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P ⊂ Rn body if P is compact convex, non–empty
interior

P centrally symmetric if P = −P
polar of P is P◦ := {x ∈ Rn : 〈x , y〉 ≤ 1,∀y ∈ P}
polytope is convex hull in Rn of finite set
p1, p2, . . . , pr ∈ Rn, P = conv(p1, p2, . . . , pr)
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P = conv(p1, p2, . . . , pr),

P◦ = {x ∈ Rn : 〈x , pk〉 ≤ 1,∀k = 1, 2, . . . , r},
Example:
p1 = (1, 1), p2 = (1,−1), p3 = −p1, p4 = −p2 ∈ R2,

〈x , p1〉 = x1 + x2, 〈x , p2〉 = x1 − x2, 〈x , p3〉 = −x1 − x2,
〈x , p4〉 = −x1 + x2
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P ⊂ Rn centrally symmetric convex body,

Euclidean
norm, usual volume,
Key obs: When vol(P) increases, then vol(P◦) decreases

How large is vol(P) vol(P◦)?

Unit cube Cn (edge= 2), C ◦n is unit cross–polytope
Unit ball Bn = B◦n
Blaschke–Santaló inequality (proved 1949):

vol(P) vol(P◦) ≤ vol(Bn) vol(B◦n)

Mahler conjecture (open since 1939):

vol(Cn) vol(C ◦n ) ≤ vol(P) vol(P◦)
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P ⊂ Rn centrally symmetric convex body

Unit cube vol(Cn) = 2n, vol(C ◦n ) = 2n

n!

Unit ball vol(Bn) = πn/2

Γ( n
2+1)

4n

n!

?
≤ vol(P) vol(P◦) ≤ πn

Γ(n2 + 1)2

is Mahler conj. and Blaschke–Santaló thm.
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Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 5/22



P ⊂ Rn centrally symmetric convex body

Unit cube vol(Cn) = 2n, vol(C ◦n ) = 2n

n!

Unit ball vol(Bn) = πn/2

Γ( n
2+1)

4n

n!

?
≤ vol(P) vol(P◦) ≤ πn

Γ(n2 + 1)2

is Mahler conj. and Blaschke–Santaló thm.
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To compute the volume of a polytope

is a #P–problem
(Dyer and Frieze 1988, L. Khachiyan 1989)

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 6/22



To compute the volume of a polytope is a #P–problem

(Dyer and Frieze 1988, L. Khachiyan 1989)

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 6/22



To compute the volume of a polytope is a #P–problem
(Dyer and Frieze 1988, L. Khachiyan 1989)

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 6/22



Alcoved polytope:

equations of facets of P ⊂ Rn are
of TWO types:

xi = ai
xi − xj = aij , with ai , aij ∈ R

⇒ arrange coeffs. in matrix (n + 1)× (n + 1) ⇒ do
linear algebra

A(P) =

 0 −6 −6
−5 0 −4
−4 −3 0


ai ,n+1 ≤ xi ≤ −an+1,i

ai ,j ≤ xi − xj ≤ −aj ,i
aii = 0
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Which matrices [aij ] ∈ Mn+1 yield alcoved polytopes
P ⊂ Rn?

Thm. (Sergeev 2009, de la Puente 2013) Every normal
idempotent matrix gives rise to an alcoved polytope

A = [aij ] normal matrix: aii = 0 and aij ≤ 0, all i , j

A idempotent (wrt tropical product):
A� A = A

⊕ = max is trop. sum and � = + is trop. product
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⊕ = max tropical sum, � = + trop. product

A =

 0 −6 −6
−5 0 −4
−4 −3 0


B =

 0 −2 −7
0 0 0
−5 −5 0


A⊕ B =

 0 −2 −6
0 0 0
−4 −3 0


A� B = 0 −2 −6

max{−5, 0,−9} 0 0
max{−4,−3,−5} −3 0


A,B are normal

A idempotent, B � B =

 0 −2 −2
0 0 0
−5 −5 0

, B not

idempotent
P(A) alcoved, P(B) not alcoved
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P(A) alcoved (hence convex), P(B) not alcoved
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dodecahedron with f –vector (v , e, f ) = (20, 30, 12)
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For n = 4 get volume of alcoved P ⊂ R3

in terms of
matrix entries aij of A ∈ M4?

normal idempotent
A = B− E

define bounding box B

def. six cants arranged in cycle
Easy: vol(P) = vol(box)−

∑6
j=1 volPj +

∑
j vol(Pj∩Pj+1)

Thm.: vol(P) = `1`2`3 −
6∑

j=1

c2
j `j

2
+

6∑
j=1

m2
j Mj

2
−

m3
j

6

`1, `2, `3 are edge–lengths of bounding box B

mj := min{|cj |, |cj+1|}, Mj := max{|cj |, |cj+1|}, cj is
cant parameter, j = 1, 2, . . . , 6
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`k = ak4, k = 1, 2, 3
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Mahler conjecture for 3–dim alcoved polytopes

Thm. (de la Puente, 2012) A symmetric matrix
⇔ P centrally symmetric

Reduction by affine map to case P is unit cube
(edge= 2), and cant parameters are x , y , z
with −1 ≤ z ≤ y ≤ x ≤ 0

vol(P) =
8−x2 (y + z)−y 2z+ 1

3

(
2x3 + y 3

)
−2
(
x2 + y 2 + z2

)
vol(P◦) =

2/3
(2+x)(2+y) + 2/3

(2+y)(2+z) + 2/3
(2+z)(2+x) + 1/3

2+y + 2/3
2+z + 1

3
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Multiply,

clear denominators, pass terms to LHS, get deg
6 polynomial
MC = 2x4yz − 3x3y 2z − 3x3yz2 + xy 4z − 3xy 3z2 +
8x4y + 6x4z − 12x3y 2

−23x3yz − 9x3z2 − 6x2y 2z − 6x2yz2 + 4xy 4 − 15xy 3z −
9xy 2z2 − 6xyz3 + 2y 4z − 6y 3z2 + 24x4 − 40x3y −
38x3z − 30x2y 2

−66x2yz − 24x2z2 − 12xy 3 − 54xy 2z − 24xyz2 −
18xz3 + 10y 4 − 34y 3z − 24y 2z2 − 12yz3 − 8x3 −
156x2y − 144x2z − 72xy 2

−72xyz−72xz2−28y 3−144y 2z−60yz2−48z3−192x2−
96xy−120xz−192y 2−144yz−192z2−96x−144y−192z

MC |S ≥ 0, S simplex − 1 ≤ z ≤ y ≤ x ≤ 0 Mahler c.
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Prove MC is non–negative on semi–algebraic set S

How? Express MC as a linear comb., with
non–negative coeffs., of products of polys wj ,
non–negative on S. Which wj?

w1 = 1 + z , w2 = y − z , w3 = x − y , w4 = −x

giving equations of the S facets

1 = w1 + w2 + w3 + w4 (relation)

Thus, compute
MCj = 16−jMCj = (w1 + w2 + w3 + w4)6−jMCj , deg 6
homogeneous in w1,w2,w3,w4, add from j = 1 to 6
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Summary and future work

Volume formula for 3–dim alcoved (rational
polynomial)

Mahler conjecture holds for 3–dim alcoved

Future work

3–dim alcoved mixed volume formula

Filling 3–space using alcoved

In higher dimensions find: (a) f –vector, (b) volume
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Conclusion

Use NORMAL IDEMPOTENT MATRICES
(operated TROPICALLY) to compute and

manipulate ALCOVED POLYTOPES

THANK YOU!
http://www.mat.ucm.es/~mpuente/
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To compute the volume of a polytope is a
#P–problem

(number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P)

(Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)

What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem:

Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem:

How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum?

is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist?

the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



To compute the volume of a polytope is a
#P–problem (number P or sharp P) (Dyer and Frieze
1988, L. Khachiyan 1989)
What is the complexity class #P?

An NP decision problem: Are there solutions
satisfying...?

The related #P problem: How many solutions
satisfying... do exist?

Example:

In a given list of integers, are there subsets with
zero sum? is an NP problem

In a given list of integers, how many subsets with
zero sum do exist? the related #P problem

Vol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 21/22



51 terms (depending on x , y , z)
125 terms (depending on wj)
Only missing term in MC is w 6

1 . Thus the only real root
of MC is given by w1 = 1 and w2 = w3 = w4 = 0,
equivalently, by x = y = z = 0. This shows that equality
is only attained by boxes, among centrally symmetric
alcoved polyhedra. The conjecture also holds for limits of
centrally symmetric alcoved polyhedra.

f –vector
(v , e, f ) ≤ (20, 30, 12)

alcoved dodecahedra
Permanents of matrix
ZonoidsVol. alc. polyhedr. Mahler conj. M.J. de la Puente, UCM, (Spain) CUNY, July/2018 22/22


