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Motivation
The roots of an unary polynomial are continuous in C™.
Given parameters A=Ay,...,A,, and variables X=Xi,...,X,,
the roots of F < Q[A, X| are continuous in C™ ???

Ex. Let V be the variety of {X;X» + AX> — 1,X? + AX, — 1}.

o1 {{(—A+\2/4+A2’—A+\/4+A2>,(0’%)} (4#0)

{(£1,£1)} ' (A=0)

- We can not treat (0, %) in the case A =0, and

O

3 (A#0
- #(V) = (420) counting the multiplicities.
2 (A=0)



Motivation

In this talk, each root is counted with multiplicity.

To treat the continuity of the roots of F = Q[A,X]in S = C™,
we have to assume that

Vae S #(Vc(F(a))) has the same cardinality,

where V(F(a)) is the variety of F(a) = {f(a,X): f€ F} inC.



Motivation
In this talk, each root is counted with multiplicity.

To treat the continuity of the roots of F = Q[A,X]in S = C™,
we have to assume that

Vae S #(Vc(F(a))) has the same cardinality,

where V(F(a)) is the variety of F(a) = {f(a,X): f€ F} inC.

For that, we use a Comprehensive Grébner System (CGS)

which is an ideal tool for handling parametric ideals.



Motivation

In this talk, each root is counted with multiplicity.

To treat the continuity of the roots of F = Q[A,X]in S = C™,
we have to assume that

Vae S #(Vc(F(a))) has the same cardinality,
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By the result, we improve a quantifier elimination method.
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Definition

Def. 1. LetPcC”and Sy,...,S;cPand S = {Si,....S}.

S is a partition of P & the properties 1 and 2 are satisfied:
1 UE:IS’. =% and S,‘ﬁSj = (i # ).

2 Vi3P,Q < Q[A] [Si = Ve (P)\Ve(Q)]. o



Definition

Def. 1. LetPcC”and Sy,...,S;cPand S = {Si,....S}.

S is a partition of P & the properties 1 and 2 are satisfied:
1 UE:IS’. =% and S,‘ﬁSj = (i # ).

2 Vi3P,Q < Q[A] [Si = Ve (P)\Ve(Q)].

Fix a term order on the set of terms of X.

HC, denotes the head coefficient of g € Q[A, X].

Rem. HC, € Q[A] for g € Q[A, X].



Definition

Def. 2. LetSy,....S;c P < C™"and F,Gy,...,G; < Q[A, X].
{(81,G1),...,(S81,G;)} isa CGS of (F)on P L foreach ac Si
1 G;(a) is a Grobner Basis (GB) of (F(a)),

2 Yge G; (HC,(a) #0), {Si,...,S;} is a partition of . O

Ex. Let fi = AX; + X3 — 1, fo = X5 — 1. Then we obtain that

{(Ve(0\Ve(4), {£1, /2}), (Ve (4), {X2 — 1})}
is a CGS of {f, fo) w.r.t. X] >1ex X2 on C. o
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Well-known Fact

dim(L) denotes the dimension of a linear space L.

Rem. 3. Let G be a CGS. ¥(S,G) € G satisfies thatforae S

the set of leading terms of G(a) is invariant, so

dim(C[X]/{G(a))) is invariant, so

dim(C[X]/{G(a))) is finite = #(Vc(G(a))) is invariant, so

{(G(a)) is zero-dimensional = #(V(G(a))) is invariant.
We discuss the continuity of roots of G in § < C" such that

(G(a)) is zero-dimensional for a € S. i
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Definition
Def. 4. Fora = (ay,...,a,) €C"and b = (by,...,b,) € C",
def

d(a,b) = max(|a; — by : i). o
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Definition

Def. 4. Fora = (ay,...,a,) €C"and b = (by,...,b,) € C",

d(a,b) < max(|a; — by : i). O

S; denotes the symmetric group of degree |.

Def. 5. Fora = (ay,...,a)),8= (B1,....0/) € (C")!, we define
def ;
a~p<SdoeSVie{l,... I} o Z,BO-(i)],

an [-size multiset aMdif{ﬁe(C”)lza~,8}, (C”)Mdif{aM:aeC”}.
i

Ex. Fora # b, (a,a,b)y = (a,b,a)y, but (a,a,b)y # (a,b,b) .
O
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Definition

Def. 6. For ay = (ay,..., a)m, Bu= B, Bi)m € (C")u,

D(aw.Bu) & min(max(d(aiByq) 1) : o€ S). o

Ex. D((1,3,4)41,(2,3,5)) = 1. O
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Definition
Def. 6. For ay = (a1,....,a1)m, Bm = Bi1,.--.B1)m € (C")y

D(aw.Bu) & min(max(d(aiByq) 1) : o€ S). o
Ex. D((1,3,4)u.(2.3,5)n) = 1. O

Def. 7. Let S < C™, and I <Q[A, X] be an ideal such that
Jle NVa e S [l = dim(C[X]/I(a))].

Let 6(a) be the I-size multiset of the roots of I(a) fora e S.

Then, I has continuous roots on S L vacSVe=035>0

Vbe S [d(a,b) <6 = D(6(a),8(b)) < €. o
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Main Theorem

Th. 8. Let G be a CGS of I<QJ[A,X], and (S,G) € G s.t.
Vae S (G(a)) is zero-dimensional.

Then I has continuous roots on S. O

Ex. Let I = (X, Xo+AX,—1,X}+AX>—1) with a parameter A,
S =Ve(0)\Ve(A), S =Vc(A).
I has continuous roots on §; and S, since we get a CGS

{(S1.{81.82.83}): (S2.{X] — 1.Xo — X1 })}

where g =X>+AX?+X|, £2=AXo+X} -1, g3=X,X,—X?. O
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Main Theorem: Proof (Outline)

Taking an arbitrary a € S, we introduce [ = dim(C[X]/I(a)),

o e Ve(l(@) st a;i=(@",....a"),
0 : S—(C"y;a—(a1,...,a1)uM,
() L0
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Main Theorem: Proof (Outline)

Taking an arbitrary a € S, we introduce [ = dim(C[X]/I(a)),

o e Ve(l(@) st a;i=(@",....a"),
0 : S—(C"y;a—(a1,...,a1)uM,
o S—»CM;a»—»(aij),...,al(j))M.

1 Each n; is continuous at a.
(- G(a) is a GB of zero-dimensional I(a))

2 fis continuous at a in the case ) = -+ = a;. (1)

(1) (1)

RSP }><~~><{a§”),...,a/

()

We consider finite B(a)={«a b
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Main Theorem: Proof (Outline): a; # a;
Let h(X) =>"_,¢;X; € Q[X] s.t. Va # o’ € B(a@)[h(a) # h(d')],
€0 < min(|h(a) —h(d')|: @ # € B(a)),

beSand ¢ >0s.t. d(ab) <5— D(nj(a),n;(b) < e.
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Main Theorem: Proof (Outline): a; # a;
Let h(X) = 3", c;X; € Q[X] s.t. Va # o’ € B(a)[h(a) # h(a)],
€0 < min(|h(e) —h(a')| : @ # o € B(a)),
beSands>0st d(ab) <6— D(xj(@).x;(b) < &.
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(. a property of & and &)

14/25



Main Theorem: Proof (Outline): a; # a;
Let h(X) =>]}_; cjX;€ Q[X] st. Va # o' € B(@)[h(a) # h(d')],
€0 < min(|a(a) —h(d)|: a # ' € B(a)),
beSand ¢ >0s.t. d(ab) <5— D(nj(a),n;(b) < e.
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4 If o is not a root of I(a), we get a contradiction.
(. a property of & and &)

5 If the multiplicity y; of ; satisfies the property such that

pi ##(Ve(I(b)) n {z€ C" : d(ai.2) < e}),

we get a contradiction by a property of 4 and «. O
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ISSAC 2015

Main parts of any CGS-QE methods eliminate 3X € R” from
P(A) AIX eRY (A ferf =0 A Aperh > 0),
where F,H < Q[A, X| and a quantifier free formula ¢ satisfy

Vae {a@aeR": ¢(a)} (F(a)) is zero-dimensional.
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ISSAC 2015

Main parts of any CGS-QE methods eliminate 3X € R” from
P(A) AIX eRY (A ferf =0 A Aperh > 0),
where F,H < Q[A, X| and a quantifier free formula ¢ satisfy
Vae {a@aeR": ¢(a)} (F(a)) is zero-dimensional.

At ISSAC 2015, we gave an efficient algorithm by the QE of
P(A) AIX R (Aferf =0A Apeph = 0).

For that, we need the parametric saturation (F) : ([ [,y 7).

But the computation of (F) : (| [, 7)™~ is heavy.

We need some device for its efficient computation.
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To appear in MCS (Saturation)

Def. 9. Let I <R[X] be zero-dimensional, and 4 € R[X], and
m, be a map R[X|/I — R[X]/I; a— ap (p e R[X]/I),
{vi,...,v;} be a basis of R[X]/I.

M} denotes the symmetric matrix s.t. (M) ;) = tr(mpy,y;). O
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To appear in MCS (Saturation)

Def. 9. Let I <R[X] be zero-dimensional, and 4 € R[X], and
m, be a map R[X|/I — R[X]/I; a— ap (p e R[X]/I),
{vi,...,v;} be a basis of R[X]/I.

M} denotes the symmetric matrix s.t. (M) ;) = tr(mpy,y;). O

Lem. 10. Let x}, be the characteristic polynomials of MJ, s.t.
Iiyy _ vyl -1 r—1
Xp(Y)—Y—i-Cp’lY +-Cp,Y eR[Y]
for p e R[X]. Then, for he R[X], C}, = Cy , H(erg(l)h(a>'

If C]’rio, ChJ‘/ClJ'iO@I:I:hCD. |
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To appear in MCS (Parametric Saturation)

Pro. 11. Let he Q[A,X], G be a CGS of a parametric ideal 1,
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To appear in MCS (Parametric Saturation)

Pro. 11. Let he Q[A,X], G be a CGS of a parametric ideal 1,
(8,G) € G s.t. (G(a)) is zero-dimensional for a € S,
X5 (¥) = YL 347 €, Y QA) Y] for p e QIALX],
N1, Ny, be the numerator of Cy;,Cj;/C ;, respectively.
We construct S;—, = S (Ve(0)\Ve(Npg—r)) and
Si=S8n (Ve(Nia—r---»N1,i+1)\Vc(Np,i)).
Lem. 10 implies Yae U [S; nR™ [I(a) = 1(a) : h(a.X)*]. O

Rem. We need not to compute 7 : A on uf:*l’Sl- NR™.
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Improvement

Pro. 12. Let he Q[A,X], G be a CGS of a parametric ideal I,

(S8,G) e G s.t. {(G(a)) is zero-dimensional for a € S,
X (Y) = Y+ 297 ¢, YITiQ(A)[Y] for p e Q[A, X,

Npa—r the numerator of Cpy—r/Ci4—r, T=Vc(0)\Ve(Npg—r)-
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Improvement

Pro. 12. Let he Q[A,X], G be a CGS of a parametric ideal I,
(S8,G) e G s.t. {(G(a)) is zero-dimensional for a € S,

X7 () = Y1+ X Y IQ(A) Y] for pe QAL ],

Np.qa—r the numerator of Ch,d,r/CLd,r, T:V@(O)\V@(Nh,d,r).

)

Assuming that Va € S "R is non-isolated, we obtain that

Vae SnT nR"[I(a) = I(a) : h(a,X)™]
by Th. 8. O

Rem. We need not to compute 7 : 2° on S 7 nR™,
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Improvement
Let f = X> +AX + B.

Ex. Consider 3X[f =0 A X > 0]. Let I = {f). Computing

2 A —A A?-2B
I _ I _
Ml_(—A A2—2B)’ MX_(A2—2B —A3+3AB>’

we obtain theirs characteristic polynomials x!, x4 of the form
X1(Y) = Y?+(-A*+2B—2)+A% 4B,
I V2. (A3 2
¥h(Y) = Y>4 (A’ +A—3AB)+B(A>—4B).

For (a,b) € Vo(0)\Ve(B) nR?, I(a,b) = I(a,b) : X°. O
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Benchmark Data

Our group develops a CGS-QE package on Maple.
- ‘new’ denotes our new package worked on Maple.
- ‘old’ denotes our old package worked on Maple.
- ‘syn’ denotes SyNRAC (Fujitsu Lab.) worked on Maple.
- ‘rc’ denotes RegularChains worked on Maple.
- ‘red’ denotes Reduce worked on Mathematica.
- ‘rl denotes RedlLog worked on Reduce.

- ‘gep’ denotes QEPCAD.

21/25



Benchmark Data

e e i N R

S N N N

AN AN AN N

S~ N N N

e i i i R

S N N N

o~~~

S N N N
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Benchmark Data

Input #(+) denotes the number of x.

N #3) =4, #(=)=6, #2)=7, #(>)=1
12 #(3)=2, #(=)=1, #=#) =1, #>)=0
15 #(3) =2, (:):1 #2)=1, #(>)=0
18 #(3) =1, #(=)=1, ##) =3, #(>)=0
19 #(3) =16, #(=)=19, ##)=3, #(>)=1

Time Computation time is written in second.
"N” means the computation doesn’t terminate within 1h.

new old syn rc red rl qep
1 48 N N N N N N
2 2 N N N N N 1883
15 1 N 48 N N N N
I8 8 N N N 239 N 118
9 27 N N 53 N N N

22/25
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Conclusion

m We obtained the following main result at Th. 8
Let G be a CGS of I<Q[A,X], and (S,G) € G s.t.
Va e S (G(a)) is zero-dimensional.
Then I has continuous roots on S. m]

m We applied the main result to a QE method using CGS.

new old syn rc red rl qep
1 48 N N N N N N
2 2 N N N N N 1883
5 1 N 482 N N N N
I8 8 N N N 239 N 118
9 27 N N 53 N N N
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Thank you for your kind attention !!
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Main Theorem : Proof (Outline)

Taking an arbitrary a € S, we introduce [ = dim(C[X]/I(a)),

o e Ve(l(@) st a;i=(@",....a"),
0 : S—(C"y;a—(a1,...,a1)uM,
o S—»CM;a»—»(aij),...,al(j))M.

1 Each n; is continuous at a.
(- G(a) is a GB of zero-dimensional I(a))

2 Ois continuous at a inthe case ) = -+ = a;. (1)

(1) (1)

NP }><~~><{a§”),...,a/

()

We consider finite B(a)={«a h
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Main Theorem : Proof (Outline): «; # a;
Let h(X) =>]}_; cjX;€ Q[X] st. Va # o' € B(@)[h(a) # h(d')],
€0 < min(|h(a) —h(d')|: @ # € B(a)),
beSsit. st 36 >0[d(a,b) <§— (D(xj(a),n;j(b)) < e).

3 VBie Ve(1(b)) 3d’ € B(a) [d(d,B;) < €] (1)

4 If o is not a root of I(a), we get a contradiction.
(. a property of & and &)

5 If the multiplicity y; of ; satisfies the property such that

pi ##(Ve(I(b)) n {ze C" : d(ai.2) < &}),

we get a contradiction by a property of 4 and «. O
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Main Theorem : Proof (Outline) : Step 1
Let ¢, be C[X]/{G(a)) — C[X]/{(G(a)); f fp, (peQ[X])
and y, € C[Y] be its characteristic polynomial. Then

p(a;)’s are the roots of x, (" ¢p is a multiplication map)
= njand 6, are continuous, where (" xx;xn € (A)[Y])

0,:S—>Cy;a— (h(al),...,h(al))M.
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Main Theorem : Proof (Outline) : Step 2

We considerthecasea=a;=---=q;.

Ve>036>0Vbe S |d(a,b) <é— D(nj(a),x;(b)) < €
(" mj is continuous)
= Ve>0 36>0 VbeS VB,eVe(1(D)) [d(a,b)<s — d(a,B;)<€]

(Ca—ar=—a)

= @ is continuous at a.
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Main Theorem : Proof (Outline) : Step 3

We consider the case «a; # oy for some i,k.

Ve >036>0VYbeS [dab) <6— D(nj(a).n;(b)) < ]
(- 7} is continuous)
— Forbe Sst. 36 > 0d(a.b) < 6 — D(x(@).7;(b)) < &,
VB € Ve(I(b))3d' € B(a)[d(d,B:) < &).

(oo = @™, al)with iy,....ine {1,....1})
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Main Theorem : Proof (Outline) : Step 4

We consider an element b € S, a positive number 6 € R s.t.
d(a,b) <6 — D(nj(a),n;(b)),D(0k(a),0h(b)) < e,

since rr; and 6, are continuous at a.

Let O,(€) = {z€C": |z—h(a)| < &} for @ € B(A). Then
Va #d € B(C_l) [OQ(G()) N 00[/(6()) = @]

We can assume max(|ci],...,|c,|) < 1/n. For (y,y’) e C"
15 N
() =h( ) < = > PV =] <d(y.y).
j=1
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Main Theorem : Proof (Outline) : Step 4

Assume that o is not a root and a is a root of 1(a).
= |h(a) —h(a')| > 26 (" Oa(€) N O (&) = @)
= |h(a) —h(B)| = [h(a) —h(a/)| - |h(e’) — h(B)| > €

(- (") = h(B)| < €)

= contradiction. (. D(6n(a),0n(D)) < &)

Let Ri = {z€ C" 1 d(wi,z) < &}, {B1.-...8/} = Ve(I(b)) N R;.
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Main Theorem : Proof (Outline) : Step 5

Assume y; < v = Voe @ dke{l,...,v} o(k) > u;
= d(ae).Br) > € (- d(@g@).Br) > [h(agr) —h(Bi)| > 2e0)

= 3Jje{l,...,n} a((fj()k)*ﬁlij) > €

= contradiction. (. D(rj(a),n;(b)) < )

Assume u; > v = daj € V(C(I(C_l)) Mi < #(V@([([?)) N Rk)
(- #(Ve(I(a)) = #(Ve(I(b)), VB e Ve(l(B) [Be U)_ Rn])
= contradiction. (. similar with the case y; <v)

Thus we obtain the claim. Q.E.D.
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ISSAC 2015

Main parts of CGS-QE methods eliminate 3X € R” from

y=pA)AIXeR(\f=0r N\r>0),

feF heH

where F,H < Q[A, X] and a quantifier free formula ¢ satisfy
Vae{aeR": ¢(a)} (F(a)) is zero-dimensional.
The main parts eliminate 3X € R" by the following theorem.

Th. Let H = {hy,...,hs}. Thenforany ae {@ e R" : ¢()},

% : (F(a))
l//(a,X) = Z(el ..... 81)6{1,2}’ Slgn(Mﬂlehfi(ﬁ)) i O o
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ISSAC 2015
MIS(*) denotes a maximal independent set.
CQE(+) denotes the output produced by a CGS-QE method.

Let G be a CGS of (F) with parameters A.

Leta € S for (S,G).

We identify S with its defining formula.

=0 0<dnn<c <n
0 = MIS (G(a) CAD

CQE(3U CQE(S A (3IX\U /\feFf =0A A ki >0)))
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ISSAC 2015

At ISSAC 2015, we gave an efficient algorithm by the QE of

W' =¢(A) A IXeR (N f=0n \1=0).

feF heH

ISSAC 2015 eliminates 31X € R” by the following theorem.

Th. Let H = {hy,...,hs}. Thenforany ae {a e R™: ¢(a)},

The QE of ¢/ return more simple output than the QE of . So

ISSAC 2015 is more efficient than other CGS-QE methods.
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Benchmark Data

Input #(+) denotes the number of x.

1
12
15
18
19

#3) =4 #(=
#3) =2  #(=
#3) =2  #(=
#3) =1, #(=
#3) =16 ,#(=

)=6
)=1
)=1
)=1
)=19

 #(#)

Time Computation time is written in second.

"N” means the computation doesn’t terminate within 1h.

1
12
15
18
19

new
48
2

1

8
27

old syn
N N
N N
N 482
N N
N N

rc

(o))
wZZZZ

red

Z2Z2ZZ2ZZ=

gep
N
1883
N
118
N
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Benchmark Data : Environment

m Computer Environment:
- an Intel(R) Core(TM) i7-3635QM CPU @ 2.40GHz

- 16 GB memory working on Ubuntu14.04

m Computer Algebra System:
- Maple 2015
- Mathematica 10.1.0
- Reduce (Free CSL version), 04-Aug-11

- QEPCAD (Version B 1.69, 16 Mar 2012)
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Benchmark Data : 11 (Input & Output)

6 7
3(x1, X2, x6,X7) /\Fi =0A /\Pi #0A Q> 0,where
i=1 i=1

max(degz g (F;):i) =4, max(degg(F;):i)=4, max(degs
max(degs x(P;) : i) =21, max(degg(P;):i) =21, max(degz
degz x(Q) =8, degz(Q) =3, degz(Q) =7
for A = x3,x4,x5,x3 and X = x1, x2, X, x7. Only new returns
(X3:0/\X471$0/\2X42‘74)C4+3:0)\/
(3=0Ax4—1=0Ax5—1=0)v
(x33=0A2x4—1=0Ax5—1=0)v
()C3=0/\)C5—1=0/\2Xﬁ—4)€4+3=0)\/
(X3—1=0/\X4—1=0/\X5—1=0)\/
((3=0Ax4+1#0A3x4+1#0AX3+2x3+3=0)v
(3—1=0Axs—1=0Axs+2#0Ax4+3#0A5x+5x4+14#0AX] —xj+x4—5=0).
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Benchmark Data : 12 (Input & Output)

I(vi,v2) F=0A P #0, where for A =a,b and X = vi,1;

degsx(F) =4, degg(F)=4, degi(F)=1,
degix(P) =13, degg(P) =12, degz(P)=3.

m new returns a # 0 v b # 0 within 2 sec.

m gep return a # 0 v b # 0 within 1883 sec.
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Benchmark Data : 15 (Input & Output)

(x,y) F=0AP#0, where for A=a,band X = v,

degsx(F) =35, degg(F) =35, degi(F)=1,
degz x(P) =21, deggz(P) =19, degz(P)=4.

new, syn returns True within 1 sec., 482 sec., respectively.
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Benchmark Data : 18 (Input & Output)

3
As,t) F=0A /\Pi # 0, where for A = a,b and X = s,1

i=1
degix(F) =8, degy(F) =8, deg;(F) =8,

max(degs ¢ (P;) :i) = 1, max(degg(P;):i) =1, max(degz(P;):i)=1.

m new returns (a# 0 v b #0) Aa—b # 0 within 8 sec.
m red returns a < b v b < a within 239 sec.

m gep returns a # b within 118 sec.
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Benchmark Data : 19 (Input & Output)

3(b1,ba,c1,¢2,d1,d2,e1,€2, fi, fo,hi,ha, ki, ka, 01,02)
AL Fi=0A A\ Pi#0A Q> 0, where

max(degy x(F;) :i) =2, max(degg(F;):i max(degz (F;) : i) = 2,
(P;): z) max(degs(P;): i) =0,

max(degy g (P;) :i) = 6, max(degg(P;
deg; 3(Q) =2, degz(Q) =0, degz(Q) =

for A = ay,ap,r and X = b, ci,d;, e;, fi, hiskiy0i (i = 1,2).
m new returns the complicated output within 27 sec.

m rc returns the complicated output within 53 sec.
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