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Automatic computation of sums and integrals
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Applications in combinatorics Need for faster algorithms

U, = #{rook paths from (0,...,0) to (n,...,n) in I\Id}
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The problem of definite integration

input F(ty,..., 1, X)
output G(11,...,t,) = [ F(t1,..., tn,x)dx

. 0
assumption fD a()dx =0

data structure linear functional equations

algebraic function \ _— asymptotic expansion
closed form ——— | llnegajgggtr:gnal — numerical evaluation

U T proof of identities
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Previous works



Simple integral, rational function Hermite reduction

input F(t,x) € Q(z,x)
output A differential equation for G(£) = ¢ F(t, x)dx
references Ostrogradsky (1845), Hermite (1872), Bostan, Chen, Chyzak, Li (2010a)
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(simple poles)
theorem (Bostan, Chen, Chyzak, Li 2010a)
On input of degree d, one can compute the output in | @(d“ ™)
arithmetic operations. 4



Multiple integral, rational function Griffiths—Dwork reduction

input F(t,x1,...,x,) €Q(t, x1,...,X)
output A differential equation for G(¢) = fF(t, X1,..., Xp)dxy -+ -dxy,
references Dwork (1962), Griffiths (1969), Bostan, Lairez, Salvy (2013), and
Lairez (2016)

Compute ay(?),...,ar(t) € Q(¢) such that

r ak no4
ap(t) —G = —— (some rational function
kX—:o k(B ;axi ( )

theorem (Bostan, Lairez, Salvy 2013)
One input of degree d, one can compute the output in
d®"+0W) 5rithmetic operations.

Generically, the certificate has size > an’z



A differentially finite example
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differential finiteness Forall i, j, k =0, there are a; jx and b; jx € Q(n, p, x) such that

o' o/ 0
ﬁﬁFnﬂc(P, x) = a;jk(n, p,X)Fn(p, X) + bjjr(n, p, x)aFn(p, x).



Challenges

minimality We want to find all relations satified by the integrals
bounds We want to understand and control:
« the size of the output,
+ the computational complexity of the algorithm.
certificateless We want to avoiding computing the certificate (otherwise, the
complexity gets out of control):
+ the certificate is much bigger than the output
+ not possible to compute it with good complexity
« itis often useless

We give up:
« simple certification of the output
« case where [}, %(...)dx £0



Creative telescoping

principle Find all relations
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has a rational solution u, v € Q(n, p, x).



Four generations of algorithms 1st generation

problem Find all B<N? and (cjk) €Q(n,p)Bst. Ju,veQn,p,x)
% U =—axo U+ Y (€Rajr and % v =—u —bxo v+ )Y €rbojk
(i,))€B (i,))€B

elimination Only look for solutions with u, v € Q(n, p).
Akin to polynomial elimination.

P Fasenmyer (1949); see also Takayama (1990), Galligo (1985), etc.

minimality bounds certificateless
X x x



Four generations of algorithms 2nd generation

problem Find all B<N? and (cjk) €Q(n,p)Bst. Ju,veQn,p,x)
% U =—axo U+ Y (€Rajr and % v =—u —bxo v+ )Y €rbojk
(i,))€B (i,))€B

rational solutions Iteratively solve the differential system (Abramov 1989; Barkatou
1999) with increasing support B (FGLM-like).

P Chyzak (2000) ; see also Picard (1906), Zeilberger (1990)

minimality bounds certificateless
v x X
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Four generations of algorithms 3rd generation

problem Find all B<N? and (cjk) €Q(n,p)Bst. Ju,veQn,p,x)
% U =—axo U+ Y (€Rajr and % v =—u —bxo v+ )Y €rbojk
(i,))€B (i,))€B

linear algebra Predict the denominator of solutions u, v € Q(n, p, x),
reduce to linear algebra over Q(n, p).

P Lipshitz (1988), Apagodu, Zeilberger (2006), Koutschan (2010)

minimality bounds certificateless
X v x
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Four generations of algorithms 4th generation

problem Findall B < N2 and ( Cjk ) € Q(n, /))B st. Ju,veQn, p,x)

0 c 0 _ cinl
3x U =—dzo UV + Z Cik Aojk and ax vV =—u —booo v + Z Cik b“./']\"

(i,j)eB (i,j)eB

reduction of pole order Generalization of Hermite’s reduction
P Bostan, Chen, Chyzak, Li (2010b), Chen, Kauers, Singer (2012) and
Chen, Kauers, Koutschan (2016), Bostan, Chen, Chyzak, Li, Xin (2013),
Chen, Huang, Kauers, Li (2015) and Huang (2016), Bostan, Dumont,
Salvy (2016), Chen, Hoeij, Kauers, Koutschan (2018), Hoeven (2017)

minimality bounds certificateless
v v v
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New algorithm




Obstructions to integrability

problem Find all B<N? and (cjk) €Q(n,p)Bst. Ju,veQn,p,x)

0 _ 0 _
(#) Zlu =—axo v+ ), (@€pajx and v =—u —bxo v + Y, €rbojk.
(i,))€B (i,))€B

2G/4G hybrid algorithm Forall (i, j) € Nz, produce an obstruction Ajk such that

% u = —aoo UV +apjk )
Ajgk =0 < 5 has a solution.
> U =—u —bogo v + l’)()jk

By linearity, (*) has a solution if and only if

Z Cik /1jk =0.
(J,k)eB
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Lagrange identity

differential operator L: f(x) — Z a; (x)%f(x)
adjoint operator L*: f(x) — Z( D’ —(al(x)f(x))
. . “ d
Lagrange’s identity uL(f)=L"(u)f+ a()

corollary1 M(f)=M*(1)f+ %(...),for any diff. op. M.
corollary 2 If L(f) =0then L* (w) f = <L(...) forany u(x)

corollary 3 If Lis the minimal annihilating operator of f,
then for any differential operator M,
M(f) “isaderivative” < 3JyeK(x),M*(1)=L"(y).

14



Generalized Hermite reduction

Hermite reduction Generalized Hermite red.
input ue K(x) ue K(x)and M € K[x] ()
output veK(x) veK(x)
prop. 1 u—ved%K(x) u—veM(K(x)
prop. 2 u:d—‘i(...)zvzo u=M(L..) > v=0

15



Testing integrability with GHR

input y(x) a “function”
L, the minimal annihilating operator of y
fe K(x)(d%> .Y, the function space generated by y

output 3ge K(x)(L)-y, =Ly
algorithm  write f = u(x)y + {(...) > corollary 1

v(x) < GHR(v, L")
return v =0 > corollary 3
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GHR powered variant of Chyzak's algorithm

input .# a D-finiteidealand f € A/.¥
output generators of the telescoping ideal Iy w.rt. %

algorithm  y — acyclic vector of A/.# with respect to %
L — the minimal operator annihilating y
S H A O R
while u — pop(Z) do

if i is a not multiple of the leading term of an element of G then

write p- f = uu (X)y + %(...)

A — GHR(uy, LY)

if 3a K-linear rel. between Ay and {4y | v € Q} then
(@y)veq — coeff. of the relation Ay u =3 ,cq @y Ay
Add ‘=Y yegayVv to G

else

add pto Q; enqueue 614, ...,0.in Z.
return G 17



Timings Sample of a benchmark with > 100 instances
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Timings Results

Integral (1) (2) (3) (4) (5) (6) (7)

New algorithm (Maple) 13s >1h >1h 15s 15s 165s 53s
ChyzakK 19s 253s 45s 232s 5165 >1h >1h

KoutschanX 1.9s* 23s  53s >1h  23s* (54s (2.2s*

* Non minimal output.
K Uses Koutschan’s HolonomicFunctions (Mathematica package).

conclusion It really works! New algorithm for D-finite integration
New proof of the D-finiteness of the telescoping ideal of a D-finite function
2G/4G unification
future work Better understanding of the practical performance
Generalization to discrete sums
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