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Let K be a difference-differential field, Char K = 0, with basic
set of derivations A = {41, ...,0m} and a single endomorphism
o (any two mappings of the set A | J{o} commute). We will
often use prefix A-o- instead of "difference-differential”.

Let T be the free commutative semigroup generated by the set
A J{o}.
If 7 =04 .. 0kl € T (ky,...,km,/ € N), then

m

the numbers orda 7 = Z ki and ord, T = | are called the
i=1

orders of 7 with respect to A and o, respectively.

Ifr,se N,weset T(r,s)={reT|orda7T <r,ord, T <S}.

Furthermore, © will denote the subsemigroup of T generated
by A, so every element 7 € T can be written as 7 = #o! where
0cO,leN.IfreN,wesetO(r)={0€©|ordpn8 <r}.



Theorem 1 (L., 2000)

With the above notation, let L = K(n1,...,nn) be a A-o-field
extension of K generated by a finite setn = {n1,...,nn}. (As a
field, L = K({mnj| 7 € T,1 <j < n}).) Then there exists a
polynomial ¢,k (t, t2) € Q[t1, 2] such that

(i) ¢nik(r,s) = tr.degx K({rnj|T € T(r,s),1 <j < n}) forall
sufficiently large (r, s) € N2. (It means that there exist ry, sy € N
such that the equality holds for all (r, s) € N? with
r>ry,S>Sp.)

(ii) degy, dnik < M, degy, o,k < 1 and ¢, can be written as

m

Pk (ty, o) = (Za:<t1+ >) l‘2+zbi<t17ri>
i=0

i

where aj,b; € Z (1 < i < m).




(iii) If ¢y x(ti, &) = <Z a,(ﬁ T!)) t> +Zb,-(t1 I+I> and

i=0 i=0

=3 a(" ). =28 ("),

i=0 i=0

then ap, degy, ¢, k. degy, ¢,k (Whichis 0 or 1), d = deg ¢, a4
(if (V) = 0, we set deg (V) = —1, a4 = 0), and the coefficient of
the monomial with the highest degree in t; do not depend on
the choice of the system of A-o-generators n of L/K.

Furthermore, ap, is equal to the A-o-transcendence degree of
L/K (denoted by A-o-tr.deg L), that is, to the maximal number
of elements &1, ..., & € L such that the set

{r¢i|™ € T,1 <i < k} is algebraically independent over K.

énk (t, t2) is called the A-o-dimension polynomial of the
extension L/K associated with the set of A-c-generators 7.



Let R = K{y1,...,¥n} be the ring of A-o-polynomials in n
A-c-indeterminates over K.

As aring, R=K[{ryi|T € T, 1 <i < n}]. The A-o-structure
on R is obtained by the extension of the action of elements of T
on K by setting 7'(ry;) = ('7)yiforany 7,7/ € T,1 <i < n.)
Elements of the set TY = {ry;|7 € T, 1 </ < n} are called
terms.

By a A-o-ideal of R we mean an ideal P of this ring such that
0i(P)CP(1 <i<m)andco(P)C P. Pis said to be a prime
A-c-ideal if it is prime in the usual sense.

A A-o-ideal P is said to be reflexive if the inclusion o(a) € P
(a € R) implies that a € P. In this case the factor ring R/P has
the natural structure of a A-o-ring: 7(a+ P) = 7(a) + P for
everyac R,7€T.



If Pis a prime reflexive A-o-ideal in the ring of A-o-polynomials
R = K{y1,...,¥n}, then the quotient field L = q.f.(R/P) has a
natural structure of a A-o-field extension of K:

L= K(n1,...,nn) where n; is the canonical image of y; in R/P
(1 <i < n). Then the A-o-dimension polynomial of the
extension L/K is called the A-o-dimension polynomial of P.

If f € R, then f(n) will denote the image of f under the natural
homomorphism R — L (nj+— y;+ Pfori=1,...,n).
If F C R, weset F(n) ={f(n)|feF}.

If Pis a non-reflexive A-o-ideal of R, then
P* = {f € R|o*(f) € P for some k € N}

is the smallest reflexive A-o-ideal of R containing P. It is called
the reflexive closure of P. If P is prime, so is P*.



The original proof of Theorem 1 was based on the properties of
dimension polynomials of A-o-modules and modules of Kahler
differentials associated with a field extension. The following
generalization of the Ritt-Kolchin characteristic set method
gives another proof of Theorem 1 and a method of computation
of A-o-dimension polynomials.

We consider two orderings <a and <, on T and on the set of
terms TY of K{y1,...,yn} such thatif - = & ... gknq/,

7 =88 sl € T, then

T < 7' iff (orda 7, K1, ..., km,I) <p (orda 7', ki, ..., K}, I') and
T <, 7 iff (/,OrdAT,k1,...,km) <p (I,OrdAT,k1/,...,k,,71).
Furthermore, 7y; <a (<o) 7'y iff 7 <a (<o) 7' Or7 =1, i <.

(< p denotes the product order on the set N*2:
a=(ay,...,amy2) <pd =(4,,...,a,,,) iff a < a; for
i=1,... m+2;a<pdiffa<pdanda##4ad.)



If u=7yx € TY, we set ordp U = ordpa 7 and ord, U = ord,, 7.

A term 7'y; is said to be a transform of a term 7y; if i = j and
7|7’ (thatis, 7/ = 77" for some 7" € T).

If Ae K{y1,...,¥n} \ K, then the highest terms of A with
respect to <a and <, are called the A-leader and o-leader of
A, respectively. They are denoted, respectively, by us and vg.

If Ais written as a polynomial in v,

A=Igvi + Iy vi '+ 4l

(ly,Ig—1, ..., Iy do not contain v,), then /5 is called the initial of
A; it is denoted by /,.

OA/Ova = dlgvi '+ (d —1)lg_1vi 2+ + l iscalleda
separant of A; it is denoted by Sp.



If A,B € K{y1,...,¥n}, we say that A has lower rank than B
and write rk A < rk B if either A€ K, B ¢ K, or

(va,deg,, A orda Ua) <jex (VB,deg,, B,orda Uug) where v4 and
vg are compared with respect to <. If the two vectors are
equal (or A, B € K), we say that A and B are of the same rank
and write rk A = rk B.

If A,B € K{y1,...,¥n}, then Bis said to be reduced with
respect to A if

(i) B does not contain terms 7v4 such that orda 7 > 0 and
Ol’dA(TUA) < ordaug.

(i) If B contains a term 7v4 where orda 7 = 0, then either
orda Ug < orda Uy OF orda Ug < orda Ug and

deg.,, B < deg,, A.



If Be K{y1,...,¥n}, then Bis said to be reduced with respect
to aset AC K{y1,...,yn} if Bis reduced with respect to every
element of A.

A set of A-o-polynomials A in K{ys,...,yn} is called
autoreduced if A K = () and every element of A is reduced
with respect to any other element of this set.

Proposition 1

Every autoreduced set of A-o-polynomials in the ring
K{y1,...,Yn} Is finite.

In what follows we always list elements of an autoreduced set
in the order of increasing rank.




Proposition 2

Let A ={Ay,...,Aq} be an autoreduced set in K{y1,...,¥s}
and let I, and Sy denote the initial and separant of A,
respectively. Let

I(A) ={X € K{y1,...,¥n} | X =1 or X is a product of finitely
many elements of the form o'(lx) and o/(Sk) where i,j € N}.
Then for any A-o-polynomial B, there exist By € K{y1,...,¥n}
and J € I(A) such that By is reduced with respect to A and
JB = By mod [A] (thatis, JB — By € [A]).

The A-o-polynomial By is called the remainder of B with
respect to A. We also say that B reduces to By modulo A.




If A={A1,...,Ap}, B={Bjy,..., By} are two autoreduced
sets, we say that A has lower rank than B if one of the following
two cases holds:

(1) There exists k € N such that kK < min{p, q}, rk A; = rk B; for
i=1,....,k—1and rk Ay < rk Bg.

(2) p>gandrkA;=rkBjfori=1,...,q.
lfp=qgandrkA;j=rkBjfori=1,... p, thenrk A =rkB.

Proposition 3

In every nonempty family of autoreduced sets of
A-o-polynomials there exists an autoreduced set of lowest
rank. In particular, every ideal | of K{y1,...,ys} contains an
autoreduced set of lowest rank called a characteristic sef of /.
If A is a characteristic set of a A-o-ideal I, then an element

B € | is reduced with respect to A if and only if B = 0.




Now we need some results about dimension polynomials of
subsets of N*1 (mis a positive integer) treated as a Cartesian
product N x N (we single out the last coordinate).

m

Ifa=(ay,...,amy1) € N™', we setord;a=» _ a and
i=1

ordy @ = apm, . Furthermore, we treat N™+' as a partially

ordered set with respect to the product order <p.

If AC N™' then V,4 will denote the set of all elements
v € N™1 such that there is no a € A with a <p v. Thus,

V=(V1,...,Vms1) € Vuif and only if for any element
(a1,...,ams1) € A there exists i e N;1 </ < m+ 1, such that
aj > V.

Furthermore, for any r, s € N, we set

A(r,s) ={x=(X1,...,Xms1) € A| ordy x < r,ord> x < s}.



Theorem 2

Let AC N™1. Then there exists a polynomial

wA(t1, tg) € Q[t1 ] tg] such that

i) wa(r,s) = Card Vu(r, s) for all sufficiently large (r,s) € N2.
(i) degs wa < manddeg;, wa <1 (hence degwa < m+1).
(iii) deg wa = m+ 1 ifand only if A= (. In this case

wa(ti, ) = ("I (& + 1).

(iv) wa=0ifandonlyif(0,...,0) € A.

wa(ty, t2) is called the dimension polynomial of the set

A C N™+1 associated with the orders ord; and ords.

The proof of the theorem and a closed-form formula for
wa(ty, &) can be found in [Kondrateva, M. V., Levin, A. B.,
Mikhalev, A. V., Pankratev, E. V. Differential and Difference
Dimension Polynomials. Kluwer Acad. Publ., 1999.]



Let K be a A-o-field, R = K{y1,...,¥n}, and P a prime
A-c-ideal in R. Let P* denote the reflexive closure of P (P* is
also a prime) and for every r, s € N, let

Ris = K[{ryi|T € T(r,s),1 <i < n}]. (ltis a polynomial ring
over K in indeterminates 7y; such that orda 7 < r and

ord, 7 < 8.)

Let Prs = P\ Rrs, Pis = P*(\ R, and let L, L*, L;s and Ljg
denote the quotient fields of the integral domains R/P, R/ P*,
Rrs/Prs and Rys/ Py, respectively.

If n; denotes the canonical image of y; in R/P*, then L* is a
A-o-field extension of K, L* = K(n1,...,nn), and

L= K({mnj|Te€ T(r,s),1<i<n}).




Theorem 3

With the above notation, let A = {A,...,Ap} be a
characteristic set of P* and for any r,s € N, let
Us={ueTY]|ordau<r, ord, u< s andu is not a transform
ofany vy} and

U's={ueTY|ordau <r, ord, u < s and there exist A € A
such that u = Tva and orda(Tug) > r}.

Then Urs(n) U Uys(n) is a transcendence basis of L}; over K.

By Theorem 2, there exists ¢(V)(t, &) € Q[t, t] such that
#(M(r, s) = Card Ul for all sufficiently large (r, s) € N?,

deg;, ¢'") < m, and deg,, ¢{") < 1. Furthermore, Card Uy is
expressed by a polynomial ¢()(t;, t,) which is an alternating

sum of bivariate polynomials of the form <t1 * ;nn * a> (+b)
(a,b e 7Z).



It shows that there exists a polynomial ¢p«(t1, &) € Q[t, ]
such that

(i) ¢p=(r,s) = tr.degy L for all sufficiently large (r, s) € N2.

(i) ¢p«(t1,2) is linear with respect to &, and deg;, pp- < m;itis
of the form

op-(tr, 1) = 89 (1)l + 012 (1)

where gbm(ﬁ) and gbg)(ﬁ) are polynomials in one variable with
rational coefficients that can be written as

(1)(t1)_i <t1 f/) 42 t1)—Zb(t1 + >

i=0

with a;, b; € Z (1 < i < m).



Theorem 4

Let K be a A-o-field, R = K{y1,...,yn} and P a prime
non-reflexive A-c-ideal in R. For everyr,s € N, let

Rrs = K[{Ty,’T € T(I’,S),1 S I S n}], Prs = PnF‘l’rs, and
Ls = q.f.(Rrs/Prs). Then there exists a bivariate polynomial
Yp(ty, k) € Q[t, t] such that

(i) ¥p(r,s) = tr.degy Lys for all sufficiently large (r,s) € N2.
(i) The polynomial 1p(t1, ) is linear with respect to t, and
deg;, p < m, so it can be written as

VYp(ty, k) = T/Jg)(ﬁ)fz + w,EDQ)(h)

where @bg)(ﬁ) and wf,z)(h) are polynomials in one variable with
rational coefficients of degree at most m.




In the case of a non-reflexive prime difference polynomial ideal
P (when A = ()), this result was proved in

[E. Hrushovski. The Elementary Theory of the Frobenius
Automorphisms. arXiv:math/0406514v1, 2004, 1—135.

The updated version (2012):

http://www.ma.huji.ac.il/ ehud/FROB.pdf]

and
[M. Wibmer. Algebraic Difference Equations. Lecture Notes

(2013). https://www.math.upenn.edu/wibmer/
AlgebraicDifferenceEquations.pdf]

We will outline a proof based on the properties of characteristic
sets. It will also give a method of computation of dimension
polynomials associated with a non-reflexive prime
A-o-polynomial ideal.



We start with the case A = () and use prefix o- instead of A-o-.

Let A= {A4,..., Ao} be a characteristic set of P* (the reflexive
closure of P), let v; denote the o-leader of A; (1 < j < p), and
letni=yi+ P e K{y1,...,yn}/P (1 <i<n).

Let L =q.f.(K{y1,...,¥n}/P) = K({o"ni |k €N, 1 <i < n})
and Ls = K({o*n;|0 < k <s,1 <i<n}).

Forevery j=1,...,p, let s; be the smallest nonnegative integer
such that 0% (A;) € P. Furthermore, let

V={veTY|v#£d'y forany i€N, 1<j<p},

V, ={veV|od,v<r}(reN), V(n = {v(y)|veV},
W= {o"v;|1<j<p, 0<k<s;—1}, and
W(n) ={u(n)|ue W}



It is easy to see that the set V/(n) is algebraically independent
over K: if f(v1(n), ..., vk(n)) = 0 for some polynomial f and
Vi,..., % € V,then f(vy,...,v) € PC P*and f(vy,..., ) is
reduced with respect to the characteristic set A, hence f = 0.
Furthermore, every element of the field L is algebraic over its
subfield K (V(n) U W(n)). Let {wy, ..., wy} be a maximal
subset of W such that the set {wy(7n),..., wg(n)} is
algebraically independent over K (V(n)). Then

V(n) U{w1(n), ..., wg(n)} is a transcendence basis of L/K.
Since the set W is finite, there exists r; € N such that

(i) wy,...,wq € Ry, = K[{oXy;|0 < k<1, 1 <i<n}];

(i) o > max{ord, v; + 5; |1 < j < p};

(iii) Every element of W(n) is algebraic over the field

K (Vio(n) U{ws (n), - - ., wa(n)})-



Letr>ry. Ry = K[{o*yi|1<i<n, 0<k<r}],and

P, = P R:. Let L, denote the quotient field of the integral
domain R,/P, and ¢V =y, + P, € R./P, C L, (1 < i < n).
Furthermore, let ¢(") = {(1('), ..,¢iM and

Vi (¢(D) = {v(¢(D) | v € V,}. Then one can show that

Br = V(<) Jim (¢, ..., wq(¢!)}

is a transcendence basis of L, over K.

This completes the proof of the theorem in the case A = () and
also shows that ¢p(t) = ¢p«(t) + g where q is a constant. As a
consequence of this result we obtain that any strictly ascending
chain of prime o-ideals between P and P* has length at most g
and that K{y1, ..., yn} satisfies the ascending chain condition
for prime (not necessarily reflexive) o-ideals.



In order to complete the proof Theorem 4 in the case

Card A = m > 0, we treat L5 as the subfield

K({0cl¢; 10 € ©(r),0 < j < 5,1 < i< n}) of the differential (A-)
overfield K({o/¢; |0 <j < s,1 < i< n})a of K.

(Here &; is the canonical image of y; in the factor ring

K{oly,1 <j<s1<i<nia/PNK{dy1<j<s1<i<
nta.)

By the Kolchin’s theorem on differential dimension polynomial,
for any s € N, there exists a polynomial

s(t) = ia,-(s)(tf )

(ai(s) € Z) such that xs(r) = tr. degk L,s for all sufficiently large
reN.



On the other hand, the first part of the proof (with the use of the
finite set of o-indeterminates {©(r)y; |0 € ©(r), 1 <i < n}
instead of {y1, ..., ¥n}) shows that

tr.degy Lrs = Card Vs + A(r)

where

Vis={u=ry;€ TY |7 € T(r,s) and u # 7'v; for any
7eT,1<j<p}

(v; denotes the o-leader of the element A; of a characteristic set
A= {Aq,...,Ap} of the reflexive closure P* of P.)

Since the set W in the first part of the proof is finite and
depends only on the o-orders of terms of A;, 1 <j < p, the

number of elements of the corresponding set in the general
case depends only on r; we have denoted it by A(r).



By Theorem 2, there exist ry, Sp € N and a bivariate numerical
polynomial w(ty, &) such that w(r, s) = Card Vs for all
r>r,S>Ssy,degyw<m and deg;,w < 1. Thus,

tr.degy Lrs = w(r,S) + A(r)

forall r > ry, s > sp. At the same time, we have seen that

m :
r—+1
tr.degy Lrs, = Xso(F) = E ai(30)< ; >
i=0

I

for all sufficiently large r € N (gj(sp) € Z). It follows that A(r) is
a polynomial of r for all sufficiently large r € N, say, for all

r > ry. Therefore, for any s > sg, r > max{ry, 1},

tr.degy Lrs = w(r,s) + A(r) is expressed as a bivariate
numerical polynomial in r and s.



Let K be a A-o-field with two basic derivations, A = {§1,d2},
and one basic endomorphism o. Let K{y} be the ring of
A-cg-polynomials in one A-c-indeterminate y and P a linear
(and therefore prime) A -o-ideal of K{y} generated by the
A-o-polynomial A = o2y + 062y + 062y (thatis, P = [A]). Then
P* = [B], where B= oy + 62y + d5y, and {B} is a
characteristic set of the A-o-ideal P*. With the notation of the
proof of Theorem 1, we have

Us={ue TY]|ordau <r, ord, u < s and uis not a multiple of
oytand U, ={u e TY|ordp u < r, ord, u < s and there is

7 € T such that u = 7(oy) and orda(76) > r}.




i 2
Then Card Ujs = Card{8} by |i+j<r} = <r42r > and
Card Ul = Card{o'®\6ky |1 <i<s r—2<j+k<r}=

(5972w

Since 0B € P, the proof of Theorem 4 shows that if ¥p(t;, &) is
the A-o-dimension polynomial of P, then

(r, 8) = Card Uls + Card U% + Card{ad}0by |i+j < r—2}
for all sufficiently large (r, s) € N2, It follows that

t+2 t .
Vp(ti, b) = (2t + 1)t + (1; >+ <21>,that|s

Yp(t, ) = (2 —|—1)t2—|—t12—|—t1 + 1.



Thanks!




