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Abstract

In this poster we present the results of [10]. We consider the problem of finding the common roots
of a set of polynomial functions defining a zero-dimensional ideal I in a ring R of polynomials over C.
We propose a general algebraic framework to find the solutions and to compute the structure of the
quotient ring R/I from the cokernel of a resultant map. This leads to what we call Truncated Normal
Forms (TNFs). Algorithms for generic dense and sparse systems follow from the classical resultant
constructions. In the presented framework, the concept of a border basis is generalized by relaxing the
conditions on the set of basis elements. This allows for algorithms to adapt the choice of basis in order
to enhance the numerical stability. We present such an algorithm. The numerical experiments show
that the methods allow to compute all zeros of challenging systems (high degree, with a large number
of solutions) in small dimensions with high accuracy.

1 Introduction

Several problems in science and engineering boil down to the problem of finding the (isolated) common
roots of a set of multivariate polynomial equations. In mathematical terms, if R = C[x1, . . . , xn] is the ring
of polynomials over C in the n indeterminates x1, . . . , xn and I = (f1, . . . , fs) ⊂ R, is the ideal generated
by polynomials fi ∈ R (i = 1, . . . , s), the problem can be formulated as finding the points in the algebraic
set V(I) = {z ∈ Cn : fi(z) = 0, i = 1, . . . , s} = {z ∈ Cn : f(z) = 0,∀f ∈ I}.
There exist several methods to find all the roots of a set of polynomial equations [9, 1]. Here, we are mainly
interested in algebraic methods [5, 3, 7, 11]. When the roots of the ideal I are isolated points (I is called
zero-dimensional in this case), eigenvalue, eigenvector techniques can be used to find these roots [4, 5, 8].
One can find the origins of these techniques in ancient works on resultants by Bézout, Sylvester, Cayley,
Macaulay, . . . . The key observation to translate the root finding problem into a linear algebra problem is a
standard result in algebraic geometry that states that R/I is finitely generated over C as a C-algebra (it is
a finite dimensional C-vector space) if and only if I is zero-dimensional. Moreover, dimC(R/I) = δ, where
δ is the number of points defined by I, counting multiplicities. See for instance [2, Theorem 6, Chapter 5,
§3]. The map Mf : R/I → R/I : g + I 7→ fg + I, representing ‘multiplication by f + I’ in R/I is linear.
Fixing a basis for R/I, Mf is a δ × δ matrix. A well known result is that the eigenvalue structure of such
multiplication matrices reveals the coordinates of the points in V(I) [4, 3, 8].
In general, normal form algorithms execute the following two main steps.

1. Compute the multiplication matrices Mx1 , . . . ,Mxn with respect to a suitable basis of R/I.

2. Compute the points V(I) from the eigenvalue structure of these matrices.

In this work we focus on step (1). Once a basis B = {b1 + I, . . . , bδ + I} of R/I is fixed, the i-th column
of Mxj corresponds to the coordinates of xjbi + I in B. These coordinates are found by projecting xjbi
onto B = span(b1, . . . , bδ) along I. In [11] it is shown that the choice of basis for R/I can be crucial for
the accuracy of the computed multiplication maps and a monomial basis B is chosen using column pivoted
QR factorization on a large Macaulay-type matrix for solving generic, dense problems. In [10] a general
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algebraic framework is proposed for constructing normal forms with respect to a numerically justified basis
for R/I using similar numerical linear algebra techniques. Some algorithms are proposed for finding affine,
toric, homogeneous and multihomogeneous roots from multiplication tables. The resulting bases consist of
monomials, although the theorems allow much more general constructions. In the next section, we present
the main results of [10]. Section 4 shows some numerical experiments. In conclusion, we summarize the
results.

2 Truncated normal forms

Throughout the paper, let R = C[x1, . . . , xn] be the ring of polynomials over C in the variables x1, . . . , xn
and let I ⊂ R be a zero-dimensional ideal such that dimC(R/I) = δ, the number of points defined by I,
counting multiplicities.

Definition 1. A normal form on R w.r.t. I is an R-map N : R → B where B ⊂ R is a vector subspace
of dimension δ over C such that

0 I R B 0N

is exact and N|B = idB.

Note that from this definition it follows that B ' R/I and multiplication with f + I in R/I is given
by Mxi : B → B : b 7→ N (xib).

Definition 2. Let B ⊂ V ⊂ R with B, V finite dimensional vector subspaces and dimC(B) = δ. A
Truncated Normal Form (TNF) on V w.r.t. I is a linear map N : V → B such that N is the restriction
of a normal form to V . That is,

0 I ∩ V V B 0N

is exact and N|B = idB.

A TNF is a linear map between finite dimensional vector spaces, a normal form is not. If we have a TNF
such that xi ·B ⊂ V, 1 ≤ i ≤ n then multiplication with xi+I in R/I is given by Mxi : B → B : b 7→ N (xib),
since N comes from a normal form. The following theorem is the main result of [10] and it gives a sufficient
condition under which a map N : V → Cδ leads to a TNF.

Theorem 1. Suppose we have a finite dimensional V ⊂ R with subspace W = {v ∈ V : xi · v ∈ V,∀i} and
a linear map N : V → Cδ such that

1. kerN ⊂ I ∩ V ,

2. ∃u ∈ V such that u+ I is a unit in R/I,

3. N|W is surjective.

Then for any δ-dimensional subspace B ⊂W with N|B invertible, N = N−1|B ◦N : V → B is a TNF coming
from the restriction of a normal form to V .

The theorem reduces the problem of computing multiplication maps (referred to as step (1) of any
normal form algorithm earlier) to the problem of finding N,V with the right properties.
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3 Cokernel of resultant maps

Our aim is to compute TNFs in a numerically stable way. To do so, we will use resultant maps.

Definition 3. A resultant map is a map

Res : V1 × · · · × Vn −→ V : (q1, . . . , qn) 7−→ q1f1 + · · ·+ qnfn.

with Vi, V ⊂ R finite dimensional vector subspaces.

Note that im(Res) ⊂ I ∩ V . Suppose dimC(V/im(Res)) = δ. If N : V → Cδ is the cokernel of Res,
B ⊂ V and N|B is invertible, then kerN = im Res ⊂ I ∩ V,

(N−1|B ◦N) ◦ Res = 0, (N−1|B ◦N)|B = idB.

This indicates that we may hope to compute TNFs from the cokernel of resultant maps. It turns out
that in the following interesting cases, the cokernel of a specific resultant map satisfies the assumptions of
Theorem 1. These maps can be constructed from the given generators of I.

1. When the equations are dense of degree di = deg(fi), N is the cokernel of the resultant map defined
by

Vi = R≤
∑
j 6=i(dj−1), V = R≤

∑n
i=1 di−(n−1),

where R≤d is the vector subspace of polynomials of degree at most d.

2. If the equations are sparse and generic with respect to their Newton polytopes, N is the cokernel of
the resultant map defined as follows. Denote Pi ⊂ Rn for the Newton polytope of fi and let v = be
a generic small real n-vector.

Vi =
⊕
α∈Ai

C · xα, V =
⊕
α∈A

C · xα

with Ai = (P1 + . . . + P̂i + . . . + Pn + ∆n + v) ∩ Zn (̂· means this term is left out of the sum),
A = (P1 + . . .+ Pn + ∆n + v) ∩ Zn and ∆n the simplex.

Once the map N is computed, we use it to construct a normal form by computing N = N−1|B ◦ N , with

B ⊂ W ⊂ V , dimC(B) = δ. For numerical stability, it is important that the subspace B is chosen such
that N|B is well conditioned. This is done by using a column pivoted QR decomposition of N|W as in [11].

4 Numerical results

We show some numerical results to illustrate the effectiveness of the TNF method. More experiments can
be found in [10, 11].

Dense systems

We define a generic dense system of degree d in n variables to be a system defined by n polynomials in
C[x1, . . . , xn] such that all polynomials have coefficients with all monomials of degree ≤ d drawn from a
normal distribution with zero mean and σ = 1. If we consider n such generic hypersurfaces, they intersect
in δ = dn points according to Bézout’s theorem. In Table 1, rmax gives an upper bound for the residual of
all δ solutions and t is the total computation time in minutes. For a large number of variables, the algebraic
method is slow compared to homotopy continuation solvers. However, our solver finds all solutions, whereas
homotopy solvers do not for systems of high degree. A detailed comparison can be found in [10].
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n d δ rmax t (min)

2 50 2500 5.55 · 10−11 0.3

2 80 6400 1.97 · 10−10 4.9

2 100 10000 1.31 · 10−9 18

2 150 22500 8.84 · 10−9 184

2 170 28900 1.08 · 10−7 370

3 7 343 6.71 · 10−12 0.03

3 13 2197 2.86 · 10−11 3.7

4 4 256 1.52 · 10−13 0.15

5 3 243 1.84 · 10−12 1.18

Table 1: Numerical results for generic dense systems.

A sparse example

We consider the system given by

f1 = 12x1x2x
12
3 + 7x2

1x
7
2x

6
3 + 4x10

1 x11
2 x8

3 + 4x6
1x

4
2x

7
3 + 5,

f2 = 15x10
1 x4

2x
2
3 + 4x3

1x
6
2x

6
3 + 10x1x

10
2 x8

3 + 11x6
1x

11
2 x8

3 + 12,

f3 = 10x7
1x

4
2x

6
3 + 4x10

1 x2x3 + 4x2
1x

12
2 x9

3 + 14x10
1 x5

2x3 + 2.

The mixed volume (computed using PHCpack [12]) is 2352. Our algorithm finds 2352 solutions, 2 of which
are real. All solutions are simple. They are found by a Schur decomposition of the Mxi , i = 1, . . . , 3.
Computations with polytopes (except for the mixed volume) are done using polymake [6]. The total
computation time is about 294 seconds. All solutions are found with a residual smaller than 3.1 · 10−12.

5 Conclusion

We have presented a general algebraic framework for computing the algebra structure of R/I where I is
a zero-dimensional ideal. Specific algorithms for generic square systems are presented. Numerical results
show that the multiplication operators can be constructed using floating point arithmetic with only little
loss of accuracy. The resulting algorithm is competitive with homotopy continuation solvers for small n
and it computes numerical approximations of all solutions.
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