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Initial Value Problem (IVP):
y'=y!
y(0)=42



Initial Value Problem (IVP): Euler step
[y’ =y~ {yo= V2

NOEN Yur1 =Y, +hy; forallneN,



Initial Value Problem (IVP): Euler step

| —
I y=Y { Yo= \/E uses an inversion
NOEN Yo=Y, +hy; forallneN, =8 CPU cycles



Polynomialization example 2713

Initial Value Problem (IVP): Euler step
y'=y~ Yo=y2 uses an
y(0) = \/E yn+1=yn+hy;1 forallne N, =8 CPU cycles

Polynomialize, let z=y ' thenz' = —y'y?=—y > =-2°.
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Initial Value Problem (IVP): Euler step

{y/:yl {yo=\/§ uses an

NOENA Yop1=Yn+hy, forallneN, =8 CPU cycles

Polynomialize, let z=y ' thenz' = —y'y?=—y > =-2°.

Polynomial IVP:

(y(0) = 2

] z(0) = 27
z

z = =7




Polynomialization example 2713

Initial Value Problem (IVP): Euler step
y'=y Yo=+2 uses an
NOEN/ Yop1=Yn+hy, forallneN, =8 CPU cycles
Polynomialize, let z=y ' thenz' = —y'y?=—y > =-2°.
Polynomial IVP: Euler step:
(y(0) = {2 (o = 2
4 2(0) = \/E_l ! %0 — \/E_1
y/ =z Yny1 = Ynu + hzn
|z = =7 | Zus1 = z,—hzd




Polynomialization example 2713

Initial Value Problem (IVP): Euler step
y' =y Yo=12 uses an
NOENA Yop1=Yn+hy, forallneN, =8 CPU cycles
Polynomialize, let z=y ' thenz' = —y'y?=—y > =-2°.
Polynomial IVP: Euler step:
(y(©0) = 2 (o =2
4 2(0) = \/E_l ! %0 — \/E_1
yl =z Yns1 = Yut h Zn
|z} = -7 | Zus1 = Zo—hZi yse only ring instructions =.5 CPU cycles




Pendulum, mass m, length I:

’ —

—§SIH(€)= "= o =
! u' = —Lsin(9).



Pendulum, mass m, length I:

8 sin(0) = 0" b =
—= — —
lsm( ) u' = —%sin(é‘).

sin hard to compute =34 CPU cycles.



Pendulum, mass m, length I:

’ —

g . (6) 9// 9 -
—< =0 =
o u' = —%sin(é‘).

sin hard to compute =34 CPU cycles.

Polynomialize, let v =sin(8) and w=cos(0):



Pendulum, mass m, length I:

/

g . (6) 9// 9 -
—< =0 =
o u' = —%sin(é‘).

sin hard to compute =34 CPU cycles.

Polynomialize, let v =sin(8) and w=cos(0):

,
0 = u
u' = —%v

P
v = uw

LW’ —Uv



Polynomialization examples

Pendulum, mass m, length I:

, —

g . (9)_9” 0 =
T =Y = —%sin(@).

sin ~34 CPU cycles.

Polynomialize, let v =sin(f) and w=cos(0):

(0 = u
u’——%v
) /

v = uw
| w' = —uv

~2 CPU cycles; easier to compute!

3/13



A polynomialization of (E):y' = ®(y) is a set of functions w:=w(y) such that:

(E):(g)) :H((Zyv)),HEK[yl,...,yn,wl,...,wm]”+m.



Polynomializing sy13

Previous work:
e The canonical form of a system of differentialy algebraic equations. APPELROTH, 1902
o Computability with polynomial differential equations. GRACA et al. 2008.

o Compiling elementary mathematical functions into finite chemical reaction networks via a
polynomialization algorithm for ODEs. HEMERY et al. 2021.



Polynomializing sy13

Previous work:
e The canonical form of a system of differentialy algebraic equations. APPELROTH, 1902
o Computability with polynomial differential equations. GRACA et al. 2008.

o Compiling elementary mathematical functions into finite chemical reaction networks via a
polynomialization algorithm for ODEs. HEMERY et al. 2021.

Motivations for polynomializing;:
e HPC, Numerical integration: Trigonometric functions not available on hardware!
e First step for more complicated problems:
— Quadratization, BYCHKOV et al. 2023, CAI et al. 2024, HEMERY et al. 2020

— Computability, BOURNEZ et al. 2007.



An SLPT over %, is defined by:
e a finite set of variables ! C N

e sequence of instructions I, ..., I} of the form:
Ii=X;==0pi(Xi1,..., Xi,lopil)r

where opi - Z, and Xi, Xi,l/ ce /Xi,lopil S Ul






Straight-Line Program (SLP) 613

An SLPT over %, is defined by:
e a finite set of variables ! C N

e sequence of instructions I, ..., I} of the form:
[i=X;:=0pi(Xi1,.. °/Xi,|0p,-|)/

where op;€X, and X;, X; 1, ..., X op, € U.

Fixed Instruction sets:

2ring:={+, —, %, fma, fms, fnma, fnms}
Taiwi={/, ()7}

L special: ={Special functions applications}
Z‘::Z‘ring U 2giv U Z‘special

Special function
Function solution of a polynomial ODE






Straight-Line Program (SLP) 613

An SLPT over %, is defined by:

e a finite set of variables UC N

e sequence of instructions I, ..., I} of the form:

I = Xi:=opi( X1, .. -/Xi,|op,-|)r

where op;€X, and X;, X; 1, ..., X op, € U.

Fixed Instruction sets:

2ring:={+, —, %, fma, fms, fnma, fnms}
Taiwi={/, ()7}

L special: ={Special functions applications}
Z‘::Z‘ring U 2giv U Z‘special

Special function
Function solution of a polynomial ODE

Execution Cost x:X - N (in cycles)
K(*) = .5, * & Zring

K(/)=x(-"1):=8,

k(o) 2 16/0—E z“special-






Straight-Line Program (SLP) 613

An SLPT over %, is defined by:

e a finite set of variables UC N

e sequence of instructions I, ..., I} of the form:

I = Xi:=opi( X1, .. -/Xi,|op,-|)r

where op;€X, and X;, X; 1, ..., X op, € U.
The cost of execution of the SLP is:

l

k(I'):= Z k(op;).

i=1

The number of instructions Xyi.q in I" is |T'|xing-

Fixed Instruction sets:

2ring:={+, —, %, fma, fms, fnma, fnms}
Taiwi={/, ()7}

L special: ={Special functions applications}
Z‘::Z‘ring U 2giv U Z‘special

Special function
Function solution of a polynomial ODE

Execution Cost x:X - N (in cycles)
K(*) = .5, * & Zring

K(/)=x(-"1):=8,

k(o) 2 16/0—E z“special-






Polynomialization theorem 7113

Theorem (Differential algebra folklore)
Let I'be any SLP over X =X, U Lgiy U Zigpecial then the ODE y' =T (y) is polynomializable.
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Theorem (Differential algebra folklore)
Let I'be any SLP over X =X, U Lgiy U Zigpecial then the ODE y' =T (y) is polynomializable.

Running example:

VP SLPT
(y(0) =y Input I3, I, .

S y=stes Xy =L/l (B {(y,z’w)/_r_l( zy(Z))O
z' =cos(y) O, := fma(5,Xy, 1) yz,w) =11,z
\ O, := cos(Iy)

can be polynomialized.
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Theorem (Differential algebra folklore)
Let I'be any SLP over X =X, U Lgiy U Zigpecial then the ODE y' =T (y) is polynomializable.

Running example:

VP SLPT
(y(0) =y Input I3, I, .

S y=stes Xy =L/l (B {(y,z’w)/_r_l( zy(Z))O
z' =cos(y) O, := fma(5,Xy, 1) yz,w) =11,z
\ O, := cos(Iy)

can be polynomialized.



Assumption: For each instruction 0 € X,cqial, there exist u, €N and Q, SLP such that:

(O'(t),SZ(t), .. °/S,u(,(t))l — QU(U(t)/SZ(t)/ .. -/S‘ug—(t)/t)



Our contribution: the algorithm 813

Assumption: For each instruction 0 € X,cqial, there exist u, €N and Q, SLP such that:

(O'(t)/SZ(t)/ .. -/S‘u¢7<t)), — QU’(O'(t>/S2(t>/ . . °/S,u(7(t)/t)

Lift: a mapping that associates to an instruction another sequence of instructions
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Our contribution: the algorithm 813

Assumption: For each instruction 0 € X,cqial, there exist u, €N and Q, SLP such that:

(O'(t)/SZ(t)/ .. -/S‘u¢7<t)), — QU’(O'(t>/S2(t>/ . . °/S,u(7(t)/t)

Lift: a mapping that associates to an instruction another sequence of instructions

Algorithm:
I
InputI,...,1I,
Output Oy, ..., 0,

fori=1,...,|T:
Xi=0pi(Xi1, -, Xijop,)



Our contribution: the algorithm

Assumption: For each instruction 0 € X,cqial, there exist u, €N and Q, SLP such that:

(O'(t)/SZ(t)/ .. -/S‘u¢7<t)), — QU(U(t>/S2(t>/ . . °/S,u(7(t>/t)

Lift: a mapping that associates to an instruction another sequence of instructions

Algorithm:
r I
Input Iy, ..., I, Input iy, i1, .., i dp g1, - - inse 0:= Y Hop,
Output Oy, ..., 0, Ouptut 01,07, .. .,04,00,0141, - - - Onso
fori=1,...,IT: Assume all x; ; and X;; were computed

Xi=0pi(Xi1, -, Xijop,) Lift(X;:= opi(Xi1, - - -, X jop)))
ensures x;, X; are computed.

8/13



Our contribution: the algorithm 813

Assumption: For each instruction 0 € X,cqial, there exist u, €N and Q, SLP such that:

(O'(t)/SZ(t)/ .. -/S‘u¢7<t)), — QU(U(t>/S2(t>/ . . °/S,u(7(t>/t)

Lift: a mapping that associates to an instruction another sequence of instructions

Algorithm:
I I ()
InputIy,...,1I, Input i, i1, ..., i in st - - - inse 0= Hop, Same as T input
Output Oy, ..., 0, Ouptut 01,01, ...,04,01,0441, -, 0540 Same as IT input
fori=1,...,IL: Assume all x; ; and X;; were computed Copy I instruction,
Xiz=0pi(Xi1, ..., Xijopy) Lift(X;:=opi(Xi1, - -, Xijopy)) if special, division or

ensures X;, X; are computed. inversion, output value.



SLPT

Input I, I,
Output Ol, Oz
X1 =1L/

O := ftma(5,Xy,1,)

O, := cos(l;)



SLPT SLP I

Input I, I, Input  iy,1y, 1y, 1, 3, is, 15
Output O, O, Output 04,01,02,02,03,04,05
Xy = I/Ip

O := ftma(5,Xy,1,)

O, := cos(l;)



SLPT SLPII SLP &

Input Iy, I, Input  iy,iy,in, 1,13, 14, i5 Input I,I,

Output 0,0, Output 04,07,02,03,03,04,05 Output Iy, Oy, 1, Oy, i3, 14,15
X1 =1L/

O := ftma(5,Xy,1,)

O, := cos(l;)



SLPT SLPII SLP &
Input Iy, I, Input  iy,iy,in, 1,13, 14, i5 Input I,I,
Output 0,0, Output 04,07,02,03,03,04,05 Output Iy, Oy, 1, Oy, i3, 14,15
X1 =L/, X1 = iy Xi3 (=iy/i5)
X1 = hxia (=i1/1)
03 = i3xi (=i2/ 1))

03 = nmul(iz,03) (=—1i,/i3)
X1 = fma(iy,03,%)) (=i/ir—1i1i5/i5)
O, = fma(5,Xy, 1)

O, = cos(ly)



SLPT

Input I, I,
Output Ol, Oz
X1 =1L/

O := ftma(5,Xy,1,)

O, = cos(ly)

SLPI1
Input

i1,11,1p,1p,13,14,15

OU-tPU-t 01, 0—1/ 02, 0—2/ 03,04,05

i1 X 13 (=iq/1ip)
i1 X i3 (=iq/1ip)

= i3x1 (=iz/1)
= nmul(is,03) (=—1i,/i3)

. — R . T 0
fma(iy, 03,X1) (=i1/ir—1115/15)

SLP ®

Input I,I,

Output I;,04,15, 0y, 13,14, 15
iz = 1/i,

Xl = i1Xi3



SLPT

Input I, I,
Output Ol, Oz
X]_ = I]_/IZ

O := ftma(5,Xy,1,)

O, := cos(ly)

SLPII

Input iy, iy, 15,15, 13,14, 15
Output 01,07,02,03,03,04,05

X1 = i1Xi3
Xq = ﬂxi3
03 = i3x5
03 = nmul(is,03)

01 := fma(5,xy, i)
07 = fma(5,7, i)

(=i1/12)
(=i1/12)
(=iy/ip)

(=—iy/i5)

X = fma(iy, 05, %)) (=01 /ir—1i112/13)

(=5x1+1))
(=5X7 +12)

SLP &

Input I,I,

Output 11, Ol, 12, Oz, i3; i4/ i5
iz = 1/i,

Xl = i1Xi3



SLPT

Input I, I,
Output Ol, Oz
X1 =1L/

O := ftma(5,Xy,1,)

O, := cos(l;)

SLPII

Input il/ il/ i2/ Z.2/ i3/ i4/ i5
Output 04,01,02,0,,03,04,05

X1 = i1Xli3
X7 = I X3
03 = igxa
03 = nmul(is,03)

01 := fma(5,xy, i)
07 = fma(5,7, i)

(=i1/12)
(=i1/12)
(=iy/ip)

(=—i>/13)

X = fma(iy, 05, %)) (=01 /ir—1i112/13)

(:5X1+i2)
(=5X; +1p)

SLP &

Input I,I,

Output 11,01,12,02,i3,i4,i5
iy =1/,

X1 = i1Xi3

O; := fma(5,Xy,1,)



SLPT

Input I, I,
Output Ol, Oz
X1 =1L/

O := ftma(5,Xy,1,)

O, = cos(ly)

SLPII
Input il/ il/ i2/ Z.2/ i3/ i4/ i5
Output 04,01,02,0,,03,04,05

= I X3 (=i1/12)
= 11 X3 (=i1/i2)
= 13Xy (=12/12)

:= nmul(is,05) (=—1,/13)
:= fmal(iy,05,X1) (=01/ir—i11,/i3)

:= fma(5,xq,ip) (=Hx+1»)
:= fma(5,X7,i2) (=57 +15)

= i, (=cos(iy))

= Iy xiy (=t1cos(iy))
:= nmul(iy,is) (=—i;sin(i}))
= 04 (=cos(iy))

SLP &
Input I,I,
Output 11, 04,1, 0y, 13,14, 15

i3 = 1/12
X1 = i1Xi3

O; := fma(5,Xy,1,)



SLPT

Input I, I,
Output Ol, Oz
X1 =1L/

O := ftma(5,Xy,1,)

O, := cos(l;)

SLPII

Input 4,14, iy, 1y, 13, 1y, i

Output 04,01,02,02,03,04,05

X1 = I X13 (=iy/12)

Xq = ﬂxi3 (:a/iz)

03 = i3Xi, (=ia/ia)

03 = nmul(i3,03) (=—i5/i7)

X1 := fma(iy,05,X1) (=i1/ir—11i5/13)
07 := fma(5,xq,i5) (=5x,+1,)
01 := fma(5,%1,5) (=57, + 1)
0y = iy (=cos(i1))
05 = 11Xy (=i cos(iy))
04 = nmul(iy,is) (=—Isin(iy))
0 := 04 (=cos(i1))

SLP &

Input I,I,

Output Iy, 04,15, Oy, 13,14, 15
i3 = 1/12

X1 = i1Xi3

O; := fma(5,Xy,1,)

iy := cos(iq)

Oy := Iy

i5 = sin(il)



Instruction set Lift number of instructions
Zring 3
Z‘div 5

z:'special |Qa| + Ho +2



Our contribution: theoritical result 10/13

Instruction set Lift number of instructions
Z‘ring 3
z:'div 5
Z‘special |Q0’| + Ho +2
Theorem

Let I' K" - K" be an SLP over %.. Then we compute both I, ® SLPs in time O(|I'|+n) such that:

{y’=F(y) — { (y, ) =T(y,w)
y(0) =y (y,w)(0) =P (yo)

Moreover I1is polynomial and:

|H| < 3|r|ring +5 |r|div + Zlgkgl (|Qopk| + ,uopk + 2)




Simplify I1:
e I represents a polynomial ODE, i are output of T

e Apply usual SLP simplification techniques: common subexpression elimination, use fma when
possible



Optimizations 1113

Simplify I1:
e I represents a polynomial ODE, i are output of T.

e Apply usual SLP simplification techniques: common subexpression elimination, use fma when

possible

For the running example we obtain the final SLP:
I1
IHPU-t il/ iZ/ i3/ Z'4/ Z.5
Output 01,07,03,04,05

Il = xq := i1 Xxi3 Il = 0g := fma(5,x1, i)
H2 = 03 := nmul(i3, l3> H5 = 04 = nmul(ol, l5>



Our contribution: Practical result 1213

Implementation within the JustInLine (JIL) open-source C++ library:
git clone https://git.renater.fr/anonscm/git/jil /jil. git

Hinclude <jil/ode/slp_ode_polynomialize.hpp>
#include <jil/slp/slp_recorder.hpp>

using namespace jil;

template <typename T>
void odel (T+ out, const T+ in) %

out[0] = 5 * in[@] / in[1] + in[1];
out[1] = cos (in[0]);

%

int

main (int argc, charxx argv) {
domain tp = r32_domain;
slp g = as_slp (2, 2, tp, odel);

jout << "Original SLP = " << q << "\n";
slp p = ode_polynomialize (q);
jout << "Polynomialization = " << p << "\n";



Our contribution: Practical result 1213

Implementation within the JustInLine (JIL) open-source C++ library: E -r.LF d E
git clone https://git.renater.fr/anonscm/git/jil /jil. git

Hinclude <jil/ode/slp_ode_polynomialize.hpp> Original SLP = input 0, ©
#include <jil/slp/slp_recorder.hpp> input

mul
div
add
cos
output
output
data

(S )]

using namespace jil;

R ONMWNEPRE

1

(0]

2

1,

(]

4
template <typename T> ;
void odel (T+ out, const T+ in) %

.000000e+00

OUt[@] = 5 % in[@] / in[l] + in[l]; f’oly:omiiliiation = input 0, 0
) inpu ,
out[1] = cos (in[0@]); input 2, 2
} input 3, 3
input 4, 4
mul 5, 0, 10
int fma 6, 2, 5, 1
- o 1 7, 2, 3
main (int argc, charx* argv) 1% :;ﬂ S5
domain tp = r32_domain; nmul 8, 4, 6
slp q = as_slp (2, 2, tp, odel); thmt ;'2'8
jout << "Original SLP = " << q << "\n"; output 1:3
slp p = ode_polynomialize (q); mprE i ;
. q q q outpu
jout << "Polynomialization = " << p << "\n"; output 4, o
} data 10, 5.000000e+00



Our contribution: Practical result 1213

git clone https://git.renater.fr/anonscm/git/jil /jil. git

include <jil/ode/slp_ode_polynomialize.hpp> Original SLP = input 0, 0

Implementation within the JustInLine (JIL) open-source C++ library: E L% |= E
u F...- .1.. u_u .l.

#include <jil/slp/slp_recorder.hpp> ;E;Ut ; é, 3
div 3, 2,1
. s add 4, 1, 3
using namespace jil; cos o @
output 0, 4
template <typename T> SUERNE 1 2
) ) data 5, 5.000000e+00
void odel (T+ out, const T+ in) %
OUt[@] = 5 % in[@] / in[l] + in[l]; f’oly:omiiliiation = input 0, 0
_ . i Jl.npu ,
out[1] = cos (in[@]); input 2, 2 a gCC _03 _mavxz
} input 8, 3
input 4, 4
SR later...
int fma 6, 2, 5, 1
main (int argc, char*x argv) { ::il Joge s
domain tp = r32_domain; nm:l 8, 4, 6 Pratical costs
slp q = as_slp (2, 2, tp, odel); mu 9, 6, 8
- output 0, 6
jout << "Original SLP = " << q << "\n"; output 1, 3 Gen 253 CYCIGS
slp p = ode_polynomialize (a); zt::gtﬁ >l POly 12 CYCleS
jout << "Polynomialization = " << p << "\n"; output 4, 9
}. data 10, 5.000000e+00



Thank you!

http://www.TgXMaAcS . OTE



