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Terminologies

Let F be a field of characteristic zero.

» A derivationon Fisamap ' : F— F s.t. forall a,b € F,
(a+b) =3 +b and (ab) =ab +a'b.

» (F, ') is a differential field.

» Cr={a€ F|a =0} is the subfield of constants.

» A differential field (E, D) is a differential extension of F if

FCE and Dlp=".
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Terminologies

Let F be a field of characteristic zero.

» A derivationon Fisamap ' : F— F s.t. forall a,b € F,
(a+b) =3 +b and (ab) =ab +a'b.

» (F, ') is a differential field.

» Cr={a€ F|a =0} is the subfield of constants.

» A differential field (E, D) is a differential extension of F if

FCE and Dlp=".

Example. Set ' = d/dx.

C(x), C(x,log(x)), C(x,€e"), C(x,vx), ...

are differential fields.
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Additive decomposition problem

Notation. F':={f"| f € F}.

Problem. Given f € F, find g,r € F s.t.
f=g +r
with the properties that
» feEF << r=0,

» ris minimal in some sense.
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Previous results

» Rational functions in C(x) (Ostrogradsky 1845, Hermite 1872)

» Rational functions in C(xq,...,x,) (Bostan, Lairez and Salvy
2013)

» Hyperexponential functions over C(x) (Bostan, Chen, Chyzak,
Li and Xin 2013)

» Algebraic functions over C(x) (Chen, Kauers, Koutschan 2016)

» Fuchsian D-finite functions over C(x) (Chen, van Hoeij, Kauers,
Koutschan 2017)

» D-finite functions over C(x) (van der Hoeven 2017, 2018,
Bostan, Chyzak, Lairez and Salvy 2018)
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Primitive towers
Definition. Let (F, ') C (E, '). t € E is a primitive monomial if
t' € F, t is transcendental over F and Crt) = Cr.

Examples.

» log(x) and arctan(x) are primitive monomials over C(x),

» Li(x f |og(x) is a primitive monomial over C(x, log(x)).
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Primitive towers
Definition. Let (F, ') C (E, '). t € E is a primitive monomial if
t' € F, t is transcendental over F and Crt) = Cr.

Examples.

» log(x) and arctan(x) are primitive monomials over C(x),

» Li(x f |og(x) is a primitive monomial over C(x, log(x)).

A primitive tower is

Fo C F c - C F,
I I I

(C(X) Fo(tl) Fn_l(t,,)

where t; is a primitive monomial over F;_; forall 1 <ij < n.
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Hermite reduction
Definition. Given a primitive tower fo C --- C F,

» p € Fp_i[ts] is t,-normal if ged(p, p') € Fp_1;

» f € F,is ty-simple if f is proper and den(f) is t,-normal.
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Hermite reduction

Definition. Given a primitive tower fo C --- C F,
» p € Fp_i[ts] is t,-normal if ged(p, p') € Fp_1;

» f € F,is ty-simple if f is proper and den(f) is t,-normal.

Lemma. For f € F,, there exist g, h € F, and p € F,_1[t,] s.t.
f=g +h+p.
where h is t,-simple. Moreover,

feF, — h=0.
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Polynomial reduction

Problem P. For p € F,_1[ty], find g,q € Fo_1[tn] s-t.

p=g +q and peF <= q=0.
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Polynomial reduction

Problem P. For p € F,_1[ty], find g,q € Fo_1[tn] s-t.

p=g +q and peF <= q=0.

Main idea. For ae€ F,_1 and d € N,

atd =g’ +q with deg, (q) < d.

)

a—ct, €F_; forsomececC.
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Hermitian parts

By Hermite reduction, for f € F;, 3! t;-simple h € F; s.t.
f=g +h+p,
where g € Fiand p € Fi_q[tj] for 1 <i < n.

Definition. Call h the Hermitian part of f, denoted by hp, ().
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Hermitian parts

By Hermite reduction, for f € F;, 3! t;-simple h € F; s.t.
f=g +h+p,
where g € Fiand p € Fi_q[tj] for 1 <i < n.

Definition. Call h the Hermitian part of f, denoted by hp, ().

Ifa—ct,eF,_;and hp, (t,) #0, then

hpt,,,l (a)

C= ——m——.
hpt,,,l(tr/‘l)
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Straight towers

Definition. A primitive tower F_1 C Fg C --- C F, with F_; =C
and Fo = C(to) is straight if hp,_ (/) #0 forall 1 </ <n.
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Straight towers

Definition. A primitive tower F_1 C Fg C --- C F, with F_; =C
and Fo = C(to) is straight if hp,_ (/) #0 forall 1 </ <n.
Define a t,-straight polynomial g € F,_1[ts]:
b g is tg-straight if g =0,
b qis ty-straight if Ice,(q) = u+ v s.t.
» u€ F,_q1is t,_1-simple,
» u#chp, () for any nonzero c € C,

b v E Fha[th—1] is t,_1-straight.
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Straight towers

Definition. A primitive tower F_1 C Fg C --- C F, with F_; =C
and Fo = C(to) is straight if hp,_ (/) #0 forall 1 </ <n.

Define a t,-straight polynomial g € F,_1[ts]:
b g is tg-straight if g =0,

b qis ty-straight if Ice,(q) = u+ v s.t.
» u€ F,_q1is t,_1-simple,

» u#chp, () for any nonzero c € C,

b v E Fha[th—1] is t,_1-straight.

Prop. Let g € F,_1[t,] be t,-straight. Then g € F, <= q =0.

Du, Chinese Academy of Sciences Additive Decompositions 10/17



Flat towers

Definition. A primitive tower

Fo C F c -+ C F,
I I Il
C(x) Fo(t1) Fo—1(ts)

is flat if t/ € Fo forall 1 <i < n.
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Flat towers

Definition. A primitive tower

Fo C F c -+ C F,
I I Il
C(x) Fo(t1) Fo—1(ts)

is flat if t/ € Fo forall 1 <i < n.

Notation. For 1 <i<nand p € Fi_1[ti,..., tn],

» hmj(p) is the head monomial of p w.r.t <pjex (ti < ... < tp).

» hci(p) is the head coefficient of p.
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Flat polynomials

Definition. A polynomial g € F,_1[t,] is t,-flat if:
» Jqi € Fialti,...,to] st. g =7, qi,

» hci(qg;) is ti_1-simple for 1 < i < n,

» g1 =0or heo(qr) ¢ spanc{t],...,t,} where

n if hmo(q1) =1,

s if hmo(q1) = t&---t5" with es >0
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Flat polynomials

Definition. A polynomial g € F,_1[t,] is t,-flat if:
» Jqi € Fialti,...,to] st. g =7, qi,

» hci(qg;) is ti_1-simple for 1 < i < n,

» g1 =0or heo(qr) ¢ spanc{t],...,t,} where

n if hmo(q1) =1,

s if hmo(q1) = t&---t5" with es >0

Prop. Let g € F,_1[t,] be t,-flat. Then g € F/ < q=0.
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The main result

Theorem. Given a straight (flat) tower Fo C -+ C F, and f € Fp,
there are g € F, and g € F_1[t,] s.t.

f= g + hp,(f) +q,
~ —_———
integrable non-integrable

where q is tp-straight (t,-flat).

Moreover,
» feF, < hp, (f)=q=0,

» if f =3 + h+ g for t,-proper hand § € Fn—_1[tn], then

) deg; (q) < deg, (q) (straight)
den(hp, (f)) | den(h) and

q jplex a (flat)
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Examples

1. Straight:

1 1 . X ;
= ot (9500 ey ) U9~ i © ot 9)
2. Flat:

&:(m“(x)f_'og(x)afctan(x)z

2
21 + log(x)* € C(x, log(x), arctan(x))
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Examples

1. Straight:
1 1 . X ;
= ot (9500 ey ) U9~ i © ot 9)

, 1
=0 gt

2. Flat:

2
21 + log(x)* € C(x, log(x), arctan(x))

&:(m“(x)f_'og(x)afctan(x)z

=(.)+ log(x)? arctan(x)

x2+1
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Application |: elementary integrability

Given a straight (flat) tower Fo C --- C F, and f € F,,, we have

f=g +hp,(f)+q.
[ —

r
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Application |: elementary integrability

Given a straight (flat) tower Fo C --- C F, and f € F,,, we have
f=g +hp,(f)+q.
—_———
r
If t; is logarithmic over F;_1 for all 1 < j < n, then

f is elementary integrable over F,

0

r € spanc{a’/a|a€ F,}.
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Application |: elementary integrability

Given a straight (flat) tower Fo C --- C F, and f € F,,, we have
f=g +hp,(f)+q.
[ —
r
If t; is logarithmic over F;_1 for all 1 < j < n, then
f is elementary integrable over F,

0

r € spanc{a’/a|a€ F,}.

Example.

1 Li(x)’

ﬁ:(...)’+m:(...
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Application Il: creative telescoping
(F,{Dy,D,}): a differential field with D,D, = D, D,.

Problem. Given f € F, find nonzero L := Z:'j:o ;D! with
Dy,(¢;) =0 and g in an elementary extension E of F s.t.

L(x, D:)(f) = Dy(g)
v N\

Telescoper Certificate
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Application Il: creative telescoping
(F,{Dy,D,}): a differential field with D,D, = D, D,.

Problem. Given f € F, find nonzero L := Z:'j:o ;D! with
Dy,(¢;) =0 and g in an elementary extension E of F s.t.
L(x, Dx)(f) = Dy(g)
Ve N
Telescoper Certificate

Example. t := log(x? + y?).
¥
(2 +y2)e

NOT D-finite

f=t+1—
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Application Il: creative telescoping
(F,{Dy,D,}): a differential field with D,D, = D, D,.

Problem. Given f € F, find nonzero L := Z:'j:o ;D! with
Dy,(¢;) =0 and g in an elementary extension E of F s.t.
L(x, Dx)(f) = Dy(g)
Ve N

Telescoper Certificate

Example. t := log(x? + y?).

2y 1 2x?
f=t+1l——"—— =D, =+ yt— -
M R T y(ter y>+x2+y2

NOT D-finite
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Application Il: creative telescoping
(F,{Dy,D,}): a differential field with D,D, = D, D,.

Problem. Given f € F, find nonzero L := Z:'j:o ;D! with
Dy,(¢;) =0 and g in an elementary extension E of F s.t.

L(x, D:)(f) = Dy(g)
v N\

Telescoper Certificate

Example. t := log(x? + y?).

2
f:t+1(xzfyy2)t2 :Dy(1+yty>+xz2iy2
NOT D-finite
J
—2x2

1
L=xDy—1 and g= —E—yt—ky.

t2(x* + y?)
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Summary

Result. A solution of the additive decomposition problem in
straight or flat towers without solving any Risch equations.

Du, Chinese Academy of Sciences Additive Decompositions 17/17



Summary

Result. A solution of the additive decomposition problem in
straight or flat towers without solving any Risch equations.

Plan.

» Additive decomposition in a general primitive tower

» Existence problem of telescopers in primitive extensions
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Summary

Result. A solution of the additive decomposition problem in
straight or flat towers without solving any Risch equations.

Plan.

» Additive decomposition in a general primitive tower

» Existence problem of telescopers in primitive extensions

Thank you!
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