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o R : ring

o K : field

o X ={m,...,2,}

o R|X] : polynomial ring over R



Abstract

@ Modular algorithms avoid the swell of coefficients which makes ideal
computations slow-down.

@ For computational targets in R, modular algorithms choose projection
maps R to R/, take projected images of targets and compute in R’
then reconstruct the real computed results in R.

@ We apply the Chinese Remainder Theorem (CRT) for Laplagne’s
algorithm.

@ Most basically, CRT utilizes mappings: Z — F,, (p : prime number).

e We utilize mappings: Klu] — K, substituting maps for w.

@ In order for this method to work correctly, the shape of each modular
component must coincide with that of the corresponding component
of the ideal.



© Basic facts
@ New algorithm

@ Experimentations



Basic facts



Laplagne's Algorithm (Laplagne. S (2006))

Laplagne proposes algorithms for computing minAss(/) and V.

LMINASS(]) and LRADICAL([)

Int < (1), MA + (), Rad + (1)
while Int \ VI # 0 do
choose g € Int \ VI
J—T:g™
U < a maximal independent set of J.
J + JK(U)[X \ U]
{P1,...,P,} < ZEROMINASS(.J)
PJ « {P nK[X],..., P, NnK[X]}
MA+ MAUPJ
Int < IntN ﬂ P

PePJ
Rad < Rad N (zeRORADICAL(J) N K[X])

end while
return M A, Rad




ZEROMINASS

ZEROMINASS(T)

Input: a zero-dimensional ideal I = (f1,..., fx) C K[X] (char(K) = 0)
Output: minAss([)
result « ()
choose a random g € K"™! and I’ + pu(I) (¢a(z:i) = 2; for i < n,
o l@n)l=on F 30 5 0
compute the reduced Grobner basis G of I’ w.r.t. <jez
factorize g = g7 ... 93" € GNK[zy]
Fori=1tos
P/ < PRIMARYTEST((I’, g;))
If P/ + (0)
P, @3 ' (P])
result + result U{P;}
Else
result + result U ZEROMINASS({I, ¢, *(g:)))
EndIf -
EndFor Return result

@ Coordinate changes are performed to make ideals in general position.
@ ZEROMINASS contains factorizations of polynomials.



CRT for Laplagne's Algorithm

e Laplagne’s algorithm contains ZEROMINASS.

e ZEROMINASS contains factorizations of polynomials.

e In many cases, a factorization over F,, produces more factors
than over Q.

e Laplagne's algorithm regards some variables U C X as
parameters.

o We utilize mappings: K[u] — K (u € U) recursively.

@ These mappings reduce the number of parameters and keep the
characteristic of coefficient fields 0.



Chinese Remainder Theorem

Let R be a commutative ring and I1,..., I pairwise comaximal ideals in
R. For ri,...,rs € R, there exists y € R satisfying

y = MM mod Il

y = 7rsmod Is.
y is unique modulo N;_; ;.

CRT can be applied in two typical situations: R =Z or R = K[u].



Lagrange's Interpolation in Z

Let p1,...,ps be distinct prime numbers from each other, p = py - - - ps
and I; = (p1),...,1s = (ps). Then for 1 < i <s, a;,b; € Z such that

a;(p/pi) + bipi = 1

can be computed by the extended Euclidean algorithm. For any
ri,...,Ts € Z, the unique y satisfying conditions in CRT is given by

y=r1L1 + -+ rsLs(where L; = a;(p/pi))-



Lagrange's Interpolation in K|u]

Let k1,...,ks € K be distinct elements from each other,
L =(u—ky),...,Is = (u—ks) and

(=) (= ko)t = ki) - (= )

L= TR U = ) (i — ) (s — k)

Then the unique y satisfying conditions in CRT is given by

y=mr1L1+---+rsLs.



CRT

Let 71,72 € K[u], I1, I comaximal ideals € Ku].

@ We name the interpolation 7y (mod I7) and r2 (mod I)
CRT(Tl,TQ,II,IQ).

o For f=3,cax® g=>,dax® € K[u|[X], we define
CR'T(f7ga-[17-[2) = ZQCRT(COMdOmIbIQ)xa-

e For F={fi,....fs }, G={q1,...,9s } CK[u|[X] where LM(f;)'s
and LM (g;)'s are distinct respectively and LM (f;) = LM(g;), we
define CRT(F, G,Il,fg) = {CRT(fZ‘,gZ‘,Il,IQ) ‘ 1 < 1 <s }

o For F={F,....,F;}and G ={Gy,...,Gt } where
CRT(F;, Gy, I1,I)'s are defined, we define CRT(F, G, I1,12) =
{CRT(FZ‘,GZ‘,Il,IQ) ‘ 1< <t }



Rational function reconstruction

Our target is the reduced Grébner basis G of a minimal associated prime
of an ideal I over K(u). If we apply CRT for the modular images
computed over K, what we obtain is an object G’ over K[u]. If a
coefficient ¢(u) appearing in G is not a polynomial we have to recover
c(u) from the corresponding polynomial coefficient in G'.

Theorem (Gathen-Gerhard (2003))

Let f, M € K[z], deg(f) < deg(M) =n > 0 and 7y, s;,t; € K[x] be the
j-th row in extended Euclidean Algorithm for M, f ,where j is minimal
such that deg(r;) < k. There exist polynomials r, ¢ € K|z] satisfying

r=tf (mod M), deg(r) <k, deg(t) <n —k,

namely r = r;, t = t;. If in addition gcd(rj,t;) = 1, then r,t also satisfy

ged(t, M) =1,rt"' = f (mod M), deg(r) < k, deg(t) <n —k




Algorithm for rational function reconstruction

RFR(f, M)

Input: polynomials f, M € K|x]
Output: g,h € K[z] s.t. f=g/h (mod M),
h is monic and ged(g,h) =1
ro < M, r1 f
tg<—0,% <1
11
While 2 deg(r;) > deg(M)
Ri = NFTZ'_l, {7'1}
Q « (ri-1 — Ri)/rs
Tit1 <= Ri, tip1 < tio1 — Qt;
1 1+1
EndWhile
Return (7, t;)




We also utilize the algorithm RFR for reconstructing coefficients of
polynomials, ideals and a set of ideals.
Let (M) = N;(u — k;)(k; € K) € K[u].
e For f =Y, cox® € K[u|[X], we denote RFR(f, M)
= >, RFR(cq, M)z~
e For F' C K[u][X], we define RFR(F, M)
—{RFR(f,M)|feF}
o For F ={ F,...,Fs} where RFR(F;, M)'s are defined, we
define RFR(F, M) = { RFR(F,M) | F € F }.



e When we reconstruct % € K(u) (ged(g, h) = 1) from
f(u) € K[u] by RFR, we need more than deg(g) + deg(h) ideals
(u—k;) (k; € K and h(k;) #0).

e We say that the output of RFR is stable if we have more than
deg(g) + deg(h) ideals.

e We say that the output is pseudo stable if
RFR(f(u), M) =RFR(f(u), M') ,where M = NI_ (u — k;),
M =0 (u—k;) (r <s).

e We regard the pseudo stable output as a candidate of the unique
rational function.



New Algorithm



Luckiness (extensions of Noro-Yokoyama (2016))

Let u ¢ X be a variable, F' a subset of K(u)[X], G the reduced Grébner
basis of (F') and k € K, then (u — k) is a prime ideal in KJu].
@ K[u)ur) = {LIf,9 € Klu], g(k) # 0}.
Q du—r) : K(u) = K; f~ f(k). We denote projection maps
K[u](y—r) — K and K[u] k) [X] — K[X] by the same symbol

P(u—r) such that g — % and -, ca® = 30, du—i)(ca)r® (ca is

the coefficient of c,z%).

Q (u— k) is said to be weak permissible for I if ' C Klu](,—g).
(u — k) is said to be permissible for F' if (u — k) is weak permissible
for I and ¢y—p)(LC(f)) # 0 for all f € F

Q Let \/(G) = N, P, be the prime decomposition and G; the reduced
Grobner basis of P;. (u — k) is said to be effectively minass lucky
for G if (u — k) is permissible for G and G; (i =1,...,m),
\/ L(u—k)(G) = N{21Q; is the prime decomposition and ¢, (Gi) is
the reduced Grobner basis of Q);.



Fundamental lemmas

Lemma

Let G be a Grobner basis (respectively the reduced Grobner basis) of
I C K(u)[X] (u ¢ X). If an ideal (u — k) is permissible for G, then
P(u—k)(G) is a Grébner basis (respectively the reduced Grobner basis) of

Lemma

Let u ¢ X be a parameter, I C K(u)[X] an ideal and G = {g1,...,9m}
the reduced Grobner basis of I. If k € K, (u — k) is permissible for G and
Iu—k)(G) is a prime ideal in K[X], then I is a prime ideal in K(u)[X].

| A\

| \

Lemma

Let P, @ be ideals in K(u)[X], G = {g1,...,9s} the reduced Grobner
basis of P, H = {h1,...,h,} the reduced Grébner basis of Q. If k € K
and (u — k) is permissible for G, H and (¢(,—)(G)) Z (¢(u—r)(H)), then
PZQ.




New algorithm

MODZEROMINASS(G, U)

Input: G a Grobner basis of a zero-dimensional ideal in Q(U)[X],
U a set of parameters
Output: a subset P of minAss((G)) = {Pi,..., Py} such that
P={P|j#i= LM(PF,) #LM(P)}
IfU =0
MA <+ zZEROMINASS((G))
GB’ + { the reduced Grobner basis of I | I € M A}
GB «+ GB'\{G; € GB' | j(# 1) exists s.t. LM(G;) = LM(G/) }
Return { (G;) | Gi € GB }
EndIf
M1, 7Z+0 GB+ 0, GBr+ 0
u < an element of U

Continued on next page.



New algorithm

MODZEROMINASS(G, U)

Loop

choose z € Z \ Z s.t. (u — z) is effectively minass lucky for G
Z<+—ZU{z}, m+<u—z
MA < MODZEROMINASS(¢(y—»)(G),U \ {u})
IfMA=10

Return ()
EndIf
GB' + { the reduced Grdbner basis of I | I € M A}
If GB # 0

GB' + CRT(GB,GB’, (M), (m))
EndIf
GBjy + RFR(GB',mM)
If GBr = GBj

If for all G; € GBR, <G1> D) <G>

Return P = { (G;) | G: € GBRr }

Endif
EndIf
M « mM, GB + GB', GBr «+ GBjy,

EndLoop




Correctness and Termination of MODZEROMINASS

o If U = () then the algorithm simply calls ZEROMINASS.

@ Assume that the algorithm terminates and outputs a correct result in
the case #U = s. Suppose #U = s + 1.

o Let Gy,..., Gm be the reduced Grbbner bases of minAss((G)) and

o minAss((6,- 2@ = {< OO (G and

e GB' = {¢(u_z)(Gil), . .,¢(U_Z)(Gik)} and for each H € GB’ there
exists the unique element G; such that LM (H) = LM (G}).

o G'Bp will be eventually the set { (G;,),...,(G;,) } after sufficient
interpolations.

@ In this case, for all G; € GBg, (G;) D (G). (termination)

@ When the algorithm terminates, P, € P is a prime ideal in Q(U)[X]
and P, D (G). VP, = P, D /(G) = N, (G;), which implies that
P; © (Gj) for some j.

@ Since (G) is zero-dimensional (G;) is maximal and P; = (G}).
(correctness)



e The output P has no redundant components.

e Depending on the input, some components of GB’ can have the
same leading monomial set. In such a case, we can not determine
which pair of ideals we should interpolate. Therefore we do not
perform interpolations for such components.

e In practical use, we cannot decide whether a moduli (u — z) is
effectively minass lucky during the computation. Therefore the
result can be a noise for our modular algorithm. However, even if
we do not assume the effective minass luckiness of moduli, if the
algorithm terminates then the result is a subset of minAss((G)).



Modular Algorithm for Laplagne’s Algorithm

Utilizing MODZEROMINASS instead of ZEROMINASS, we can compute
minAss([) for I C Q[X].

MODLMINASS(])

Input: an ideal I C Q[X]
Output: minAss(])
Int < (1), MA <0
While Int \V/T # 0)
choose g € Int \VT
U < a maximal independent set of I : g*
G < a Grobner basis of I : g* in Q(U)[X \ U]
P < MODZEROMINASS(G,U)
IfP=0
P + zZEROMINASS((G))
EndIf
PG « {P,NQ[X]| P € P}
MA < MAUPG, Int < Int N\ pecpe P
EndWhile

Return MA




Existance of minass lucky moduli

e We suppose all (u — z) are effectively minass lucky. In general, we
can not decide whether an ideal is effectively minass lucky or not
while the computation.

@ We show that there are sufficiently many effectively minass lucky
ideals.

Let G be the reduced Grobner basis of a zero-dimensional ideal
I CcK(u , V(G) = NI, P; the prime decomposition, G; the reduced
Grobner baS|s of P If (u— k) is permissible for G and G;'s, then

® Pu—i)(G) and ¢(,_i)(G:)'s are Grobner basis of (¢(,—)(G)) and
(Pu—1)(Gi))'s respectively.
® (Pu—i)(G)) and (P(,—k)(Gi))'s are zero-dimensional.

For simplicity, we assume that I is in general position with respect to z,,.



Conditions for effectively minass lucky

Set

NP ={k € K| (u— k) is not permissible for G or some G;}.

A modulus (u — k) is effectively minass lucky for G if the following

four conditions hold.

@ k¢ NP.

@ /1w i)(G) = Iy 1)(Gr) N N Ly 1) (Gin).
elf?’#] thenluk( )#Iuk( )
@ Each I, _1)(G;) is prime.



Let G C K(u)[X] be the reduced Grébner basis of a zero-dimensional ideal
(G) and H C K(u)[X] the reduced Grébner basis of 1/(G). Except for a

finite number of k € K\ NP, | /I(y_)(G) = Ly—p)(H).

o If (u — k) is permissible for G, H, then \/I(u,k)(H) = \/I(u,k)(G)..

@ For each z; € X there exists a univariate square-free polynomial
fi(x;) € (H) and r;(u) = resultanty, (fi, f/) # 0.

o If (u— k) is permissible for f;(x;) and r;(k) # 0 for all 4, then
Pu—k) (fi) € Iru—gy(H) is square-free and I(,_j(H) is radical.



Proposition
Except for a finite number of k € K\ NP,
TIu—i)(G) = Lu—p)(G1) N -+ - N Ly iy (Gin)-

o I=(1—(t14  +twm),t1G1, ..., tmGn) CKW)[t1,. .., tm, X]
(ti > X)
o Let H be the reduced Grdbner basis of I.

o If (u — k) is permissible for all intermediate polynomials appearing
during the execution of Buchberger's algorithm for computing H,
then the reduced Grobner basis of

<1 - (tl +eee tm): t1¢(u—k) (Gl)a e 7tm¢(u—k)(Gm)> is ¢(u—k) (I:I)

® Py—i)(H) NK[X] = ¢p(y—g)(H) and ¢,y (H) is the reduced
Grébner basis of I, _)(G1) N+ N L) (Gim)-



If i # j, then Io_)(Gi) # Tu-i)(Gy).

Proposition

Except for a finite number of k € K\ NP, I(,_1)(G;)'s
are distinct.

ol € <GZ> + <G]>
o If (u— k) is permissible for G;, G; and all the

coefficients in the generating relation of 1, then
1e I(u—k)(Gi) + I(u_k)(Gj),



Each I(u,,—k) (

Proposition (Zippel (1993))

Let F(X1,...,Xn,Y1,...,Y,) be an irreducible polynomial over Q and let R(N)
denote the number of integer x; with |z;| < N such that F(z1,...,2Zn,Y1,...,Ym) is
reducible. Then

R(N) < eN" *?log N

where ¢ depends only on the degree of F'.

Proposition

Set Ny ={k €Z| |k| < N,k ¢ NP, I,_r)(G:) is not prime}. Then
#N; < ¢cNY?log N for a constant c.

@ Gi=(x1—Cly-+ y@Tn-1— Cn-1,9i(Tn)), C1,.-.,Cn=1, gi(zn) € Q(u)[z,] and
gi(xr) is irreducible over Q(u)

@ gi(zyn) can be written as g;(zn) = §(u, u1, ..., u, zn)/d(u,ur, ..., u)
@ G is irreducible over Q.

@ The irreducibility of ¢(,—x)(gi(zn)) is equivalent to that of g(k,u1,...,ur, zn)



Probability of effectively minass lucky

Set NEML ={k€e€Z||k| < N,k ¢ NP,(u — k) is not effectively minass lucky for G}.
Then there exist constants c1, ¢z such that #(NP U NEML) < ¢1 + caN'/?log N.

® BAD; ={k e K\ NP | \/I(u—)(G) # L(u—r)(G1) N+ NV L(u—) (Gm) }
@ BAD3 ={k € K\ NP | I(4_1)(G:i) = I(u—r)(Gj) for some i,5(i # j)}
@ #(NPUNEML) < (#NP + #BAD, + #BAD3) + (mc)N*/?log N.

If k& is randomly chosen from {k € Z | |k| < N}, then the probability that (u — k) is
effectively minass lucky tends to 1 as N — oo.




Strategies and improvements

When we choose an unlucky modulus there is a possibility that our
algorithm does not terminate. Therefore we should discard unlucky
modular images during computations.

strategy

© Choose z € Z \ Z such that (u — z) is permissible for G.

@ Compute MODZEROMINASS(/(,.,)(G)), classify them by leading

monomial sets of their components and perform CRT for the class of
largest cardinality.

© In MODZEROMINASS, if GBpR is pseudo stable and there are some

G; € GBp such that (G;) 2 (G), then we discard G;'s and return
{(Gj) | Gj € GBR,(Gj) > (G) }.

Improvements which are not written in the pseudo code.
@ Recording the number of moduli for the reconstruction.
@ Utilizing modular computations for RFR.
@ Preprocessing by SIMPLIFICATION.



Expelimentations



Experimentations

o All of our algorithms were implemented in SINGULAR.

e We take timings about three kinds of ideals. Timings were
measured on a 64-bit Linux machine with Intel Xeon E5-2650 v2,
2.60GHz and 256GB memory.

e We construct examples of ideals from ideals given by
Decker-Greuel-Pfister (1999). For I; € Qlvy,...,v,] and
I; € Qluy, . .. uy), we set a map

Ouw : Qua, ... up] = QUi ..o, V5 Uy = V(1 <m < m)

and denote that [;n; = I; N ¢y, (1)



Table: Timing data of computing minimal associated primes of examples

Isns | Tisns1 | Disnss | Tsinss | Irno | Trraz | Ismos | Tina

Variables 3 4 6 8 9
Ours 1.2 34.4 28.4 34.9 54.9 240 5880 812

>4h | > 4h > 4h > 4h 284 | 87.1 | 12100 | > 4h

Laplagne's

Table: Timing data of computing radicals of examples

I3ns | T18n31 [ I18n33 [ I31n33 | Ino [ Irqi2 | Isn2s | Iina

Variables 3 4 6 8 9
Ours 1.01 32.1 25.5 30.7 53.2 122 269 645

608 2580 > 4h 398 | >4h | 80.9 | > 4h

Laplagne's || 0.95




Concluding Remarks

o Our algorithm is fast for some class of ideals and will
be a choice when general-purpose algorithms can not
decompose ideals in practical time.

o Our algorithm is suitable for parallelizations.

o We need more researches of luckiness and moduli
whose modular images of irreducible polynomials
keeps their irreducibility.
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