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Motivation

The roots of an unary polynomial are continuous in Cm.

Given parameters Ā“A1, . . . ,Am and variables X̄“X1, . . . ,Xn,

the roots of F Ă QrĀ, X̄s are continuous in Cm ???

Ex. Let V be the variety of tX1X2 ` AX2 ´ 1,X2
1 ` AX2 ´ 1u.

V “

#

tp
´A˘

?
4`A2

2 ,
´A˘

?
4`A2

2 q,p0, 1
Aqu pA , 0q

tp˘1,˘1qu pA “ 0q
.

- We can not treat p0, 1
Aq in the case A “ 0, and

- #pVq “

#

3 pA , 0q

2 pA “ 0q
counting the multiplicities. □
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Motivation
In this talk, each root is counted with multiplicity.

To treat the continuity of the roots of F Ă QrĀ, X̄s in SĂ Cm,
we have to assume that

@ā P S #pVCpFpāqqq has the same cardinality,

where VCpFpāqq is the variety of Fpāq “ t f pā, X̄q : f P Fu in C.

For that, we use a Comprehensive Gröbner System (CGS)

which is an ideal tool for handling parametric ideals.

By the result, we improve a quantifier elimination method.

3 / 25



Motivation
In this talk, each root is counted with multiplicity.

To treat the continuity of the roots of F Ă QrĀ, X̄s in SĂ Cm,
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Definition

Def. 1. Let PĂ Cm and S1, . . . ,St Ă P and S “ tS1, . . . ,Stu.

S is a partition of P def
ô the properties 1 and 2 are satisfied:

1 Yt
i“1Si “ P and Si XS j “ H (i , j).

2 @i DP,Q Ă QrĀs rSi “ VCpPqzVCpQqs. □

Fix a term order on the set of terms of X̄.

HCg denotes the head coefficient of g P QrĀ, X̄s.

Rem. HCg P QrĀs for g P QrĀ, X̄s. □
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Definition

Def. 2. Let S1, . . . ,St Ă PĂ Cm and F,G1, . . . ,Gt Ă QrĀ, X̄s.

tpS1,G1q, . . . ,pSt,Gtqu is a CGS of xFy on P def
ô for each ā P Si

1 Gipāq is a Gröbner Basis (GB) of xFpāqy,

2 @g P Gi pHCgpāq , 0q, tS1, . . . ,Stu is a partition of P. □

Ex. Let f1 “ AX1 ` X2
2 ´ 1, f2 “ X3

2 ´ 1. Then we obtain that

tpVCp0qzVCpAq,t f1, f2uq,pVCpAq,tX2 ´ 1uqu

is a CGS of x f1, f2y w.r.t. X1 ąlex X2 on C. □
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Well-known Fact

dimpLq denotes the dimension of a linear space L.

Rem. 3. Let G be a CGS. @pS,Gq P G satisfies that for ā P S

- the set of leading terms of Gpāq is invariant, so

- dimpCrX̄s{xGpāqyq is invariant, so

- dimpCrX̄s{xGpāqyq is finite ñ #pVCpGpāqqq is invariant, so

- xGpāqy is zero-dimensional ñ #pVCpGpāqqq is invariant.

We discuss the continuity of roots of G in SĂ Cm such that

xGpāqy is zero-dimensional for ā P S. □
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Definition

Def. 4. For ā “ pa1, . . . ,anq P Cn and b̄ “ pb1, . . . ,bnq P Cn,

dpā, b̄q
def
“ maxp|ai ´ bi| : iq. □

Sl denotes the symmetric group of degree l.

Def. 5. For α “ pα1, . . . ,αlq,β “ pβ1, . . . ,βlq P pCnql, we define

α „ β
def
ô Dσ PSl@i P t1, . . . , lu rαi “ βσpiqs,

an l-size multiset αM
def
“tβPpCnql:α„βu, pCnqM

def
“tαM:αPCnu.

□

Ex. For a , b, pa,a,bqM “ pa,b,aqM, but pa,a,bqM , pa,b,bqM.
□
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Definition

Def. 6. For αM “ pα1, . . . ,αlqM, βM “ pβ1, . . . ,βlqM P pCnqM,

DpαM,βMq
def
“ minpmaxpdpαi,βσpiqq : iq : σ PSlq. □

Ex. Dpp1,3,4qM,p2,3,5qMq “ 1. □

Def. 7. Let SĂ Cm, and I◁QrĀ, X̄s be an ideal such that

Dl P N@ā P S rl “ dimpCrX̄s{Ipāqqs.

Let θpāq be the l-size multiset of the roots of Ipāq for ā P S.

Then, I has continuous roots on S def
ô @ā P S @ϵ ą 0 Dδ ą 0

@b̄ P S rdpā, b̄q ă δ ñ Dpθpāq, θpb̄qq ă ϵs. □
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Then, I has continuous roots on S def
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Main Theorem

Th. 8. Let G be a CGS of I◁QrĀ, X̄s, and pS,Gq P G s.t.

@ā P S xGpāqy is zero-dimensional.

Then I has continuous roots on S. □

Ex. Let I “ xX1X2`AX2´1,X2
1`AX2´1y with a parameter A,

S1 “ VCp0qzVCpAq, S2 “ VCpAq.

I has continuous roots on S1 and S2, since we get a CGS

tpS1,tg1,g2,g3uq,pS2,tX2
1 ´ 1,X2 ´ X1uqu,

where g1“X3
1`AX2

1`X1, g2“AX2`X2
1´1, g3“X1X2´X2

1 . □
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Main Theorem: Proof (Outline)

Taking an arbitrary ā P S, we introduce l “ dimpCrX̄s{Ipāqq,

αi P VCpIpāqq s.t. αi “ pα
p1q

i , . . . ,α
pnq

i q,

θ : SÑ pCnqM ; ā ÞÑ pα1, . . . ,αlqM,

π j : SÑ CM ; ā ÞÑ pα
p jq
1 , . . . ,α

p jq
l qM.

1 Each π j is continuous at ā.
(∵ Gpāq is a GB of zero-dimensional Ipāq)

2 θ is continuous at ā in the case α1 “ ¨¨ ¨ “ αl. (∵ 1)

We consider finite Bpāq“tα
p1q

1 , . . . ,α
p1q

l uˆ¨ ¨ ¨ˆtα
pnq

1 , . . . ,α
pnq

l u.
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Main Theorem: Proof (Outline): αi , αk

Let hpX̄q “
řn

j“1 c jX j PQrX̄s s.t. @α , α1 P Bpāqrhpαq , hpα1qs,

ϵ0 ă minp|hpαq ´ hpα1q| : α , α1 P Bpāqq,

b̄ P S and δ ą 0 s.t. dpā, b̄q ă δ Ñ Dpπ jpāq,π jpb̄q ă ϵ0.

3 @βi P VCpIpb̄qq Dα1 P Bpāq rdpα1,βiq ă ϵ0s. (∵ 1)

4 If α1 is not a root of Ipāq, we get a contradiction.
(∵ a property of h and ϵ0)

5 If the multiplicity µi of αi satisfies the property such that

µi , #pVCpIpb̄qq X tz P Cn : dpαi,zq ă ϵ0uq,

we get a contradiction by a property of h and ϵ0. □

14 / 25



Main Theorem: Proof (Outline): αi , αk

Let hpX̄q “
řn

j“1 c jX j PQrX̄s s.t. @α , α1 P Bpāqrhpαq , hpα1qs,
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ISSAC 2015
Main parts of any CGS-QE methods eliminate DX̄ P Rn from

ϕpĀq ^ DX̄ P Rnp^ f PF f “ 0 ^ ^hPHh ą 0q,

where F,H Ă QrĀ, X̄s and a quantifier free formula ϕ satisfy

@ā P tᾱ P Rm : ϕpᾱqu xFpāqy is zero-dimensional.

At ISSAC 2015, we gave an efficient algorithm by the QE of

ϕpĀq ^ DX̄ P Rnp^ f PF f “ 0 ^ ^hPHh ě 0q.

For that, we need the parametric saturation xFy : p
ś

hPH hq8.

But the computation of xFy : p
ś

hPH hq8 is heavy.

We need some device for its efficient computation.
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ϕpĀq ^ DX̄ P Rnp^ f PF f “ 0 ^ ^hPHh ě 0q.

For that, we need the parametric saturation xFy : p
ś

hPH hq8.

But the computation of xFy : p
ś

hPH hq8 is heavy.

We need some device for its efficient computation.

16 / 25



ISSAC 2015
Main parts of any CGS-QE methods eliminate DX̄ P Rn from

ϕpĀq ^ DX̄ P Rnp^ f PF f “ 0 ^ ^hPHh ą 0q,
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To appear in MCS (Saturation)

Def. 9. Let I◁RrX̄s be zero-dimensional, and h P RrX̄s, and

mp be a map RrX̄s{I Ñ RrX̄s{I; a ÞÑ ap pp P RrX̄s{Iq,

tv1, . . . ,vlu be a basis of RrX̄s{I.

MI
h denotes the symmetric matrix s.t. pMI

hqpi jq “ trpmhviv jq. □

Lem. 10. Let χI
p be the characteristic polynomials of MI

p s.t.

χI
ppYq “ Y l `Cp,1Y l´1 ` ¨¨ ¨Cp,rYr´1 P RrYs

for p P RrX̄s. Then, for h P RrX̄s, Ch,r “ C1,r
ś

αPVCpIq hpαq.

If C1,r , 0, Ch,r{C1,r , 0 ô I “ I : h8. □

17 / 25
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To appear in MCS (Parametric Saturation)

Pro. 11. Let h P QrĀ, X̄s, G be a CGS of a parametric ideal I,

pS,Gq P G s.t. xGpāqy is zero-dimensional for ā P S,

χ
xGy
p pYq “ Y l `

řd´r
i“1 Cp,iY l´iQpĀqrYs for p P QrĀ, X̄s,

N1,i,Nh,i be the numerator of C1,i,Ch,i{C1,i, respectively.

We construct Sd´r “ SX pVCp0qzVCpNh,d´rqq and

Si “ SX pVCpN1,d´r, . . . ,N1,i`1qzVCpNh,iqq.

Lem. 10 implies @ā P Yd´r
i“1Si XRm rIpāq “ Ipāq : hpā, X̄q8s. □

Rem. We need not to compute I : h8 on Yd´r
i“1Si XRm.

18 / 25
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Pro. 11. Let h P QrĀ, X̄s, G be a CGS of a parametric ideal I,
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Improvement

Pro. 12. Let h P QrĀ, X̄s, G be a CGS of a parametric ideal I,

pS,Gq P G s.t. xGpāqy is zero-dimensional for ā P S,

χ
xGy
p pYq “ Y l `

řd´r
i“1 Cp,iY l´iQpĀqrYs for p P QrĀ, X̄s,

Nh,d´r the numerator of Ch,d´r{C1,d´r, T“VCp0qzVCpNh,d´rq.

Assuming that @ā P SXRm is non-isolated, we obtain that

@ā P SXT XRmrIpāq “ Ipāq : hpā, X̄q8s

by Th. 8. □

Rem. We need not to compute I : h8 on SXT XRm.
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χ
xGy
p pYq “ Y l `

řd´r
i“1 Cp,iY l´iQpĀqrYs for p P QrĀ, X̄s,

Nh,d´r the numerator of Ch,d´r{C1,d´r, T“VCp0qzVCpNh,d´rq.
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Improvement

Let f “ X2 ` AX ` B.

Ex. Consider DXr f “ 0 ^ X ą 0s. Let I “ x f y. Computing

MI
1 “

ˆ

2 ´A
´A A2 ´ 2B

˙

, MI
X “

ˆ

´A A2 ´ 2B
A2 ´ 2B ´A3 ` 3AB

˙

,

we obtain theirs characteristic polynomials χI
1, χI

X of the form

χI
1pYq “ Y2 ` p´A2 ` 2B ´ 2q ` A2 ´ 4B,

χI
XpYq “ Y2 ` pA3 ` A ´ 3ABq ` BpA2 ´ 4Bq.

For pa,bq P VCp0qzVCpBq XR2, Ipa,bq “ Ipa,bq : X8. □
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Benchmark Data

Our group develops a CGS-QE package on Maple.

- ‘new’ denotes our new package worked on Maple.

- ‘old’ denotes our old package worked on Maple.

- ‘syn’ denotes SyNRAC (Fujitsu Lab.) worked on Maple.

- ‘rc’ denotes RegularChains worked on Maple.

- ‘red’ denotes Reduce worked on Mathematica.

- ‘rl’ denotes RedLog worked on Reduce.

- ‘qep’ denotes QEPCAD.
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Benchmark Data
Input #p˚q denotes the number of ˚.

I1 #pDq “ 4, #p“q “ 6, #p,q “ 7, #pąq “ 1.
I2 #pDq “ 2, #p“q “ 1, #p,q “ 1, #pąq “ 0.
I5 #pDq “ 2, #p“q “ 1, #p,q “ 1, #pąq “ 0.
I8 #pDq “ 1, #p“q “ 1, #p,q “ 3, #pąq “ 0.
I9 #pDq “ 16, #p“q “ 19, #p,q “ 3, #pąq “ 1.

Time Computation time is written in second.
”N” means the computation doesn’t terminate within 1h.

new old syn rc red rl qep
I1 48 N N N N N N
I2 2 N N N N N 1883
I5 1 N 482 N N N N
I8 8 N N N 239 N 118
I9 27 N N 53 N N N
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Conclusion
We obtained the following main result at Th. 8

Let G be a CGS of I◁QrĀ, X̄s, and pS,Gq P G s.t.

@ā P S xGpāqy is zero-dimensional.

Then I has continuous roots on S. □

We applied the main result to a QE method using CGS.

new old syn rc red rl qep
I1 48 N N N N N N
I2 2 N N N N N 1883
I5 1 N 482 N N N N
I8 8 N N N 239 N 118
I9 27 N N 53 N N N

24 / 25



Thank you for your kind attention !!
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Main Theorem : Proof (Outline)

Taking an arbitrary ā P S, we introduce l “ dimpCrX̄s{Ipāqq,

αi P VCpIpāqq s.t. αi “ pα
p1q

i , . . . ,α
pnq

i q,

θ : SÑ pCnqM ; ā ÞÑ pα1, . . . ,αlqM,

π j : SÑ CM ; ā ÞÑ pα
p jq
1 , . . . ,α

p jq
l qM.

1 Each π j is continuous at ā.
(∵ Gpāq is a GB of zero-dimensional Ipāq)

2 θ is continuous at ā in the case α1 “ ¨¨ ¨ “ αl. (∵ 1)

We consider finite Bpāq“tα
p1q

1 , . . . ,α
p1q

l uˆ¨ ¨ ¨ˆtα
pnq

1 , . . . ,α
pnq

l u.
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Main Theorem : Proof (Outline): αi , αk

Let hpX̄q “
řn

j“1 c jX j PQrX̄s s.t. @α , α1 P Bpāqrhpαq , hpα1qs,

ϵ0 ă minp|hpαq ´ hpα1q| : α , α1 P Bpāqq,

b̄ P S s.t. s.t. Dδ ą 0 rdpā, b̄q ă δ Ñ pDpπ jpāq,π jpb̄qq ă ϵ0s.

3 @βi P VCpIpb̄qq Dα1 P Bpāq rdpα1,βiq ă ϵ0s. (∵ 1)

4 If α1 is not a root of Ipāq, we get a contradiction.
(∵ a property of h and ϵ0)

5 If the multiplicity µi of αi satisfies the property such that

µi , #pVCpIpb̄qq X tz P Cn : dpαi,zq ă ϵ0uq,

we get a contradiction by a property of h and ϵ0. □
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Main Theorem : Proof (Outline) : Step 1

Let ϕp be CrX̄s{xGpāqy Ñ CrX̄s{xGpāqy ; f ÞÑ f p, (p P QrX̄s)

and χp P CrYs be its characteristic polynomial. Then

ppαiq’s are the roots of χp (∵ ϕp is a multiplication map)

ñ π j and θh are continuous, where (∵ χX j ,χh P pĀqrYs)

θh : SÑ CM ; ā Ñ phpα1q, . . . ,hpαlqqM.
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Main Theorem : Proof (Outline) : Step 2

We consider the case α “ α1 “ ¨¨ ¨ “ αl.

@ϵ ą 0 Dδ ą 0 @b̄ P S rdpā, b̄q ă δ Ñ Dpπ jpāq,π jpb̄qq ă ϵs

(∵ π j is continuous)

ñ @ϵą0 Dδą0 @b̄PS @β jPVCpIpb̄qq rdpā, b̄qăδ Ñ dpα,β jqăϵs

(∵ α “ α1 “ ¨¨ ¨ “ αl)

ñ @ϵ ą 0 Dδ ą 0 @b̄ P S rdpā, b̄q ă δ Ñ Dpθpāq, θpb̄qq ă ϵs

(∵ θpāq “ pα, . . . ,αqM, θpb̄q “ pβ1, . . . ,βlqM)

ñ θ is continuous at ā.
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Main Theorem : Proof (Outline) : Step 3

We consider the case αi , αk for some i,k.

@ϵ ą 0 Dδ ą 0 @b̄ P S rdpā, b̄q ă δ Ñ Dpπ jpāq,π jpb̄qq ă ϵs

(∵ π j is continuous)

ñ For b̄ P S s.t. Dδ ą 0 dpā, b̄q ă δ Ñ Dpπ jpāq,π jpb̄qq ă ϵ0,

@βi P VCpIpb̄qqDα1 P Bpāqrdpα1,βiq ă ϵ0s.

(∵ α1 “ pα
pi1q

1 , . . . ,α
pinq
n q with i1, . . . , in P t1, . . . , lu)
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Main Theorem : Proof (Outline) : Step 4

We consider an element b̄ P S, a positive number δ P R s.t.

dpā, b̄q ă δ Ñ Dpπ jpāq,π jpb̄qq,Dpθhpāq, θhpb̄qq ă ϵ0,

since π j and θh are continuous at ā.

Let Oαpϵ0q “ tz P Cn : |z ´ hpαq| ă ϵ0u for α P BpĀq. Then

@α , α1 P Bpāq rOαpϵ0q X Oα1pϵ0q “ Hs.

We can assume maxp|c1|, . . . , |cn|q ă 1{n. For pγ,γ1q P Cn

|hpγq ´ hpγ1q| ă
1
n

n
ÿ

j“1

|γp jq ´γp jq1

| ă dpγ,γ1q.
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Main Theorem : Proof (Outline) : Step 4

Assume that α1 is not a root and α is a root of Ipāq.

ñ |hpαq ´ hpα1q| ą 2ϵ0 (∵ Oαpϵ0q X Oα1pϵ0q “ H)

ñ |hpαq ´ hpβq| ě |hpαq ´ hpα1q| ´ |hpα1q ´ hpβq| ą ϵ0

(∵ |hpα1q ´ hpβq| ă ϵ0)

ñ contradiction. (∵ Dpθhpāq, θhpb̄qq ă ϵ0)

Let Ri “ tz P Cn : dpαi,zq ă ϵ0u, tβ1, . . . ,βνu “ VCpIpb̄qq XRi.
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Main Theorem : Proof (Outline) : Step 5
Assume µi ă ν ñ @σ PSl Dk P t1, . . . , νu σpkq ą µi

ñ dpασpkq,βkq ą ϵ0 (∵ dpασpkq,βkq ą |hpασpkqq ´ hpβkq| ą 2ϵ0)

ñ D j P t1, . . . ,nu α
p jq
σpkq

´β
p jq
k ą ϵ0

ñ contradiction. (∵ Dpπ jpāq,π jpb̄qq ă ϵ0)

Assume µi ą ν ñ Dαk P VCpIpāqq µk ă #pVCpIpb̄qq XRkq

(∵ #pVCpIpāqq “ #pVCpIpb̄qq, @β P VCpIpb̄q rβ P Yl
h“1Rhs)

ñ contradiction. (∵ similar with the case µi ă ν)

Thus we obtain the claim. Q.E.D.
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ISSAC 2015

Main parts of CGS-QE methods eliminate DX̄ P Rn from

ψ ” ϕpĀq ^ DX̄ P Rnp
ľ

f PF

f “ 0 ^
ľ

hPH

h ą 0q,

where F,H Ă QrĀ, X̄s and a quantifier free formula ϕ satisfy

@ā P tᾱ P Rm : ϕpᾱqu xFpāqy is zero-dimensional.

The main parts eliminate DX̄ P Rn by the following theorem.

Th. Let H “ th1, . . . ,hsu. Then for any ā P tα P Rm : ϕpαqu,

ψpā, X̄q ô
ř

pe1,...,etqPt1,2ut signpMxFpāqy
śt

i“1 hei
i pāq

q , 0 □
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ISSAC 2015
MISp˚q denotes a maximal independent set.

CQEp˚q denotes the output produced by a CGS-QE method.

Let G be a CGS of xFy with parameters Ā.

Let ā P S for pS,Gq.
We identify S with its defining formula.

dimpxGpāqyq “ 0

Main Part

0 ă dimpxGpāqyq ă n

Ū “ MISpxGpāqyq

CQE(DŪ CQE(S^ pDX̄zŪ
Ź

f PF f “ 0 ^
Źs

i“1 hi ą 0q))

#pFq “ 0

CAD
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ISSAC 2015

At ISSAC 2015, we gave an efficient algorithm by the QE of

ψ1 ” ϕpĀq ^ DX̄ P Rnp
ľ

f PF

f “ 0 ^
ľ

hPH

h ě 0q.

ISSAC 2015 eliminates DX̄ P Rn by the following theorem.

Th. Let H “ th1, . . . ,hsu. Then for any ā P tα P Rm : ϕpαqu,

ψ1pā, X̄q ô
ř

pe1,...,etqPt0,1ut signpMxFpāqy
śt

i“1 hei
i pāq

q , 0. □

The QE of ψ1 return more simple output than the QE of ψ. So

ISSAC 2015 is more efficient than other CGS-QE methods.
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Benchmark Data
Input #p˚q denotes the number of ˚.

I1 #pDq “ 4 , #p“q “ 6 , #p,q “ 7 , #pąq “ 1.
I2 #pDq “ 2 , #p“q “ 1 , #p,q “ 1 , #pąq “ 0.
I5 #pDq “ 2 , #p“q “ 1 , #p,q “ 1 , #pąq “ 0.
I8 #pDq “ 1 , #p“q “ 1 , #p,q “ 3 , #pąq “ 0.
I9 #pDq “ 16 , #p“q “ 19 , #p,q “ 3 , #pąq “ 1.

Time Computation time is written in second.
”N” means the computation doesn’t terminate within 1h.

new old syn rc red rl qep
I1 48 N N N N N N
I2 2 N N N N N 1883
I5 1 N 482 N N N N
I8 8 N N N 239 N 118
I9 27 N N 53 N N N
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Benchmark Data : Environment

Computer Environment:

- an Intel(R) Core(TM) i7-3635QM CPU @ 2.40GHz

- 16 GB memory working on Ubuntu14.04

Computer Algebra System:

- Maple 2015

- Mathematica 10.1.0

- Reduce (Free CSL version), 04-Aug-11

- QEPCAD (Version B 1.69, 16 Mar 2012)
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Benchmark Data : I1 (Input & Output)

Dpx1, x2, x6, x7q

6
ľ

i“1

Fi “ 0 ^

7
ľ

i“1

Pi , 0 ^ Q ą 0,where

maxpdegĀ,X̄pFiq : iq “ 4, maxpdegX̄pFiq : iq “ 4, maxpdegĀpFiq : iq “ 2,
maxpdegĀ,X̄pPiq : iq “ 21, maxpdegX̄pPiq : iq “ 21, maxpdegĀpPiq : iq “ 5,

degĀ,X̄pQq “ 8, degX̄pQq “ 3, degĀpQq “ 7

for Ā “ x3, x4, x5, x8 and X̄ “ x1, x2, x6, x7. Only new returns
px3 “ 0 ^ x4 ´ 1 , 0 ^ 2x2

4 ´ 4x4 ` 3 “ 0q_

px3 “ 0 ^ x4 ´ 1 “ 0 ^ x5 ´ 1 “ 0q_

px3 “ 0 ^ 2x4 ´ 1 “ 0 ^ x5 ´ 1 “ 0q_

px3 “ 0 ^ x5 ´ 1 “ 0 ^ 2x2
4 ´ 4x4 ` 3 “ 0q_

px3 ´ 1 “ 0 ^ x4 ´ 1 “ 0 ^ x5 ´ 1 “ 0q_

px3 “ 0 ^ x4 ` 1 , 0 ^ 3x4 ` 1 , 0 ^ x2
4 ` 2x4 ` 3 “ 0q_

px3 ´ 1 “ 0 ^ x5 ´ 1 “ 0 ^ x4 ` 2 , 0 ^ x4 ` 3 , 0 ^ 5x2
4 ` 5x4 ` 14 , 0 ^ x3

4 ´ x2
4 ` x4 ´ 5 “ 0q.
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Benchmark Data : I2 (Input & Output)

Dpv1,v2q F “ 0 ^ P , 0, where for Ā “ a,b and X̄ “ v1,v2

degĀ,X̄pFq “ 4, degX̄pFq “ 4, degĀpFq “ 1,
degĀ,X̄pPq “ 13, degX̄pPq “ 12, degĀpPq “ 3.

new returns a , 0 _ b , 0 within 2 sec.

qep return a , 0 _ b , 0 within 1883 sec.
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Benchmark Data : I5 (Input & Output)

Dpx,yq F “ 0 ^ P , 0, where for Ā “ a,b and X̄ “ v1,v2

degĀ,X̄pFq “ 5, degX̄pFq “ 5, degĀpFq “ 1,
degĀ,X̄pPq “ 21, degX̄pPq “ 19, degĀpPq “ 4.

new, syn returns True within 1 sec., 482 sec., respectively.
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Benchmark Data : I8 (Input & Output)

Dps, tq F “ 0 ^

3
ľ

i“1

Pi , 0, where for Ā “ a,b and X̄ “ s, t

degĀ,X̄pFq “ 8, degX̄pFq “ 8, degĀpFq “ 8,
maxpdegĀ,X̄pPiq : iq “ 1, maxpdegX̄pPiq : iq “ 1, maxpdegĀpPiq : iq “ 1.

new returns pa , 0 _ b , 0q ^ a ´ b , 0 within 8 sec.

red returns a ă b _ b ă a within 239 sec.

qep returns a , b within 118 sec.
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Benchmark Data : I9 (Input & Output)

Dpb1,b2,c1,c2,d1,d2,e1,e2, f1, f2,h1,h2,k1,k2,o1,o2q
Ź19

i“1 Fi “ 0 ^
Ź3

i“1 Pi , 0 ^ Q ą 0, where

maxpdegĀ,X̄pFiq : iq “ 2, maxpdegX̄pFiq : iq “ 2, maxpdegĀpFiq : iq “ 2,
maxpdegĀ,X̄pPiq : iq “ 6, maxpdegX̄pPiq : iq “ 6, maxpdegĀpPiq : iq “ 0,

degĀ,X̄pQq “ 2, degX̄pQq “ 0, degĀpQq “ 2

for Ā “ a1,a2,r and X̄ “ bi,ci,di,ei, fi,hi,ki,oi (i “ 1,2).

new returns the complicated output within 27 sec.

rc returns the complicated output within 53 sec.
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