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Univariate Case 1

Problem.
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Input: A sequence w :H i

Output: A minimal generator.

Solution.

e The BERLEKAMP—MASSEY algorithm (BM). [BERLEKAMP, 1968], [MassEy, 1969]

—  Returns w; 3 —4w;1o+w;+1+6w; =0 for all 2+ 3 < 10.
e Many applications!
o Sparse polynomial interpolation.
o Sparse linear sytem solving.

o Modular rational reconstruction — Padé approximants.

o Polynomial approximation / extrapolation.




Multivariate Case 2

New application: change of ordering

Input:
e A Grobner basis G; for a monomial ordering <7;

e another monomial ordering <.

Output: A Grobner basis G5 for <.

SPARSE-FGLM

[FAuGERE, Mou, 2011, 2017]

1. T),T,: multiplication matrices for Gy;
r: random vector.

2. Make a multi-dimensional sequence 5T o - . - - -
Wy, 5 = <7“7T:§'Tg;7 -1): 0 1 2 3 4 1 —18

1| 6 13 | 27 | 59 | 131 | 303

3. Call  the BERLEKAMP-MASSEY— [2| 11 | 22 | 40 | 72 [ 116 | 152
SAKATA algorithm (BMS) on w and <. |2 [—104]—=204] =404 ] —788 | —1524 | —2884
4 | 418 | 836 | 1656 | 3280 | 6448 | 12576

4. Return Go= (23 + -, >+ zy+ ).
[SakaTA, 1988, 1990, 2009]




State of the Art 3

Multivariate.

e BMS. [SakaTa, 1988, 1990, 2009]

Univariate. — Polynomial additions and shifts.

o BERLEKAMP-MASSEY.

[BERLEKAMP, 1968]
[MaSSEY, 1969] —  Truncated Grobner basis.

e Padé approximants. [Frrzrparrick, FLYNN, 1992]

— fast truncated GCD. e SCALAR-FGLM.
[B., BoYeEr, FAUGERE, 2015, 2017]

—  Gaussian elim. on a multi-Hankel matrix.

e ARTINIAN GORENSTEIN BORDER BASES
(AGBB). [MOURRAIN, 2017]

—  Gram—-Schmidt process.




State of the Art 3

Multivariate.

e BMS. [SakaTa, 1988, 1990, 2009]

— Polynomial additions and shifts.

BERLEKAMP—MASSEY.

[BERLEKAMP, 1968]
[MaSSEY, 1969] —  Truncated Grobner basis.

e Padé approximants. [Frrzrparrick, FLYNN, 1992]

truncated . e SCALAR-FGLM.
[B., BoYeEr, FAUGERE, 2015, 2017]

Goal. —  Gaussian elim. on a multi-Hankel matrix.

—  Polynomial arithmetic only. e ARTINIAN GORENSTEIN BORDER BASES

(AGBB). [MOURRAIN, 2017]

—  Gram—-Schmidt process.




The BERLEKAMP—MASSEY algorithm 4
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The BERLEKAMP—MASSEY algorithm 4

For w—ka 0TL]2]3]4] 5 6 7
- B1l(2|3(4|1|—-18|—-97|—-376]

Witz —4w;ro+ w11+ 6w; =0 is a valid relation for all + +3 <7 iff

1 €T €T xT
) 1 2 3 4 \ ) /0\
| 2 3 4 1 2R W
e 3 4 1 -18 M 2 | o |-
.5 4 1 —18 —97 g k . ) 20
o 1 —18 —97 —376 A\ 0




The BERLEKAMP—MASSEY algorithm 4

For w—ka 0TL]2]3]4] 5 6 7
- B1l(2|3(4|1|—-18|—-97|—-376]

Witz —4w;ro+ w11+ 6w; =0 is a valid relation for all + +3 <7 iff

x3 x2 x 1 x3
w4 1 2 3 4 a? 0
< (123 4 <0
2 3 4 1 -—18 : ( 6 \ 2 | 0
@ 4 1 —-18 —-97 @ 1 = @ 0 A
1 1 —-18 —97 —376 22 —4 1 0
Ve —18 —97 =376 O @3 1 e fr2
Y —97 =376 0 0 Y2 Jz
Y s K—376 0 0 0 ) Y3 \ S )
(" 4+22%+32°+ 42t + 23— 1822 — 972 — 376) (3 — 42>+ 2+ 6) mod z°
= for’+ fox+ fi,

PC modlI = F.




The BERLEKAMP-MASSEY algorithm (cont.)

Algorithm.

1

D

Input: A 0
nput: A sequence w = g -

w1

wp

up to wp.

Output: A minimal linear recurrence relation satisfied by wq, ..., wp.

1. B:=zP+! P.=woaP +wi 2P 1+ 4 wp.

2. Compute PC'=F mod B s.t. deg F' < deg C and deg F' maximal:

— Extended Euclidean algorithm on B and P,

—  Stop when reaching the first remainder F' and its associated cofactor C of P.

Example.

2|01 1(2]3|4 B 7
w:H1 213141 =18 —97| —376
Remainders Cofactors
B=1z8 0
P=z"+225+32°+42*+ 23— 1822 —97x — 376 1
—26 =225 — 72t — 2023 — 6122 — 1822 + 752 r—2
—42°—162* — 6023 — 20022 + 655 — 376 2 —2x+1

1299 22 — 958 x — 2256

3 —4224+2x+6




Extension to the BERLEKAMP—-MASSEY—SAKATA algorithm
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Extension to the BERLEKAMP—-MASSEY—SAKATA algorithm
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Extension to the BERLEKAMP—-MASSEY—SAKATA algorithm

. 0 1|23
0 1 213141
For w =[1] 6 [13[27[59 ] and the DRL(y < z) ordering, w;i1 j+1 + Wi j+2 —
2 11 |22
3 | —104
2wz+1,j — Bwi,j+1 +2wi,j — (0 is a valid relation for all (i—|— 1,9+ 1) = (1,3) iff

1 Y x y? Ty
L2 313\1/_23\ 0
y 2 3 13 4 27 S A U
. k 6 13 11 27 22 ) | 5 . \0)
2 3 4 27 1 59 - 2\ 0




Extension to the BERLEKAMP—-MASSEY—SAKATA algorithm

. 0 1|23
0 1 213141
For w =[1] 6 [13[27[59 ] and the DRL(y < z) ordering, w;i1 j+1 + Wi j+2 —
2 11 |22
3 |—104
2wz+1,j — Bwi,j+1 + Qwi,j — (0 is a valid relation for all (Z + 1,7+ 1) = (1, 3) iff
z y? Ty y?2 x y x y2
w2 y2 ( 1 2 6 3 13 22 y2 ( 0
22y 2 3 13 4 27 22y 0
xy? 6 13 11 27 22 x y? 0
22 3 4 27 1 59 ) 9 @2 0
o | 1327 22 59 0 y ( 2 \ v | fraye
y?2 11 22 —104 O 0 N _9 - y? zyt g
2/, 4 1 59 0 0 ) 1 2%y | fady
z 27 59 0 0 0 jy 1 @ 222
sl 2 0 0o 0 o0 T
v?, —104 O 0 0 0 v?/, Y
"32/y2 1 0 0 0 0 m2/y2 fa3
% \5 0 0 0 0 ) Sy \fuy)
(B yt+223 93+ 622yt + -+ 22 +592%y) (vy+y? —2x — 3y +2) mod (x, y°)

- fx2y3x23/3+"'+fx2y372y7
PC modlI = F.




Extension to the multivariate case 7

Main tools.

e Mirror of the truncated generating series.

— P= Z wi,jxgy

(4,/)=(1,3) Y

4

e Computation modulo a monomial ideal.

—  mod (z4, y°).

ScALAR-FGLM

—  Gaussian elim. on a multi-Hankel matrix.

—  Polynomial viewpoint possible.

—  Unified algorithm for BMS and SCALAR-FGLM.




Main Invariant 8

Definition.

Assuming:
e < is a monomial degree ordering on x4, ..., Ty;

— 01 an
® a=x, -I,".

e w is an n-dimensional sequence known from wg, . o up to Wy, . a4,
Then:

1L M=z zPr.=LCM(1, ..., a).
2. P= ija wmlm% is the mirror of the truncated generating series.

3. For a polynomial Cg=g+>_ ~vmm, the pair /7, =[/,. ('] always satisfies

PC, mod (7™, ... aP"t ) =F,.




Main Result 9

Theorem (simplified to the BMS case).
Then:

1. M =Pt 2P .= LCM(1, ..., a);

2. P= Em<awm1,---,mn% is the mirror of the truncated generating series;

3. A pair Ry=[F,, C,| corresponds to a valid relation C| iff
M

MaXyg~q (0)

Fy=PC, mod (z7* ', ...,z ") and LM(Fy) <

n

I ScALAR-FGLM

—  More general theorem.




Main Result 9

Theorem (simplified to the BMS case).

Then:
1. M =Pt 2P .= LCM(1, ..., a);

2. P= Em<awm1,---,mn% is the mirror of the truncated generating series;

3. A pair Ry=[F,, C,| corresponds to a valid relation C| iff

F,=PC, mod (z7* ! ... x2"T1) and LM(F,) < M :
MaXyg~q (0)

Example.

A 0 11213

0 1 213141
w=|1| 6 [13][27]59 ,P:a:3y4+---+59x2y,0$y:a:y+y2—2x—3y+2:

2 11 |22

3 | —104

3,4

Fypy=PCszy mod (5’747 y5) =—402° Z»/STL vy MaXgrpy <xyd3 = yz and z” y3<%.

— valid relation




Algorithm Overview

Ri=[F,1 =[P, 1]
= [yt 1




Algorithm Overview

Ry = [Fya y — 2]
:[ 3+...7y+...]
y T
Ri— L1 =[P, 1]

— sy 4o 1]




Algorithm Overview

Ry=F,,y—2]
o [—ng y3+ R y+ ]

v T

eyt |

— [Fw7$+y_8]
_24 372 y4+’x+]

| =y
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Algorithm Overview

Ryo= [Fyo, 2412+ ]
— [, a:g y2+ ey y2+ ...]

v T

Ry=F,,y—2]
o [—ng y3+ R y+ ]

v T

Ri=[F, 1 =[P, 1]
= [yt 1

— [Fw7$+y_8]
_24 372 y4+’x+]

| =y
— 8




Algorithm Overview

Ry2=[F,p, 2492+ -]

= w3yt 4yt + -]
v T
Ry=|Fy,y—2] Rey=|Fuy,zy+ -]
:[_$3y3+...7y+...] :[.x2y3+...7$y_|_...]
v T
Ry=[F,1]=[P,1] R.=[F.,z+y—8]
:[a:3y4+---,1] :[_24332 y4+---,a:+---]

LM (F,,) = z* y° small — valid relation.




Algorithm Overview

Ry2=[F,p, 2492+ -]

:[m3y2+7y2+]
y 1
Ry:[Fyay_Q] ny:[ny,$y+]
=[—23y3+ -y 4] =[ 22>+ zy+ -]
y T
Rlz[Fbl]:[P)l] Rx:[Fx7$+y_8] Rx2:[Fm2,ﬁC2+"']
=23yt 4 1] —[—24 22 yt4 -+ =[ 22y 4 22

LM (F,,) = z* y° small — valid relation.




Algorithm Overview

Rygz [Fy37 y3_|_ ]

v T

Ryo= [Fye, 202+ ]
— [, a:g y2+ ey y2+ ...]

v T

Ry=F,,y—2]
o [—ng y3+ R y+ ]

Razy: [me7$y+ ]

v T

Rz B 1 =[P 1]
=23yt + - 1]

:[Fw7$+y_8]

R,

R,.2= [Fm2,$2+ o]
— [ 332 y3_|_ ...7$2+

LM (F,,) = z* y° small — valid relation.




Operations on Pairs

Goal.

—  Find small F'in <a:fl+1, ey Ty

D41 _
, P =

Normal forms of polynomials.

Extension to pairs.

NormalForm (Fy, [F},, ..., F},]) returns
quotients (), ..., ;. and remainder [},

NormalForm (R, [Ry,, ..., Rt ]) returns
quotients ();,, ..., ;. and remainder R},

Ss.t. S.t.
Fg:QtlFt1+"'+QtrFtr+Fh- Fg = QtlFtl—f—"'—FQtrFtr—FFh.
Cy = Qt,Cty+ -+ Qt,Ct, + Ch.
Example.
NormalForm ( 23 y®> ,[23y?*+223y3 | 2% | y® ) yields
w3y° =(y—2)(@3yr+223y> )+ Que 2t + Q5 vy (44 ).




Operations on Pairs

Goal.

. . M
—  Find small F' in <a:fl+1, ...,xf”“,Pzzm<awm1,...,mng>-

Normal forms of polynomials. Extension to pairs.
NormalForm (F,, [F},, ..., F}]) returns NormalForm (R, [Ry,, ..., Rt ]) returns
quotients (), ..., ;. and remainder [}, quotients ();,, ..., ;. and remainder R},
Ss.t. S.t.

FQZ QtlFt1+ et QtrFtr+Fh' — Qtl Ft1+ Siiny QtrFtr+Fh'

Fy
Cy = QuCty+ -+ Q, Cr + Cp.

Example.

NormalForm ([z” y?, 0, [[2° y* + 2 2° y°, 1], [2*, 0], [y°, 0]]) yields

[239°,0] = (y —2) [23 y* + 223 y3, 1] + Qua [2%, 0] + Qs [v°, 0] + [4 23 y2 + -+, —y + 2].




Algorithm

POLYNOMIAL SCALAR-FGLM Theorem (simplified).
(simplified).

Assuming;:

1. Start with Rp, = [z "1,0], ..

e < is a monomial degree ordering on
Dp+1
Rp, =[z;""1,0],

n Llyeeey L,
Rl— P 1 g Wmy,...mp m’ 1 ’ ° a:ﬂ?ClLl"'CC?ln;
m=a
/ : L :
R'=[Rp,,...,Rp ]| and G=2. e w is an n-dimensional sequence known

from wo,.. o up to wa,, ... a,;
2. If P =0 then return 1,
else add R, to R/. e § the Grobner basis and S the staircase

satisfy max (5) -max (SULM(G)) = a.
3.For g=<a

Then:
a.lf 3h | g s.t. C, € G then next. en

POoLYNOMIAL SCALAR-FGLM termi-
nates and returns G with complexity

O (#S (#S+#G)#T),
then add where T'={m,m <a}.

b. Make a new pair 17, using
NormalForm s.t. LM(C,) =g.

M
C. If LM(FQ) = maXeyg<a (o)

Cy to G, else add R, to R’




Complete Example

i 0 1 2 [3[] 4| 5
0 1 2 3 4 1 | —18
1 6 13 27
Forw=[2] 11 22 | 40 , DRL(y <x), a=x°, M =x° y°.
3| —104 | —204 | —404
4 418
5 | —1411

1. Start with Rp, =[2°,0], Rp,=[y% 0] and Ry =[P, 1] =[2"y° +22° y* + -, 1].
2. Make R, :=NormalForm (2% Rp,, [R1, Rp,, RB,|) =[-2° y*+ -,y — 2].
3. Make R, :=NormalForm (y° Rp,, [R1, RB,, RB,, Ry]) =[-242%y°+ - 2+ y —8].

47 o
24

4. Make RyzzzNormalForm(Rl,[Ry,RBl,RBQ,Rx])z[— Ly-2

7 41 4
5y3—|—---,y2—|—ﬁa:— }

5. Make R,,:=NormalForm(y Ry, [RB,, RB, Ry, R, Ry2|)=[—206 2° y+ -,z y+y*—2x—3 y+2].

o LM(me):x5y<x2y5:% soxy+y?—2x—3y+2€G!




Complete Example

i 0 1 2 [3[] 4| 5
0 1 2 3 4 1 | —18
1 6 13 27
Forw=[2] 11 22 | 40 , DRL(y <x), a=x°, M =x° y°.
3| —104 | —204 | —404
4 418
5 | —1411

1. Start with Rp, =[2°,0], Rp,=[y% 0] and Ry =[P, 1] =[2"y° +22° y* + -, 1].
2. Make R, :=NormalForm (2% Rp,, [R1, Rp,, RB,|) =[-2° y*+ -,y — 2].
3. Make R, :=NormalForm (y° Rp,, [R1, RB,, RB,, Ry]) =[-242%y°+ - 2+ y —8].

47 o
24

4. Make Rz :=NormalForm (R1, [Ry, R, Rp, Ra]) = | - Ly-2

7 41 4
Sy, P o — }

5. Make R,,:=NormalForm(y Ry, [RB,, RB, Ry, R, Ry2|)=[—206 2° y+ -,z y+y*—2x—3 y+2].

6. Make R,>:= NormalForm (R, [Rs, Rp,, RB,, Ry, Ry2|) :[111275 3P4 a2ty + }

7. Make R s:=NormalForm(R,,[R,2, Rp,, RBQ]):[97 x? y2+---,y3—|—% Ty —% yQ—% :1:—|—% y—i—z—g}.

x5 y° 89 o 7 1

7 79
° LM(Fys):x5y2<x3y5:? so y3—|—ﬂxy—ﬂy —Eaz+§y+ﬁ€g!

e Further reduction to > —4vy?> +y+6€G.




Complete Example

<.

6
11
—104
418
—1411

For w =

, DRL(y <x), a=x°, M =x° y°.

Ol k] W|IN]| O

1. Start with R, = [25,0], Rp,=[y%,0] and R1 =[P, 1] = [z° y° + 22° y* + - 1].

2. Make R, :=NormalForm (2% Rp,, [R1, Rp,, RB,|) =[-2° y*+ -,y — 2].

3. Make R, :=NormalForm (y° Rp,, [R1, RB,, RB,, Ry]) =[-242%y°+ - 2+ y —8].

4. Make R,>:=NormalForm (R1, [Ry, RB,, RB,, x])—[—MﬂJ Yyt — oy —=|.

5. Make R,,:=NormalForm(y R.,[RB,, RB,, Ry, Re, Ry2])=[—206 2° y+ -,z y+y*—2x—3 y+2].
Yy 1 2 Y Yy

6. Make R,>:=NormalForm (R, [Rs, Rp,, RB,, Ry, Ry2]) = [111275 845 4 ... 2+:Uy—|—---].

7. MakeRyszzNormalForm(Ry,[Ryz,RBl,RBQ]):[Q’TxE’ e T e T —|—%y—|—z—g]_

8. Make R, s := NormalForm (R, [Ry2, RB,, RB,, Ry?]) = [327009 542 4 2Bt a2y + ]

5,,5

° LM(FmS):ZL'5y2-<Qj3y5:xm—gsox3+x2y+...€g!

e Further reduction to 2° + 522 —4y? + 72+ 19y — 19€ G.
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Experiments in MAPLE
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Experiments in MAPLE
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Conclusions.

e Unified algorithm extending BM'S and SCALAR-FGLM.
e Algorithm based on polynomial arithmetic:

o Divisions.

o Normal Forms.

e Reencoding as PC, mod I = F, with LM (F;) small.

Perspectives.

e Adaptive variant reducing the number of queries.
e Apply the same idea for P-relations:
o Guessing sequences relations with polynomial coefficients.

o Quasi-commutative polynomial arithmetic.




Conclusions.

e Unified algorithm extending BM'S and SCALAR-FGLM.
e Algorithm based on polynomial arithmetic:

o Divisions.

o Normal Forms.

e Reencoding as PC, mod I = F, with LM (F;) small.

Perspectives.

e Adaptive variant reducing the number of queries.
e Apply the same idea for P-relations:
o Guessing sequences relations with polynomial coefficients.

o Quasi-commutative polynomial arithmetic.

IThank you!




The POLYNOMIAL SCALAR-FGLM algorithm

Informal version of the Algorithm.

Input:
e A monomial degree ordering < on x1, ..., Tpn;
e All the monomials from 1 to a = x{" --- " for <.

e An n-dimensional sequence w from wq, . oup to wq,, .. a,.

Output: A Grobner basis for < of linear recurrence relations satisfied by wo o, ..., wa,,....a

yUn*®

1. M=z 2D = LeM(q, ... a).

2. By:=gP' T L B, i=at P=%
3. R=[[P,1]], R'=0, G=0, S=0.

4. While R+ 0

M
m—<a Wmi,...,m, oot

a. Take R, = [Fn, Chy] the first element of R and reduce it with the relations in R’

b. If LM(F},) is as in the Theorem then add C,,, to G.

) : M
Else no relations start with m and TV so add them to S, add R,,, to R’.

c. For all h € Border(S), if no R}, exists then make one with NormalForm.

5. Return G.




Complexity

Theorem (simplified).

Assuming:

e < is a monomial degree ordering on x1, ..., Ty;

Qn,
mn 1

e a=z{'x
e w is an n-dimensional sequence known from wy . o up to wy, . q.;
e G the Grdbner basis and S the staircase satisfy max (S) - max (S ULM(G)) < a.
Then:
1. POLYNOMIAL SCALAR-FGLM terminates and returns G;
2.T={m,m=a};

3. The complexity of POLYNOMIAL SCALAR-FGLM is O (#S (#S+#G)#T).

Proof Sketch.

For all monomial m € SULM(G), we make one pair R, with support #T.

Furthermore, each pair R,, must be reduced by failing pairs in R’ but # R'=#25.




