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Why Algorithmic and Rigorous Polynomial Approximations?

» Rigorous Polynomial Approximation =
Polynomial + error bound
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Why Algorithmic and Rigorous Polynomial Approximations?

» Rigorous Polynomial Approximation =
Polynomial + error bound

1 ‘ i ‘ ‘ ' 1
m Rigorous methods
m Algorithmic methods

m Efficient and accurate

» Solutions of coupled systems of linear
ordinary differential equations.

» with componentwise error bounds.

» Various fields of applications:
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Introduction

A New Framework for Componentwise Validation

Componentwise Validation of Coupled Systems of Linear ODEs in Cheby-

shev Basis
s ,:| m A Sparse Linear Algebra Problem
J m A Newton-like A Posteriori Fixed-Point Operator for Validation

Conclusion and Future Work
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A New Framework for Componentwise Validation
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Banach Fixed-Point Theorem for A Posteriori Validation

» Fixed-point equation T - x = x with T contracting,
General scheme  » Approximation x° to exact solution x*,
» Compute a posteriori error bounds with Banach theorem.




Banach Fixed-Point Theorem for A Posteriori Validation

» Fixed-point equation T - x = x with T contracting,

General scheme  » Approximation x° to exact solution x*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of
ratio ;< 1,

» T admits a unique fixed-point x*, and

» For all x° e X,

o . o o . o
d(x°,T X)éd(xo,x*)<d(X7T x).
1+p 1-p
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Banach Fixed-Point Theorem for A Posteriori Validation

» Fixed-point equation T - x = x with T contracting,

General scheme  » Approximation x° to exact solution x*,
» Compute a posteriori error bounds with Banach theorem.

Quasi-Newton Method for F-x =0

Banach Fixed-Point Theorem
Compute A ~ (DF)2 in order to define:

If (X,d) is complete and T contracting of
ratio <1, T-x=x-A-F-x.
» T admits a unique fixed-point x*, and
» For all x° € X,

Banach fixed-point theorem applies if for

o R R o some r > 0:
d(X 7T'X ) <d(XO X*)< d(X 7T'X )

T h - B /L= SUPyep(xo,r) |1~ A-DFx| <1,

m[x° =T -x°|+pr<r.
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Banach Fixed-Point Theorem for A Posteriori Validation

» Fixed-point equation T - x = x with T contracting,

General scheme  » Approximation x° to exact solution x*,
» Compute a posteriori error bounds with Banach theorem.

Quasi-Newton Method for F-x =0

Banach Fixed-Point Theorem
Compute A ~ (DF)2 in order to define:

If (X,d) is complete and T contracting of
ratio <1, T-x=x-A-F-x.
» T admits a unique fixed-point x*, and
» For all x° € X,

Banach fixed-point theorem applies if for

o R R o some r > 0:
d(X 7T'X ) <d(XO X*)< d(X 7T'X )

T h - B /L= SUPyep(xo,r) |1~ A-DFx| <1,

m[x° =T -x°|+pr<r.

Applications to function space problems:
m Early works by Kaucher, Miranker, Yamamoto et al (~80’s, ~90's).

m Lessard et al (2007 - today).
m Benoit, Joldes, Mezzarobba (2011); Bréhard, Brisebarre, Joldes (2017).
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Example: Polynomial Equation in the Plane
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Example: Polynomial Equation in the Plane
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Example: Polynomial Equation in the Plane
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Example: Polynomial Equation in the Plane
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Vector-valued Metric and Perov Theorem

Vector-Valued Metric

(Xi, di)1<icp complete metric spaces.

L] d(Xr}/) = (dl(thl): B dP(Xpr}/P))
€ R? vector-valued metric.

m F: X — X is A-Lipschitz for A e RY*P:

d(F-x,F-y)<MA-d(x,y) Vx,yeX

Multinormval



Vector-valued Metric and Perov Theorem

Vector-Valued Metric

(Xi, di)1<icp complete metric spaces.

L] d(Xr}/) = (dl(thl): B dP(Xpr}/P))
€ R? vector-valued metric.

m F: X — X is A-Lipschitz for A e RY*P:

d(F-x,F-y)<MA-d(x,y) Vx,yeX
v

Convergent to Zero Matrices

N € RP*P is convergent to zero if:
m Ak 5 0as k> oo,
= <= p(N)<1.

| A\

Generalized Contractions

F : X — X is a generalized contraction if it
is A-Lipschitz for A convergent to zero.
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Vector-valued Metric and Perov Theorem

Vector-Valued Metric

(Xi, di)1<icp complete metric spaces. (1-N)-d(x°,x") <d(x°,T-x°)
w d(x,y) = (di(x1,1); - - dp(xp, ¥p)) B (1-A)T=1+A+A% 4+ +NF4 > 0.
€ R? vector-valued metric. = d(x°,x*) < (1-NA)"1.d(x°,T-x°).
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Vector-valued Metric and Perov Theorem

. Perov Fixed-Point Theorem
Vector-Valued Metric

If (X,d) complete vector-valued metric

space and T A-Lipschitz with p(A) < 1:

B d(x,y) = (di(x1,y1);- -, dp(Xp, ¥p)) » T admits a unique fixed-point x*, and
€ R? vector-valued metric. » For all x° € X,

m F: X — X is A-Lipschitz for A e RY*P:

(Xi, di)1<icp complete metric spaces.

d(x°,x*) < (1-N)"1.d(x°, T-x°).

— [
d(F-x,F-y)<A-d(x,y) Vx,yEX) v M

Convergent to Zero Matrices

N € RP*P is convergent to zero if:
m Ak >0 as k- oo,
= <= p(N)<1.

v

Generalized Contractions

F : X — X is a generalized contraction if it
is A-Lipschitz for A convergent to zero.
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Vector-valued Metric and Perov Theorem

. Perov Fixed-Point Theorem
Vector-Valued Metric

If (X,d) complete vector-valued metric
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Extending Perov Theorem with Lower Bounds

(1+N)-d(x°,x*) >d(x°, T-x°)
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Extending Perov Theorem with Lower Bounds

(1+N)-d(x°,x*) >d(x°, T-x°)

m(1+A) 1=
1-AN+NA2 - 4 (=N +... 2 0.

= Cannot deduce lower bounds!
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Extending Perov Theorem with Lower Bounds

Error Polytope
Let £ = d(x°,x*) and 1 = d(x°, T - x°):

<7 (P)
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Extending Perov Theorem with Lower Bounds

Error Polytope

Let ¢ = d(x°,x*) and 1) = d(x°, T - x°): Lower Bounds for Perov Theorem

(1-A)-=<7 (P) For all i € [1, p],

(A= d(x°,x")i=€iz¢ef

with €7 = intersection of the i-th lower
bound + all the j-th upper bounds, j # i.




Extending Perov Theorem with Lower Bounds

Lower Bounds for Perov Theorem

For all i € [1, p],

Error Polytope
d(x°,x")i=¢;i > 13

Let £ = d(x°,x*) and 1 = d(x°, T - x°):
(P)

(1-A)-=<7
with €7 = intersection of the i-th lower
bound + all the j-th upper bounds, j # i.

e =290-1073
e} =3.65-107°

Sy
ENG

€7 =2.48-1073
e, =3.09-1073

34+




Example: Polynomial Equation in the Plane

Componentwise Tight Error Bounds
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Componentwise Validation of Coupled Systems of Linear ODEs in Cheby-

shev Basis
s ,:| m A Sparse Linear Algebra Problem
J m A Newton-like A Posteriori Fixed-Point Operator for Validation
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Chebyshev Polynomials and Series

Chebyshev Family of Polynomials

|
l
To(X) = 1, -t =
Ti(X) = X, i
Thi2(X) = 2XTp1(X) = Th(X). l
) JAVAVARN\/2)
m Tp(cos¥) = cos nd. To(X) =1
= Vte[-1,1],|Ta(t)| < 1. Ti(X) = X
‘ Ta(X)=2X%2-1
0 003
8 ToTm=3(Totm+ To-m). Ta(X)=8X*-8X>+1
o [ Ta= i (T - I, Ts5(X) = 16X° - 20X> + 5X
)
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Chebyshev Polynomials and Series

Scalar Product and Orthogonality Relations

Chebyshev Family of Polynomials 1£(t)g(t) -
To(X) =1, (f,g) = /—1 ﬁdt = fo f(cos¥)g(cos¥)dv.
100 =% (Ta)ns0 orth | famil
= .
T2 (X) = 2XT i1 (X) = Ta(X). n)nz0 OrLNOgONa famiy. )
. . . Chebyshev Coefficients and Series
1w _
m Tp(cos?) = cosnd. ma,={ 3 foﬂ f(cosv))dd, for n =0,
= [y f(cos¥)cosnddd, for n>1.
= Vte[-1,1],|Ta(t) < 1. -
(1,1}, [Ta(®)| m V() = 2N 8, Ta(2), te[-1,1].

Multiplication and Integration

mThThm= %(Tn+m+ Tn—m)-

_ 1 (Ther _ Tnaa
.fT"_2(n+1 n-1 )"
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Chebyshev Polynomials and Series

Scalar Product and Orthogonality Relations

Chebyshev Family of Polynomials 1£(t)g(t) -
To(X) =1, (f,g) = /—1 ﬁdt = fo f(cos¥)g(cos¥)dv.
100 =% (Ta)ns0 orth | famil
= .
T2 (X) = 2XT i1 (X) = Ta(X). n)nz0 OrLNOgONa famiy. )
. . . Chebyshev Coefficients and Series
1w _
m Tp(cos?) = cosnd. ma,={ 3 foﬂ f(cosv))dd, for n =0,
= [y f(cos¥)cosnddd, for n>1.
= Vte[-1,1],|Ta(t) < 1. -
(1,1}, [Ta(®)| m V() = 2N 8, Ta(2), te[-1,1].

v

Multiplication and Integration
Convergence Theorems

8 ToTm=2(Torm+ Toom). —
2 (Tne ) m If FeCk FIN S f in O(N75).

_1(The1r _ Tha —
[ Ta=3 ( pors ) m If f analytic, (V] - f exponentially fast.
w

v
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Vector-Valued D-Finite Equations

Vector-Valued D-Finite Equation and Initial Value Problem

YO ) + A1 (8) - YD (£) + -+ AL(E) - Y/ (£) + Ao(t) - Y(£) = G(¢)
Y(-D=vw Y'(-)=vi ... YU D)=y, ; eRP
te[-1,1] A; e R[t]P*P, G e R[t]P.
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Vector-Valued D-Finite Equations

Vector-Valued D-Finite Equation and Initial Value Problem

YO ) + A1 (8) - YD (£) + -+ AL(E) - Y/ (£) + Ao(t) - Y(£) = G(¢)
Y(-D=vw Y'(-)=vi ... YU D)=y, ; eRP

(D)

te[-1,1] A; e R[t]P*P, G e R[t]P.

v

Integral Equation with Polynomial Kernel

(D) becomes:

‘( Kui(t,s) ... Kip(t,s)
Y(t) + f : : Y (s)ds = W(t). 0)
-1 Koi(t,s) ... Kpp(t,s)

t
m Kj-y(t)= f_l Kij(t,s)y(s)ds 1-dimensional integral operator.

K Kip
n K= : : p-dimensional integral operator.
Ko oo Kpp
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Compactness and Almost-Banded Structure of K

<0

a

o

Kj- ) Tk :
k=0 N
CN+1

K; is almost-banded and compact.
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Compactness and Almost-Banded Structure of K

truncated integral operator K,.[jN]
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Compactness and Almost-Banded Structure of K

Yks0 €1k Tk
KM :
X k0 ok Tk

truncation K[V by blocks.

€10
C11

C1Nn

Cpo
Cpl




Compactness and Almost-Banded Structure

€10
€20

Cpo
c11
1

KM Y k0 :Clk Tk p1
21(;0 Cpk Tk :

N
QN

K[V in reordered basis.
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Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y" —ty=0, Ai(0)=vp and Ai'(0)=w

0.8

0.6

AAAANN
ARV

—0.4

B R | T R 0 1 2 3 4 5




Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y" —ty=0, Ai(0)=vp and Ai'(0)=w

0.8

0.6

SAAAND
SVAVRVRVRVIRW

—0.4

-15 -4 -13 -12 -1 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5

m Integral reformulation over [-a,0] :

Y(t)+f1t((s’ " )~Y(s)ds=( 0 ) . Y*(t):( ﬁii,((tt)) )




Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y'—ty=0, Ai(0)=vy and Ai'(0)=w;

0.8 T T T T T T T T T T T T T T T T T T

0.6 -

AAAAAN
VWYYV

o

0.4

15 —14 0 1 2 3 4 5

= Integral reformulation over [-a,0] = [-1,1]:

‘ 0 : (v e AIC-2(t+1)
Y(t)+[1 ( —%2(54-1) (2) )-Y(S)d57( v(1) ) =Y (t)f( Ai’ 72‘5(t+1)) )




Example: Airy Function

Approximation with Chebyshev Series

m Truncation at order N = 14:

.
.o
.o
.o 4
284 s oo

Truncated operator KM by blocks K" in reordered basis




Example: Airy Function

Approximation with Chebyshev Series

m Truncation at order N = 14:

\bdbbbibidibid
1994

s oo

Truncated operator KM by blocks K" in reordered basis

m Obtained approximations for a = 10, with Olver and Townsend’s algorithm?:

Yy =+0.139T — 0.152T7 + 0.200 T, — 0.016 T3 — 0.010 74 + 0.129 75 — 0.112 T — 0.032T7
+0.031 Tg -0.162 Tg -0.111 T10 +0.103 T11 +0.110 T12 —0.005 T13 -0.033 T14

Yy =+0.057To +0.130T1 + 0.052T, + 0.290 T3 + 0.033 T4 + 0.273T5 + 0.291 T + 0.004 T
+0.203 Tg +0.104 Tg -0.380 T10 -0.340 T11 +0.073 T12 +0.187 T13 +0.044 T14

1S, Olver and A. Townsend. A Fast and Well-Conditioned Spectral Method, SIAM review 2013.
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Example: Airy Function

Plots
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Example: Airy Function

Plots
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Outline

Componentwise Validation of Coupled Systems of Linear ODEs in Cheby-
shev Basis

J m A Newton-like A Posteriori Fixed-Point Operator for Validation
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Designing the Newton-like Operator T

Integral equation:

m Truncation order N, .

m Approx inverse: Y+K- Y=V

A~ (1+ KM




Designing the Newton-like Operator T

Integral equation:

m Truncation order N,.

m Approx inverse: Y+K- Y=V

A~ (1+ KM

1000

» Use an almost-banded approximation. 2000

A+K) T =1-K+K2—- +(-1)"K"+...

3000

4000

5000

) 1000 2000 3000 4000 5000
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Designing the Newton-like Operator T

Integral equation:

m Truncation order N,.

m Approx inverse: Y+K- Y=V

A~ (1+ KM

Y! Banach Space

|yl = Znso [ly]al > [y feo-

1000

2000
B |F|ug =supuso [F- Taflgr for

F:4! -yl

3000

4000

4 5000

) 1000 2000 3000 4000 5000
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Designing the Newton-like Operator T

Integral equation:

m Truncation order N,.

m Approx inverse: Y+K- Y=V

A~ (1+ KM

Y! Banach Space

|yl = Znso [ly]al > [y feo-

1000

2000
B |F|ug =supuso [F- Taflgr for

F:4! -yl
3000
8 Y]l rye € RE for Y e (4P
4000

= [F[ g1y € RYP for F: ()P - (41)P.

4 5000 -350

) 1000 2000 3000 4000 5000
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Designing the Newton-like Operator T

Decomposition of the Operator Norm

= Truncation order N, . DT (q1yp = 1= A - (1 +K) [ (q1ye
A i :
= fpproxinverse <r-A- (@R e + A (K -KED) |y,
Aw (1 + K[NV] )_1 Approximation error Truncation error
0 50
Y! Banach Space 0
1000
=yl = Enzollylal 2 [y ]eo- 0
2000 -100
B [Flq1 =supnsg [F - Tollgr for 150
F:4q! >4l
3000 200
B | Ylye € R for Y e (1')P. -250
4000
x -300
B |F[ gy € RE*P for F: (U1)P — (U)P.
v 5000 -350

0 1000 2000 3000 4000 5000
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Designing the Newton-like Operator T

Decomposition of the Operator Norm

m Truncation order N, . DT (xq1yp = 1= A - (1 +K) [ (q1ye
= Approx inverse: <I1-A-(1+ K[Nv])”(ql)p +]A- (K- K[Nv])”(ql)p.
A~x (1 + K[NV] )_1 Approximation error Truncation error

9! Banach Space Approximation error:

m Finite-dimensional problem.
Byl = Zsollylal = 1y ]eo- . N 1
m Matrix multiplications and Y -norm.
B |Fllep =supso [F - Tl for
F:4' - Yl

8 [ Y (qrye € RY for Yoe (UH)P.

= |Fl iy € REP for F: (1) - (b,

4
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Designing the Newton-like Operator T

Decomposition of the Operator Norm

m Truncation order N, . DT (xq1yp = 1= A - (1 +K) [ (q1ye
= Approx inverse: <I1-A-(1+ K[Nv])”(ql)p +]A- (K- K[Nv])”(ql)p.
A~x (1 + K[NV] )_1 Approximation error Truncation error

9! Banach Space Approximation error:

m Finite-dimensional problem.
Byl = Zsollylal = 1y ]eo- . N 1
m Matrix multiplications and Y -norm.
B |Fllep =supso [F - Tl for

F:q' -4 Truncation error:
- ”YH(ql)p €RP for Y e (ql)p. m Infinite-dimensional problem.
m Crude bounds = large N,.
8 | F[xg1yp € REP for F: (T)P - (TH)P. m Smart bounding techniques.

4
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Example: Airy Function

Validation with Newton-like Method

Rigorous Chebyshev Approximation - Summary

Integral reformulation,

o=

Numerical approximation Y° of Y™,

Creating Newton-like operator T,

0=

Computing A > [DT || (q1yp,

=

If p(A) <1, bound [Y° =T Y®| (1), and apply Perov theorem.
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Example: Airy Function

Validation with Newton-like Method

Rigorous Chebyshev Approximation - Summary

Integral reformulation,

Numerical approximation Y° of Y™,
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Conclusion and Future Work

m A general framework for componentwise validation.

m An algorithm for Rigorous Polynomial Approximations to vector-valued D-finite
functions.

m Generalization to non-polynomial systems of linear ODEs.

m C library freely available at https://gforge.inria.fr/projects/tchebyapprox.

Towards a certified Coq implementation.



https://gforge.inria.fr/projects/tchebyapprox

ISSAC, July 2018
CUNY Graduate Center, NYC

Florent Bréhard (ENS de Lyon & LAAS-CNRS in Toulouse, France)
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