem. Determine whether f(x1,...,x,) can be written as

f:Ax] (g1)++Axn(gn))

where f,g1,...,8, € F(x1,...,x,) with F a field of characteristic 0.
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g-Summability Problem

Let ¢ € F such that ¢ # 1, Vi€ Z.
Problem. Determine whether f(x1,...,x,) can be written as

f:Aqm (gl)‘i‘"'—i-Aq,xn(gn).

where A, is the g-difference operator w.r.t. x;.

Application. Evaluate

Z f(x1,...,x,), wherex;=¢“ and Q C7Z".

(215520 ) €EQ
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Mixed Summability Problem

Motivation. Let n =k+m. Evaluate a multiple sum:

Z fO v, ...,g™), where Q CZ".

(V1 e sVksZL 5o 1Zm ) €L XlyeoesXn

Shift operators.

f(xlv"'axi+la"'7xn)7 ifxie{)’hn-’Yk};

O, (f(x1,...,x,)) ==
l(f( : )) f(xh...,Q‘Xi;...,xn)a if'xie{qZI""7qzm}'

Problem. Determine whether f can be written as
n
FOneom) = Y Ao (i1, 5)),
i=1
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Mixed Summability Problem

Motivation. Let n =k+m. Evaluate a multiple sum:

Z f(ylv'"’ykanlv"'aqzm)v WherngZn-

(V1 e sVksZL 5o 1Zm ) €L XlyeoesXn

Shift operators.

f(xlv"'axi+la"'7xn)7 ifxie{)’hn-’J’k};

O, (f(x1,...,x,)) ==
l(f( : )) f(xh...,Q‘Xi;...,xn)a if'xie{qZI""7qzm}'

Problem. Determine whether

n

flxt,...,x,) is (6y,...,0,,)-summable in F(xi,...,x,).
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Univariate Rational Summation

Problem. Given a sequence f(k) € F(k), find g(k) € F(k) such that

flk) = Ai(g).
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Univariate Rational Summation

Problem. Given a sequence f(k) € F(k), find g(k) € F(k) such that

fk) = Ac(g).

Note that if f € F[k], then one can always find such g.

Solution. Abramov (1975), Paule (1995), ...

Examples.

n(n— 1 n
) k= Zk(k+1):n+1

0<k<n 1<k<n

Z 2 n(n—1) (2n—1)

0<k<n
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Univariate Rational Summation

Problem. Given a sequence f(k) € F(k), find g(k) € F(k) such that

fk) = Ac(g).

Note that if f € F[k], then one can always find such g.

Solution. Abramov (1975), Paule (1995), ...

Examples.

n(n— 1 n
) k= 2 kk+1)  n+1

0<k<n 1<k<n

Z 2 n(n—1) (2n—1)

0<k<n
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Abramov’s Algorithm

Additive decomposition. Given f € F(k), compute g € F(k) and
polynomials a,d € F[k] such that

f = A(g)+ 5, where deg,(a) < deg,(d)
and d has the minimal degree among all possible choices, satisfying

d(derl) ¢F, forallicZ.

Summability criterion.

f is op-summable in F(k) & a=0.
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Bivariate Rational Summation

Problem. Given f € F(x,y), determine whether f can be written as
f=Ac(g)+Ay(h), where g,h € F(x,y).
Additive decomposition w.r.t. y.

Jo
f=Acg)+Ay(h) —|—ZZ %, where deg (a;;) < deg(d;)
j=0 i=0 %

with d;'s being irreducible and not shift equivalent with each other.
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Bivariate Rational Summation
Problem. Given f € F(x,y), determine whether f can be written as
f=A:(g)+Ay(h), where g.h € F(x,y).
Additive decomposition w.r.t. y.
Il
f=Adg)+AMm+) > —7 where deg, (ay) < deg,(d;)
j=0 i=0 %

with d;'s being irreducible and not shift equivalent with each other.

Theorem (ChenSinger2014, HouWang2015).
f is (0y, 0y)-summable in F(x,y)
I

each % is (O, 0y)-summable in F(x,y)

i

Yisen Wang, RICAM, Austrian Academy of Sciences On the Summability Problem of Multivariate Rational Functions in the Mixed Case 7/14



Bivariate Rational Summation
Problem. Given f € F(x,y), determine whether f can be written as
f=Ac(g)+Ay(h), where g,h € F(x,y).
Additive decomposition w.r.t. y.
Il
f=Acg)+Ay(h) —|—ZZ — where deg,(a;;) < deg(d;)
j=0 i=0 %i

with d;'s being irreducible and not shift equivalent with each other.

Theorem (ChenSinger2014, HouWang2015).

fis (0y,0y)-summable in F(x,y)

I

d; :Pi(aix—i—Biy), (Xi,ﬁi €7, P; € Flz] and GfiGy_ai(aiJ) =aj;.
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Multivariate Rational Summation

Additive decomposition w.r.t. x;. Let x:=x1,...,x, and f € F(x),

I
@

f=4y (g1)+"'+Axn(gn)+ZZ§, where deg, (a;;) <deg, (d;)
i—1 j=1 %

with d;'s being irreducible and not shift equivalent with each other.
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Multivariate Rational Summation

Additive decomposition w.r.t. x;. Let x:=x1,...,x, and f € F(x),

1
@

f=A4y (g1)+"'+Axn(gn)+ZZ§, where deg, (a;;) <deg, (d;)
i—1 j=1 Y

with d;'s being irreducible and not shift equivalent with each other.

f is summable in F(x) & each %ij s summable in F(x)

i
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Multivariate Rational Summation
Additive decomposition w.r.t. x;. Let x:=x1,...,x, and f € F(x),
F=A(g1)++As(gn +ZZ —=, where deg, (a;;) <deg, (di)

ll]li

with d;'s being irreducible and not shift equivalent with each other.

f is summable in F(x) & each %ij s summable in F(x)

i
Isotropy group. Let G =(0y,,...,0y,). For p € F[x]\F, define

G,:={oc€G|o(p) =p}
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Multivariate Rational Summation
Additive decomposition w.r.t. x;. Let x:=x1,...,x, and f € F(x),
F=A(g1)++As(gn +ZZ —=, where deg, (a;;) <deg, (di)

ll]li

with d;'s being irreducible and not shift equivalent with each other.

f is summable in F(x) & each %ij s summable in F(x)

Isotropy group. Let G =(0y,,...,0y,). For p € F[x]\F, define
G, ={occG|o(p) =p}

Theorem. Both G, and G/G), are free and rank(G,) <n—1.
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Summability Criteria
Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.
fis (Oy,...,0x,)-summable in F(x)

I

a=1(by)—by+---+1.(b,) —b, for some b; € F(x)
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Summability Criteria
Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.
fis (Oy,...,0x,)-summable in F(x)

I

a="1(by)—by1+---+1.(b,) — b, for some b; € F(x)
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.

fis (Oy,...,0x,)-summable in F(x)

I

ais (11,...,7,)-summable in F(x)
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.

fis (Oy,...,0x,)-summable in F(x)

I

ais (11,...,7,)-summable in F(x)
:H: via a difference transformation ¢

¢(a) is (Oy,,...,0x )-summable in F(x)
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.

fis (0y,,...,0y, )-summable in F(x)

I

ais (11,...,7,)-summable in F(x)
:H: via a difference transformation ¢

¢(a) is (Oy,,...,0x )-summable in F(x)

Strategy. Reduce the problem to the case of fewer variables.
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.
fis (Oy,...,0x,)-summable in F(x)

I

ais (7q,...,T,)-summable in F(x)

Example. Let f:=1/d with d:=x}+---+x;, where n > 1,5 > 1.
We have

fis (0y,...,0x )-summable in F(x) & s=1.
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.
fis (Oy,...,0x,)-summable in F(x)

I

ais (7q,...,T,)-summable in F(x)

Example. Let f:=1/d with d:=x}+---+x;, where n > 1,5 > 1.
If s > 1, then Gy ={1}.

So f is not (Oy,,..., Oy, )-summable in F(x).
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.

fis (Oy,...,0x,)-summable in F(x)

I

ais (7q,...,T,)-summable in F(x)

Example. Let f:=1/d with d:=x] +---4x;, where n. > 1,5 > 1.
If s=1, then
Gd:<T1,...,Tn_1> and l:’vl(xl)—xl,

where T; = Gxicgjl. So f is summable in F(x).
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Summability Criteria

Theorem (ChenDuFang2025). Let f =a/d® with irreducible d and
deg, (a) <deg, (d). Let 71,...,7, be a basis of G, with r <n.

fis (Oy,...,0x,)-summable in F(x)

I

ais (7q,...,T,)-summable in F(x)

Example. Let f:=1/d with d:=x{+---+x;, wheren > 1,5 > 1.
If s=1, then

1 X1 —x1—1
—=Ay | —— | FA, | — | .
X1+t xy x|+t xy Xy +- Xy
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Multivariate Rational Summation in the Mixed Case

Goal.
» Reduction to the case of fewer variables.

» Unified framework for mixed shift case.

Solution (What is new?).

» Generalize the problem: Given f € F(x) and ¢ € ", determine
whether f is (¢ 6y,,...,c,0yx, )-summable in F(x).

» Distinguish the normal and special cases of the denominator d.
» Direct decomposition of the isotropy group G; = GJ ® GJ.

» Construct a combined difference transformation ¢.
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Multivariate Rational Summation in the Mixed Case

Goal.
» Reduction to the case of fewer variables.

» Unified framework for mixed shift case.

Normal polynomials. Let p denote a polynomial in x; over F(X).
Define that p is normal w.r.t. 6, if gcd(p,é)’f] (p)) =1, V£ e Z\{0}.

Special polynomials. p is called special w.r.t. 6, if p is not normal.
For example, we have x; is special w.r.t. 7, since 7, (x1) =q-xi.

Isotropy group. Let G = (6y,,...,6y,). For p € Fx]\F, define

G,:={0c€G|o(p) =c-p for some c € F}.
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Multivariate Rational Summation in the Mixed Case

Goal.
» Reduction to the case of fewer variables.

» Unified framework for mixed shift case.

Normal polynomials. Let p denote a polynomial in x; over F(X).
Define that p is normal w.r.t. 6, if gcd(p,@f] (p)) =1, V£ e Z\{0}.

Special polynomials. p is called special w.r.t. 6, if p is not normal.
For example, we have x; is special w.r.t. 7, since 7, (x1) =q-xi.

Isotropy group. Let G = (6y,,...,6y,). For p € Fx]\F, define

G,:={0c€G|o(p) =c-p for some c € F}.
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A Recursive Strategy

Let B, =c;- By, the (By,,..., 6y, )-summability of f

Additive decomposition of f w.r.t. x|

~ ~ .- a
(B, ..., 0, )-summability of 7

if d is normal w.r.t. 8y,
Ga=(11,...,7)

if d is special w.r.t. 6y,
and ci=¢q"

- - a
(71, .., T)-summability of a (By,, ..., Oy, )-summability of 7
via difference transformation ¢

(/9}1, . @xr)-summability of ¢(a) ————>Reduction to fewer variables
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Example

Determine whether f is (7,,,...,T;x,)-summable in F(x), where
1
fi=———— whiths,ne NT.
X1+"'+xfl
Let G:=(Tyx,,---, Tgx,) and d:=x] +---+x,.
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Example

Determine whether f is (7,,,...,T;x,)-summable in F(x), where

1
f = whith s,n € N+.
-le + - ‘+‘QX§;

Let G:=(Tyx,,---,Tgx,) and d:=x}+---+x5. Whenn=1,

f:iy:Aqu <1/(q_s_1)>
'X?] s N

X1
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Example
Determine whether f is (7,,,...,T;x,)-summable in F(x), where

1
fi=———— whiths,ne NT.
X+t

Let G:=(Tyx,,---,Tgx,) and d:=x}+---+x5. Whenn=1,
1 1/(g*—1
po o, (M)
X X1

When n> 1, Gg =< T:=Tyx, -~ Tgx, > With 7(d) =¢*-d. Since

l=q¢"7 ! !
IEAVEES VA

we have f =3 1| A (gi), where

1
8i = Tqxi O"'quvxn((qS—l)(x{—i—-'--f—xfl))‘
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Applications of Evaluating Sums

We show that S(g) converges for 0 < |g| < 1, where

S(q) := Z <W—(1— )"*’”) with [N] =174
q): [n+k+m]q q)q q - :

n,k,m>1

Let (x,y,z) := (¢",4*,q™). Then considering the first sum we have

1—
(I=ghz_ ¥z A ¥z .
1 —xyz "\ 1—qg lxyz W\ 1—g lxyz

In conclusion, we have

k+m m
q \2 Z q Z q
S(q)ZZ( ) B l_qk-i-m_q l_qm

k,m>1 m>1
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Conclusion and Future Work
Conclusion. Determine whether f € F(xy,...,x,) can be written as

f=2¢,(81)++A0,(8n),

where g; € F(x1,...,x,). If this is the case, compute the g;'s.
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Conclusion and Future Work
Conclusion. Determine whether f € F(xy,...,x,) can be written as
f=2¢,(81)++A0,(8n),
where g; € F(x1,...,x,). If this is the case, compute the g;'s.

Future work.

» Additive decomposition:

f=2¢,(81)++Aq,(8n)+r,

where g;,r € F(xy,...,x,) and r is minimal in some sense.
b Multivariate hypergeometric case.

» Existence and construction of telescoper.
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Conclusion and Future Work
Conclusion. Determine whether f € F(xy,...,x,) can be written as
f=2¢,(81)++A0,(8n),
where g; € F(x1,...,x,). If this is the case, compute the g;'s.

Future work.

» Additive decomposition:

f=2¢,(81)++Aq,(8n) +r,

where g;,r € F(xy,...,x,) and r is minimal in some sense.
b Multivariate hypergeometric case.

» Existence and construction of telescoper.

Thank youl
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