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Deciding Non-negativity

X = (X1,...,X,) |co-NP hard problem: check f >0 on K|
f€Q[X]
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Deciding Non-negativity

X = (X1,...,X,) |co-NP hard problem: check f >0 on K|
f€Q[X]

Unconstrained ~~ K = R"

Constrained
~»K={x€eR":¢1(x) 20,...,gm(x) 20} g €Q[X]

deg f,deg gj < d
[§ [Collins 75] ¥" CAD doubly exp. in 1 poly. in d

[4 [Grigoriev-Vorobjov 88, Basu-Pollack-Roy 98]
'¥" Critical points singly exponential time (7 + 1) 749 ()
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Certifying Non-negativity

'V Sums of squares (SOS)
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Certifying Non-negativity

'V Sums of squares (SOS)

HILBERT 17TH PROBLEM: f SOS of rational functions?

[4 [Artin 27] YES!
‘V[Lasserre/Parrilo 01] Numerical solvers compute ¢

Semidefinite programming (SDP) ~~ approximate certificates

f=4Xt+4X3X, — 7X3X% — 2X1X3 + 10X
fro= 02X+ XX - 5X3)2 + (53X X + §X3)° + (5X3)°
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Certifying Non-negativity

'V Sums of squares (SOS)
c=m%+- - +h?

HILBERT 17TH PROBLEM: f SOS of rational functions?

[4 [Artin 27] YES!

‘V[Lasserre/Parrilo 01] Numerical solvers compute ¢
Semidefinite programming (SDP) ~~ approximate certificates

f=4Xt+4X3X, — 7X3X3% — 2X1X§ +10X5
feo=02X2+X1X - 8X3)2 4+ (3X:1 X2 + 3X3)
f=o+ %X%X% - %XlXS + 1978634X4

4 (337
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Certifying Non-negativity

'V Sums of squares (SOS)
c=m%+- - +h?

HILBERT 17TH PROBLEM: f SOS of rational functions?

[4 [Artin 27] YES!

‘V[Lasserre/Parrilo 01] Numerical solvers compute o
Semidefinite programming (SDP) ~~ approximate certificates

= 4X* +4X3X, — 7X2X3 — 2X, X5 + 10X4
1 1 14*2 2 2
feo=02X2+X1X - 8X3)2 4+ (3X1Xo + 3X3)% + (3X3)?
f=0+8X2X2 - 2X:X3 + {2 X3

The Question of Exact Certification
How to go from approximate to exact certification?
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Certifying Non-negativity

Polya’s representation f= m
positive definite form f
[Reznick 95]
Putinar’s representation f=00+01g1+ 4+ 0nugm
f > 0on compact K dego; < 2D
[Putinar 93]
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One Answer when K = R”

'¥"Hybrid SYmBoLIC/NUMERIC methods
[4 [Peyrl-Parrilo 08] [Kaltofen-Yang-Zhi 08]
~-» can handle degenerate situations when f € J%

f(X) =vpT(X)Qvp(X) Q>0

vp(X): vector of monomials of deg < D
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One Answer when K = R”

'¥"Hybrid SYmBoLIC/NUMERIC methods
[4 [Peyrl-Parrilo 08] [Kaltofen-Yang-Zhi 08]
~-» can handle degenerate situations when f € J%

f(X) =vp"(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D
~ - =

¥~ Q Rounding Q Projection [T(Q)

f(X) =vp"(X)[1(Q) vp(X)

[T1(Q) =0whene—0
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One Answer when K = R”

'¥"Hybrid SYmBoLIC/NUMERIC methods
[4 [Peyrl-Parrilo 08] [Kaltofen-Yang-Zhi 08]
~-» can handle degenerate situations when f € J%

f(X) =vp"(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D
~ - =

¥~ Q Rounding Q Projection [T(Q)

f(X) =vp"(X)[1(Q) vp(X)

[1(Q) = 0whene — 0
COMPLEXITY?
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One Answer when K = {x € R" : gj(x) > 0}

‘V"Hybrid SYmBoLIC/NUMERIC methods

[4 Magron-Allamigeon-Gaubert-Werner 14

u=f—oo+ong+ - +0ulm
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One Answer when K = {x € R" : gj(x) > 0}

‘V"Hybrid SYmBoLIC/NUMERIC methods

[4 Magron-Allamigeon-Gaubert-Werner 14

f~Oo+Tg1+ -+ 0mgm Compact K C [0,1]"

M:f—5’0+&1g1+“'+5—mgrn

Pvx € [0,1]", u(x) < —

mink f > e whene — 0

COMPLEXITY?
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Related Work: Exact Methods

Existence Question

Does there exist ; € Q[X],c; € Q7% s.t. f =Y, c;h2?
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Related Work: Exact Methods

Existence Question

Does there exist ; € Q[X],c; € Q7% s.t. f =Y, c;h2?

n=1 degf=d

ﬁ f=oc h12 + ]’lzz +c3 h32 +ca ”142 +cs5 h52 [Pourchet 72]

B f=cm?+- - +cihs [Schweighofer 99]
B f=cm?+ -+ cipzhys? [Chevillard et. al 11]
Victor Magron
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Related Work: Exact Methods

Existence Question

Does there exist i; € Q[X],c; € Q70 sit. f =Y, c;h??

‘nzl degfzd‘

@ f=oc h12 + ]’lzz +c3 h32 +cy ”l42 +¢5 h52 [Pourchet 72]
B f=cam?+ - +cihs? [Schweighofer 99]
B f=ch?+ - +cizhgs? [Chevillard et. al 11]

n>1 degf=d|

SOS with Exact LMIs f = v,;7(X) G v;T(X) G=0
[4 Solving over the rationals [Guo-Safey El Din-Zhi 13]
[d Solving over the reals [Henrion-Naldi-Safey El Din 16]
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The Cost of Exact Polynomial Optimization

f € Q[X] NX[X] (interior of the SOS cone)
bitsizet degf=4d

Complexity Question(s)
What is the output bit size of ¥, ¢; 1,2?

Polya’s representation

f= (X1+.,Z_Xn)2D
positive definite form f

Putinar’s representation f=00+01g1+ -+ 0ugm
f > 0on compact K dego; < 2D

Exact algorithm? BOUNDS on D, t(c;)?
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Contributions

f € Q[X] NX[X] (interior of the SOS cone)
bitsize T deg f =d

Complexity cost of certifying non-negativity

¢"Algorithm intsos ~ | OUTPUT BIT SIzE = 74
Similar complexity cost 49 (") for Deciding

Polya’s representation ¥ Algorithm Polyasos

positive definite form f

O (n
OUTPUT BIT Size = 274°"

Putinar’s representation V" Algorithm Putinarsos

OUTPUT BIT SIZE = O (279"

f > 0oncompact K
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Exact SOS Representations



intsos with n = 1 and Root Approximation

Algorithm from [Chevillard-Harrison-Joldes-Lauter 11]
p

peQX],degp=d=2k,p>0

p=1+X+X2+X>+x*
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intsos with n = 1 and Root Approximation

Algorithm from [Chevillard-Harrison-Joldes-Lauter 11]
P
Pe

peQ[X],degp=d=2kp>0

V" PERTURB: find ¢ € Q s.t.

k . Ji(l+x2+x4)
pg::p—£EX21>O N
i=0

p=1+X+X2+Xx+x*

.
T4

1
p>i(1+X2+X4)
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intsos with n = 1 and Root Approximation

Algorithm from [Chevillard-Harrison-Joldes-Lauter 11]
peQX],degp=d=2k,p>0 F

V" PERTURB: find ¢ € Q s.t. e

k .
per=p—e) X*>0
i=0

V" Root isolation: J 1+

X

k
p—eZXZ’ =512 +8°+u
i=0 p=1+X+X24+ X3+ x4

1
¥~ ABSORB: small enough u; €=

plaiibe
= &Y o X% +uSOS bs Laextext)
1
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intsos with n = 1 and Root Approximation

m Input: f > 0 € Q[X] of degree d > 2, ¢ € Q70,6 € N~°
m Output: SOS decomposition with coefficients in Q

f h,s1,82,¢€ 1

|

(p,h) < sqrfree(f)

I

k .
pep—ey, X (s1,52) ¢—sum2squares(pe,J)
i=0 —| 2 2
c U<—Pe—81" —82
€<y 0425
while while
<0 . ,
Pe = e < 1241 ;‘ uzi—a| y;
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intsos with n = 1 and SDP Approximation

m Input: f > 0 € Q[X] of degree d > 2, ¢ € Q70,6 € N~°
m Output: SOS decomposition with coefficients in Q

f h,o,¢eu

|

(p, h) < sqrfree(f)

I

k .
pep—ey X 7 <sdp(pe,6)
. =0 ] U4pe— 0
%7
€3 526
while while
pe <0 [ugi1| + |uzi1|

e < Up;

2
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intsos with 7 = 1: Absorbtion

VX =
VX =

[(X+1)2—-1-X?]
(X =17 -1-X]

NI N=
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intsos with 7 = 1: Absorbtion

VX =
VX =

[(X+1)2—-1-X?]
(X =17 -1-X]

NI N=

g X2 = Ui (X7 4 sgn (1i41) X2 — X2 — X2047]
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intsos with 7 = 1: Absorbtion

VX =
VX =

[(X+1)2—-1-X?]
(X =17 -1-X]

NI N=

g X2 = Ui (X7 4 sgn (1i41) X2 — X2 — X2047]

u

22 21 2 241 242

k 2i
: : : fLizo X
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intsos with 7 = 1: Absorbtion

VX =
VX =

[(X+1)2—-1-X?]
(X =17 -1-X]

NI N=

g X2 = Ui (X7 4 sgn (1i41) X2 — X2 — X2047]

2
t t t t } u
2i—2 2i—1 2i 2i+1 2i42
k 2i
t t t eyl o X
e € £ Lizo

. . k ,
e> |u21+1| "; |u21—1| — Uy = SZX21 +u SOS
i=0
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intsos with n > 1: Perturbation

o —

PERTURBATION idea

¥ Approximate SOS Decomposition

fX) - eXaepn X =0 +u
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intsos with n > 1: Absorbtion

Victor Magron

f(X) - ‘C—ZaeP/ZXza =0+u

6 4

Choice of P?

24,6
= o - 5

° 1¢1'3
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intsos with n > 1: Absorbtion

Victor Magron

f(X) - ‘C—ZaeP/ZXza =0+u

Choice of P?

2,2 4,4
3 (xy+12)2 % y2+y

[N

Xy

() ll]/3
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intsos with n > 1: Absorbtion

Victor Magron

f(X) - ‘C—ZaeP/ZXza =0+u

Choice of P?
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intsos with n > 1: Absorbtion

f(X) - 820667)/2X2a =0+u

Choice of P?

F=dxhS 22— xp? + 17
spt(f) ={(4,6),(2,0),(1,2),(0,2)}

Newton Polytope P = conv (spt(f))

Squares in SOS decomposition C % N IN"
[Reznick 78]
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Algorithm intsos

= Input: f € Q[X] N X[X] of degree d, ¢ € Q0,5 € N>°
m Output: SOS decomposition with coefficients in Q

f h,d,¢eu

|

P <« conv (spt(f))

I

2
fef—e Z X 7 <—sdp(fe, 9)
acP/2 [ -
¢ Us—fe—0
) 520
while while
fe<0 u+e Y X*¢x
a€P/2
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Algorithm intsos

Theorem (Exact Certification Cost in 3
f € Q[X] NX[X] with degf = d = 2k and bit size T

— intsos terminates with SOS output of bit size | 74
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Algorithm intsos

Theorem (Exact Certification Cost in 3
f € Q[X] NX[X] with degf = d = 2k and bit size T

= intsos terminates with SOS output of bit size m

Proof.

V{e€R: WX ER,f(X) —eXeppX* =0} £0
Quantitative height & degree bounds for Quantifier Elimination
[Basu-Pollack-Roy 06] — 7(¢) = 749 ™

V" # Coefficients in SOS output = size(P/2) = (") < d"

V" Ellipsoid algorithm for SDP [Grotschel-Lovasz-Schrijver 93] [
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Exact Polya’s Representations



Algorithm Polyasos

positive definite form f has Polya’s representation:

o .
f= Xt 1 X)D with o € Z[X]
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Algorithm Polyasos

positive definite form f has Polya’s representation:

g

f= STy with o € Z[X]

X4+ X)Pez[X] = f- X1+ +X,)P2 € S[X]
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Algorithm Polyasos

positive definite form f has Polya’s representation:

g

f= STy with o € Z[X]

X4+ X)Pez[X] = f- X1+ +X,)P2 € S[X]

V" Apply Algorithm intsos on f - (X1 + - - - + X;,)2P+2
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Algorithm Polyasos

positive definite form f has Polya’s representation:

7 with o € £[X]

U 6O 3

X4+ X)Pez[X] = f- X1+ +X,)P2 € S[X]

V" Apply Algorithm intsos on f - (X1 + - - - + X;,)2P+2

Theorem (Exact Certification Cost of Polya’s representations)

f € Q[X] positive definite form with deg f = d and bit size T

— D 27"
~

O (n
OUTPUT BIT SIZE = |t DO (1) — 7™

Victor Magron
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Exact Putinar’s Representations



Algorithm Putinarsos

f > 0oncompact K := {x € R": gj(x) >0} C [-1,1]"
Putinar’s representation:

f:(f()—I—ZUjg]- with o; € X[X],dego; < 2D
]
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Algorithm Putinarsos

f > 0oncompact K := {x € R": gj(x) >0} C [-1,1]"
Putinar’s representation:
f=00+) 0i8 witho € £[X],dego; < 2D
j

f:(°70+2(°7jgj+ Y (1 —X*)

j la|<D

with 6; € 2[X],degd; < 2D, ¢, > 0
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Algorithm Putinarsos

f > 0oncompact K := {x € R": gj(x) >0} C [-1,1]"
Putinar’s representation:
f=o00+ Zajgj with o; € X[X],dego; < 2D
j

f:[’fo—l—Z[’Tjgj—l— Y (1 —X*)

j la|<D

with 6; € 2[X],degd; < 2D, ¢, > 0

V" ABSORBTION as in Algorithm intsos:
U=fe—00— Y08 — Ljaj<n Ca (1 — X**)
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Algorithm Putinarsos

f > 0oncompact K := {x € R": gj(x) >0} C [-1,1]"
Putinar’s representation:
f=o00+ Zajgj with o; € X[X],dego; < 2D
j

f:[’fo—l—Z[’Tjgj—l— Y (1 —X*)

j la|<D

with 6; € 2[X],degd; < 2D, ¢, > 0

V" ABSORBTION as in Algorithm intsos:
U=fe—00— Y08 — Ljaj<n Ca (1 — X**)

OUTPUT BIT SIZE = |t D" = © (2Td"CK)
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Benchmarks



Benchmarks

RealCertify library

m Maple 16, Intel Core i7-5600U CPU (2.60 GHz 16Gb RAM)

m Averaging over five runs

Newton Polytope with convex Maple package [Franz 99]
arbitrary precision SDPA-GMP solver [Nakata 10] ~ sdp

Cholesky’s decomposition with Maple’s LUDecomposition
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Benchmarks: Polya

RoundProject [Peyrl-Parrilo 08]

RAGLib [Safey El Din] & CAD [Moreno Maza]
~~ exact but no certificate

Bad choice of ,6 = intsos fails when f € %

d n d multivsos RoundProject RAGLib | CAD
7 (bits) £ (s) T (bits) 1 (s) | t3(s) | ta(S)
foo 2 20| 745419 110. | 78949497 141. 0.16 0.03
M 3 8 17232 0.35 18831 0.29 | 0.15 0.03
f 2 4 1866 0.03 1031 0.04 | 0.09 0.01
fe 6 4 56890 0.34 475359 0.54 598. =
fic 10 4 | 344347 2.45 8374082 4.59 = =

Victor Magron
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Benchmarks: Putinar

Id 0 d multivsos RAGLib | CAD
k7 (bits) t(s)| fa(s) |ts(s)
f260 6 3|2 114642 2.72 4.19 —
fa01 6 3|2 108 359 9.65 6.40 0.05
f752 6 2|2 10204 0.26 0.27 —
fes9 6 7|4 6355724 303.| 0.05 —
foe3 4 2|1 5492 0.14| 0.01 | 0.01
fas4 4 43 300784 25.1 113. —
butcher 6 3|2 247 623 1.32 231. —
heart 8 4|2 618847 294 | 24.7 —

Victor Magron
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Conclusion and Perspectives



Conclusion and Perspectives

Input f on K with deg f = 4 and bit size T

Algo Input K OuTPUT BIT SIZE
intsos b} R" 749 ()
Polyasos | pos. def. form R” PAT
. nC.
Putinarsos >0 {x e R": g;(x) >0} O (2T4"7K)

POLYNOMIAL ALGORITHMS in D = representation degree
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Conclusion and Perspectives

Input f on K with deg f = 4 and bit size T

Algo Input K OuTPUT BIT SIZE
intsos b} R" 749 ()
Polyasos | pos. def. form R” PAT
. nC.
Putinarsos >0 {x € R": gj(x) > 0} O (2T4"7K)

POLYNOMIAL ALGORITHMS in D = representation degree
V" Replace exponent O (1)  Improve bounds on D

¢ In practice, explain why intsos fails when f € 3.
V" Better arbitrary-precision SDP solvers
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End

Thank you for your attention!

gricad-gitlab:RealCertify

http://wuw-verimag.imag.fr/~magron

B Magron, Safey El Din & Schweighofer. Algorithms for Weighted
Sums of Squares Decomposition of Non-negative Univariate
Polynomials, JSC. arxiv:1706.03941

[4 Magron & Safey El Din. On Exact Polya and Putinar’s
Representations, ISSAC’18. arxiv:1802.10339

[ Magron & Safey El Din. RealCertify: a Maple package for
certifying non-negativity, ISSAC’18. arxiv:1805.02201


https://gricad-gitlab.univ-grenoble-alpes.fr/magronv/RealCertify
http://www-verimag.imag.fr/~magron
http://arxiv.org/abs/1706.03941
http://arxiv.org/abs/1802.10339
http://arxiv.org/abs/1805.02201
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