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WHAT 1S A DIFFERENCE SYSTEM?

Al Y(z+1)=A(2)Y(2)

> Y: d-dimensional column vector.
> A: invertible matrix of size d x d with entries in K(z), K < C.
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WHAT 1S A DIFFERENCE SYSTEM?

Al Y(z+1)=A(2)Y(2)

> Y: d-dimensional column vector.
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WHAT 1S A SOLUTION?

[A] Y(z+1)=A(2)Y(z)

Meromorphic Functions

f:C\S — CY where S is a set of isolated points.

Number Sequences

s: 7 — €9, for all z where A(z — 1) is defined.
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WHAT 1S A SOLUTION?

Theorem

The set of meromorphic solutions of [A] is a vector space of

dimension d over the field of 1-periodic meromorphic functions.
(Norlund 1924)

| Y(z4+1)=A(2)Y(z), A € GLy(K(2)) 5 /23 |



SINGULARITIES IN MEROMORPHIC SOLUTIONS
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SINGULARITIES IN MEROMORPHIC SOLUTIONS

Y(z+1)=

A(2)Y(z)

z—(-3+2i)
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AN EXAMPLE FOR A FUNDAMENTAL SYSTEM

0 1
Y(z+1)= (2(z+1) 3(21)) Y(2)
z—2 z—2

Y(z) = 27 2 +52+6
T \27tl 3 43,2487412
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AN EXAMPLE FOR A FUNDAMENTAL SYSTEM

0 1
Y(z+1)= (2(z+1) 3(21)) Y(2)
z—2 z—2

Y(z) = 27 2 +52+6
T \27tl 3432487412

holomorphic

Which poles in A correspond to poles in solutions?
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REMOVABLE AND APPARENT SINGULARITIES

Definition
Let ¢ € € be a pole of A(z). If any solution of [A] which is
holomorphic in some left half-plane can be analytically continued
to a meromorphic solution which is

> holomorphic at ¢ + 1, then ( is called a removable singularity.

> holomorphic at each point of ( + N, then ( is called an
apparent singularity.
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SHIFT-MINIMAL SINGULARITIES
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AN ALGEBRAIC TOOL FOR HANDLING SYSTEMS
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AN ALGEBRAIC FORMULATION
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q | den(A) and for all j € N, g(z + ) t den(A).
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REMOVABLE 1S DESINGULARIZABLE

desingularizable < removable / apparent

Theorem

Let ¢ € C be such that there is a shift-minimal, irreducible q with
q(¢) = 0. Then ( is a removable singularity of [A] iff [A] is
desingularizable at q.
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REMOVABLE OR APPARENT?

We assume den(A) = g with g irred.
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OUR EXAMPLE

(oo e 1= 2)

Construct T step by step as a composition of easy to understand
transformations.
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CoLuMN REDUCED FORM

A=qg YA+ gAr +¢*Ar +...)
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CoLuMN REDUCED FORM
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There exists a unimodular polynomial transformation S such that
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B is equal to the rank of Ag.
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_ (13
o 1y =00 1)
—2(z+1) 3(z-1)
2 z—2

z—

Y (z4+1)=A(2)Y(z), A € GL4(K(2)), T[A]=T AT, T with polynomial entries 16 /23



DISPERSION

Lemma

Let q be removable from A. Then there exists a positive integer ¢
such that

q(z + £) | num(det(A)).

We call the largest such ¢ the dispersion of A (at q).
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DISPERSION

Lemma

Let q be removable from A. Then there exists a positive integer ¢
such that

q(z + £) | num(det(A)).

We call the largest such ¢ the dispersion of A (at q).

2 - 3
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SHEARING TRANSFORMATION

Lemma

Let A be desingularizable at q with dispersion £ and in column
reduced form

r columns
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SHEARING TRANSFORMATION

Lemma

Let A be desingularizable at q with dispersion £ and in column

reduced form 1
( _Bl B2) P
q
—~—
r columns
Take

D = diag(q,...,q,1,...,1)
H'/_/
r times
Then D[A] is either desingularized or desingularizable with
dispersion < {. Furthermore, any desingularizing transformation T
for A can be written as T = DT, where T is invertible and has
polynomial entries.
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THE ALGORITHM

desingularize(A,q)

1. Bring A into column reduced form.
2. Reduce dispersion with appropriate shearing transformation.

3. Repeat until A is desingularized or the dispersion is 0.
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THE ALGORITHM

desingularize(A,q)

1. Bring A into column reduced form.
2. Reduce dispersion with appropriate shearing transformation.

3. Repeat until A is desingularized or the dispersion is 0.

Theorem

The algorithm gives the smallest possible desingularizing
transformation T. Any other desingularizing transformation T is of
the form

T=T-T,

with invertible T having polynomial entries.
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BuT THERE 1S MORE

> Works for general automorphisms (with computable and finite
dispersion).

> An alternative desingularization algorithm that shifts the roots
instead of the poles.

> Rank reduction if desingularization is not possible.

> A sufficient and necessary condition for desingularizability.

Theorem

Let g € K|[z] be a shift-minimal pole of [A]. Let A= q"A, so that
the order of q in A is zero. Then A is (partially) desingularizable at
q iff there exists a positive integer k such that the entries of

A(2)A(z—1)...A(z — k).
are divisible by q.
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SCALAR EQUATIONS VS. SYSTEMS

Y (z4+1)=A(2)Y(z), A € GL4(K(2)), T[A]=T AT, T with polynomial entries 23/23



