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Current Trend in AI: Big Data and Deep Learning

Visit of proved geometric theorems by algebraic provers:
meaningless.

Skill improving by practice: impossible for algebraic provers.
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An Illustrative Example

Example 1.1 (Desargues’ Theorem)

For two triangles 123 and 1′2′3′ in the plane, if lines 11′,22′,33′

concur, then a = 12 ∩ 1′2′, b = 13 ∩ 1′3′, c = 23 ∩ 2′3′ are
collinear.
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Algebraization and Proof

Free points: 1,2,3,1′,2′,3′. Inequality constraints:

1,2,3 are not collinear (w1 6= 0),
1′,2′,3′ are not collinear (w2 6= 0).

Concurrence: 11′,22′,33′ concur (f0 = 0).

Intersections: a = 12 ∩ 1′2′ (f1 = f2 = 0),
b = 13 ∩ 1′3′ (f3 = f4 = 0),
c = 23 ∩ 2′3′ (f5 = f6 = 0).

Conclusion: a,b, c are collinear (g = 0).

Proof. By Gröbner basis or char. set, get polynomial identity:

g =

6∑
i=1

vifi − w1w2f0.

(1) Complicated. (2) Useless in proving other geometric theorems.
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Call for algebraic representations where geometric knowledge is
translated into algebraic manipulation skills.

Leibniz’s Dream of “Geometric Algebra”:

An algebra that is so close to geometry that every expression in it
has clear geometric meaning, that the algebraic manipulations of
the expressions correspond to geometric constructions.

Such an algebra, if exists, is rightly called geometric algebra.
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Geometric Algebra for Projective Incidence Geometry

It is Grassmann-Cayley Algebra (GCA).

Projective incidence geometry: on incidence properties of linear
projective objects.

Example 1.2

In GCA, “Desargues’ identity” g =
∑6

i=1 vifi − w1w2f0 becomes[(
(1 ∧ 2) ∨ (1′ ∧ 2′)

)(
(1 ∧ 3) ∨ (1′ ∧ 3′)

)(
(2 ∧ 3) ∨ (2′ ∧ 3′)

)]
= −[123] [1′2′3′] (1 ∧ 1′) ∨ (2 ∧ 2′) ∨ (3 ∧ 3′).

Vector 1 represents a 1-space of K3 (“projective point” 1).

1 ∧ 2, the outer product of vectors 1,2, represents line 12:
any projective point x is on the line iff 1 ∧ 2 ∧ x = 0.
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Interpretation Continued

[123] = det(1,2,3) in homogeneous coordinates.
[123] = 0 iff 1,2,3 are collinear.
In affine plane, [123] = 2S123 = 2× signed area of triangle.

(1 ∧ 2) ∨ (1′ ∧ 2′) represents the intersection of lines 12,1′2′.
In expanded form of the meet product:

(1∧2)∨ (1′ ∧2′) = [122′]1′− [121′]2′ = [11′2′]2− [21′2′]1.

The 2nd equality is the Cramer’s rule on 1,2,1′,2′ ∈ K3.

[123] = 1 ∨ (2 ∧ 3).

(1 ∧ 1′) ∨ (2 ∧ 2′) ∨ (3 ∧ 3′) = 0 iff lines 11′,22′,33′ concur.
It equals [((1 ∧ 1′) ∨ (2 ∧ 2′)) 3 3′].
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The Beauty of Algebraic Translation

Desargues’ Theorem and its converse (Hestenes and Ziegler, 1991):[(
(1 ∧ 2) ∨ (1′ ∧ 2′)

)(
(1 ∧ 3) ∨ (1′ ∧ 3′)

)(
(2 ∧ 3) ∨ (2′ ∧ 3′)

)]
= −[123] [1′2′3′] (1 ∧ 1′) ∨ (2 ∧ 2′) ∨ (3 ∧ 3′).

Translation of geometric theorems into term rewriting rules:
applying geometric theorems in algebraic manipulations
becomes possible.

Compare:

When changed into polynomials of coordinate variables: left
side: 1290 terms; right side: 6, 6, 48 terms.

Extension of the original geometric theorem: from qualitative
characterization to quantitative description.
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The Art of Analytic Proof: Binomial Proofs

In deducing a conclusion in algebraic form, if the conclusion
expression under manipulation remains at most two-termed, the
proof is said to be a binomial one.

Methods generating binomial proofs for Desargues’ Theorem:

Biquadratic final polynomials. Bokowski, Sturmfels,
Richter-Gebert, 1990’s.

Area method. Chou, Gao, Zhang, 1990’s.

Cayley expansion and Cayley factorization. Li, Wu, 2000’s.
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Another Leading Example: Miguel’s 4-Circle Theorem

Example 1.3 (Miguel’s 4-Circle Theorem)

Four circles in the plane intersect sequentially at points 1 to 8. If
1,2,3,4 are co-circular, so are 5,6,7,8.

1
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Algebraization and Proof

Free points: 1,2,3,4,5,7.

Second intersections of circles:
6 = 215 ∩ 237, (f1 = f2 = 0)
8 = 415 ∩ 437. (f3 = f4 = 0)

Remove the constraint that 1,2,3,4 are co-circular (f0 = 0),
in the conclusion “5,6,7,8 are co-circular” (g = 0), check
how g depends on f0.

Proof. By either Gröbner basis or char. set, the following identity
can be established:

hg =

4∑
i=1

vifi + v0f0.

h and the vi: unreadable.
12 / 108



Motivation
Projective Incidence Geometry
Euclidean Incidence Geometry

Further Reading

The Extreme of Analytic Proof: Monomial Proofs

In deducing a conclusion in algebraic form, if the conclusion
expression under manipulation remains one-termed, the proof is
said to be a monomial one.

Miguel’s 4-Circle Theorem has binomial proofs by Biquadratic
Final Polynomials over the complex numbers.

To the extreme, the theorem and its generalization have
monomial proofs by Null Geometric Algebra (NGA).
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Null Geometric Algebra Approach

A point in the Euclidean plane is represented by a null vector
of 4-D Minkowski space. The representation is unique up to
scale: homogeneous.

Null (light-like) vector x means: x 6= 0 but x · x = 0.

For points (null vectors) x,y,

x · y = −1

2
d2xy.

Points 1,2,3,4 are co-circular iff [1234] = 0, because

[1234] = det(1,2,3,4) = −d12d23d34d41
2

sin ∠(123,134).

∠(123,134): angle of rotation from oriented circle/line 123
to oriented circle/line 134.
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Proof by NGA, where 1 hypothesis is removed

[5678]
6,8
= [5N2((1 ∧ 5) ∨2 (3 ∧ 7))7N4((1 ∧ 5) ∨4 (3 ∧ 7))]

expand
= −(1 · 5)(3 · 7)[1234][1257][1457][2357][3457],

(1)

where the juxtaposition denotes the Clifford product:

xy = x · y + x ∧ y, for any vectors x,y.

The proof is done. However, (1) is not an algebraic identity,
because it is not invariant under rescaling of vector variables e.g.
6,8.
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Homogenization for quantization: For each vector variable,
make it occur the same number of times in any term of the
equality.

Theorem 1.1 (Extended Theorem)

For six points 1,2,3,4,5,7 in the plane, let
6 = 125 ∩ 237, 8 = 145 ∩ 347, then

[5678]

(5 · 6)(7 · 8)
=

[1234]

(1 · 2)(3 · 4)

[1257][3457]

[1457][2357]
.
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2.1 Fano’s Axiom and Cayley Expansion
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Example 2.1 (Fano’s axiom)

There is no complete quadrilateral whose diagonal points are
collinear.

1

2 3

4

6

7

5

Free points: 1,2,3,4; [123], [124], [134], [234] 6= 0.

Intersections (diagonal points):

5 = 12 ∩ 34, 6 = 13 ∩ 24, 7 = 14 ∩ 23.

Conclusion: [567] 6= 0.
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Proof by Cayley Expansion

1. Eliminate all the intersections at once (batch elimination):

[567] = [((1∧2)∨(3∧4)) ((1∧3)∨(2∧4)) ((1∧4)∨(2∧3))]. (2)

2. Eliminate meet products:

The first meet product has two different expansions by definition:

(1 ∧ 2) ∨ (3 ∧ 4)
= [134]2− [234]1
= [124]3− [123]4.

Substituting any of them, say the first one, into (2):

[567] = [134][2 ((1 ∧ 3) ∨ (2 ∧ 4)) ((1 ∧ 4) ∨ (2 ∧ 3))]
−[234][1 ((1 ∧ 3) ∨ (2 ∧ 4)) ((1 ∧ 4) ∨ (2 ∧ 3))].
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Cayley Expansion for Factored and Shortest Result

In p = [2 ((1 ∧ 3) ∨ (2 ∧ 4)) ((1 ∧ 4) ∨ (2 ∧ 3))]:

Binomial expansion

(1 ∧ 3) ∨ (2 ∧ 4) = [124]3 + [234]1

leads to:

p = [124][23((1∧4)∨ (2∧3))]− [234][12((1∧4)∨ (2∧3))].

Monomial expansion – better size control:

(1 ∧ 3) ∨ (2 ∧ 4) = [134]2 + [123]4

leads to (by antisymmetry of the bracket operator):

p = [123][24((1 ∧ 4) ∨ (2 ∧ 3))]. (3)

Expand (1 ∧ 4) ∨ (2 ∧ 3) in (3): the result is unique, and is
monomial p = −[123][124][234].
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After 4 monomial expansions, the following identity is established:

[(
(1 ∧ 2) ∨ (3 ∧ 4)

)(
(1 ∧ 3) ∨ (2 ∧ 4)

)(
(1 ∧ 4) ∨ (2 ∧ 3)

)]
= −2 [123][124][134][234].

Fano’s Axiom as term rewriting rule: Very useful in generating
binomial proofs for theorems involving conics.
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Cayley Expansion Theory

Representing meet products by definition with bracket
operators: it changes a monomial into a polynomial.

Size control:

Monomial expansion is the most desired.
If unavailable, then a factored result, is preferred.
If still unavailable, then a polynomial of minimal number of
terms is optimal.

Cayley expansion theory: on classification of all optimal Cayley
expansions of meet product expressions (Li & Wu 2003).
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2.2 Desargues’ Theorem, Biquadratic Final Polynomials (BFP),
and Cayley Factorization
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Biquadratic: Degree-2 and 2-termed

The algorithm searches for all kinds of geometric constraints
that can be expressed by biquadratic equalities, and for all
kinds of biquadratic representations of such constraints.

If a subset of such equalities is found with the property: after
multiplying each side together and canceling common bracket
factors, the result is a biquadratic representation of the
conclusion, then the theorem is proved.

Elements of the subset are called biquadratic final polynomials
(BFP).

There are strategies to reduce the searching space.
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Biquadratic Representations

If 12,34,56 concur, then

0 = (1 ∧ 2)∨(3∧4)∨(5∧6) = [134][256]− [234][156]. (4)

Cayley expansion of expression with vector of multiplicity two:

(1 ∧ 4) ∨ (2 ∧ 3) ∨ (1 ∧ 5)
red
= [125][134]− [124][135]
blue
= −[123][145].

(5)

Contraction: [125][134]− [124][135] = −[123][145].

In particular, if [123] = 0, then for any vectors 4,5,
[125][134] = [124][135] (biquadratic representation of
collinearity).
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Proof of Desargues’ Theorem by BFP

Example 2.2 (Desargues’ Theorem)

3

2

1

2’

1’

3’

a

cb

d

3′c,1′a,2d concur =⇒ [23′d][1′ac] = −[2cd][1′3′a]
1′d,2a,3b concur =⇒ [2ab][31′d] = [23a][1′bd]
3,3′,d collinear =⇒ [23d][1′3′d] = −[23′d][31′d]
1′,3′,b collinear =⇒ [1′bd][1′3′a] = −[1′ab][1′3′d]
2,3, c collinear =⇒ [23a][2cd] = −[23d][2ac]

⇓ ⇓
a,b, c collinear ⇐= [2ab][1′ac] = [2ac][1′ab].
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Second Proof by Cayley Expansion and Factorization

[abc]

a,b,c
= [((1 ∧ 2)∨(1′ ∧ 2′)) ((1 ∧ 3) ∨ (1′ ∧ 3′)) ((2 ∧ 3) ∨ (2′ ∧ 3′))]

expand
= [11′2′][2 ((1 ∧ 3) ∨ (1′ ∧ 3′)) ((2 ∧ 3) ∨ (2′ ∧ 3′))]

−[21′2′][1 ((1 ∧ 3) ∨ (1′ ∧ 3′)) ((2 ∧ 3) ∨ (2′ ∧ 3′))]

expand
= [11′2′][22′3′][2 ((1 ∧ 3) ∨ (1′ ∧ 3′))3]

−[21′2′][11′3′][13 ((2 ∧ 3) ∨ (2′ ∧ 3′))]

expand
= [123]([11′2′][22′3′][31′3′]− [21′2′][11′3′][32′3′])

factor
= −[123][1′2′3′](1 ∧ 1′) ∨ (2 ∧ 2′) ∨ (3 ∧ 3′).
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Cayley Factorization

Write a bracket polynomial as an equal monomial in
Grassmann-Cayley algebra.

Cayley factorization eliminates all additions. The result is
generally not unique.

Difficult. Open: Is the following Crapo’s binomial

[12′3′][23′4′] · · · [k1′2′] + (−1)k−1[11′2′][22′3′] · · · [kk′1′]

Cayley factorizable for big k?
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Rational Cayley Factorization

Cayley-factorize a bracket polynomial after multiply it with a
suitable bracket monomial.

Can always make it if the degree of the bracket monomial
(denominator) is not minimal.

1 White, Whiteley, Sturmfels, 1990’s

2 Li, Wu, Zhao, 2000’s

3 Apel, Richter-Gebert, 2016
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2.3 Nehring’s Theorem and Batch Elimination Order
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Nehring’s Theorem

Example 2.3 (Nehring’s Theorem)

Let 18, 27, 36 be three lines in triangle 123 concurrent at point
4, and let point 5 be on line 12. Let 9 = 13 ∩ 58, 0 = 23 ∩ 69,
a = 12∩70, b = 13∩8a, c = 23∩6b. Then 5,7, c are collinear.

1

2

3

4

56

7
8

9

0

a

b

c
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Order of Batch Elimination

Construction sequence:

Free points: 1,2,3,4.
Free collinear point: 5 on line 12.
Intersections:

6 = 12 ∩ 34, 7 = 13 ∩ 24, 8 = 14 ∩ 23, 9 = 13 ∩ 58,
0 = 23 ∩ 69, a = 12 ∩ 70, b = 13 ∩ 8a, c = 23 ∩ 6b.

Conclusion: 5,7, c are collinear.

Parent-child structure of the constructions:

1,2,3,4 −→

{
5,6,7

8
+5−→ 9

+6−→ 0
+7−→ a −→ b

+6−→ c.

Order of batch elimination:

c � b � a � 7,0 � 6,9 � 8,5 � 1,2,3,4.
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Proof of Nehring’s Theorem

[125] = 0 is used as a bracket evaluation rule. Under-braced
factors are irrelevant to conclusion, later removed from illustration.

Rules [57c]

c
= (5 ∧ 7) ∨ (2 ∧ 3) ∨ (6 ∧ b)
b
= −[136][235][78a]− [13a][237][568]

[78a] = −[127][780]

[13a] = −[123][170]

a
= [127][136][235][780]+[123][170][237][568]

[780] = −[237][689]

[170] = [127][369]

0
=

[127][237]︸ ︷︷ ︸(−[136][235][689]

+ [123][369][568])

[689] = [138][568]

[369] = −[136][358]

9
= [136][568]︸ ︷︷ ︸(−[138][235]− [123][358])

[138][235]+[123][358]

= [238][135]

contract
= − [135]︸ ︷︷ ︸[238]

8
= 0.
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2.4 Leisening’s Theorem and Collinearity Transformation
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Example 2.4 (Leisening’s Theorem)

Let 126, 347 be two lines in the plane. Let 5 = 27 ∩ 36,
9 = 24 ∩ 13, 0 = 17 ∩ 46, 8 = 12 ∩ 34. Then the three
intersections 85 ∩ 14, 89 ∩ 67, 80 ∩ 23 are collinear.

12

3

4

5

6

7

8
9

0

ba

c
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Free points: 1,2,3,4.
Free collinear points: 6 on line 12; 7 on line 34.
Intersections:
5 = 27 ∩ 36, 9 = 24 ∩ 13, 0 = 17 ∩ 46, 8 = 12 ∩ 34.

Conclusion: 58 ∩ 14, 67 ∩ 89, 23 ∩ 80 are collinear.

Proof:

[((5 ∧ 8) ∨ (1 ∧ 4)) ((6 ∧ 7) ∨ (8 ∧ 9)) ((2 ∧ 3) ∨ (8 ∧ 0))]

expand
= ((5 ∧ 8) ∨ (6 ∧ 7) ∨ (8 ∧ 9)) ((1 ∧ 4) ∨ (2 ∧ 3) ∨ (8 ∧ 0))

−((1 ∧ 4) ∨ (6 ∧ 7) ∨ (8 ∧ 9)) ((5 ∧ 8) ∨ (2 ∧ 3) ∨ (8 ∧ 0))

expand
= −[678][589][80((1 ∧ 4) ∨ (2 ∧ 3))]

+[238][580][89((1 ∧ 4) ∨ (6 ∧ 7))]
5,8,9,0

= 0.

Last step: many common factors are generated.
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[678]
8
= (6 ∧ 7) ∨ (1 ∧ 2) ∨ (3 ∧ 4)

expand
= −[127][346],

[238]
8
= (2 ∧ 3) ∨ (1 ∧ 2) ∨ (3 ∧ 4)

expand
= −[123][234],

[589]
5,8,9
= [((1 ∧ 2) ∨ (3 ∧ 4)) ((2 ∧ 4) ∨ (1 ∧ 3)) ((2 ∧ 7) ∨ (3 ∧ 6))]

expand
= [123][234]([124][367]− [134][267])

factor
= [123][234](1 ∧ 4) ∨ (2 ∧ 3) ∨ (6 ∧ 7),

[580]
5,8,0
= [((1 ∧ 2) ∨ (3 ∧ 4)) ((1 ∧ 7) ∨ (4 ∧ 6)) ((2 ∧ 7) ∨ (3 ∧ 6))]

expand
= [127][346]([146][237]− [147][236])

factor
= [127][346](1 ∧ 4) ∨ (2 ∧ 3) ∨ (6 ∧ 7),

[80(14 ∨ 23)]
8,0
= [((1 ∧ 2) ∨ (3 ∧ 4)) ((1 ∧ 7) ∨ (4 ∧ 6)) ((1 ∧ 4) ∨ (2 ∧ 3))]

expand
= [124][134]([167][234] + [123][467]),

[89(14 ∨ 67)]
8,9
= [((1 ∧ 2) ∨ (3 ∧ 4)) ((2 ∧ 4) ∨ (1 ∧ 3)) ((1 ∧ 4) ∨ (6 ∧ 7))]

expand
= [124][134]([123][467] + [167][234]).
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The previous proof is, although elegant, extremely sensitive to
the finding of specific Cayley expansions leading to factored
results, and thus too difficult to obtain.

E.g., If expanding [589] in a different way, get

[127][136][234]2 − [123]2[247][346]. (6)

It is not Cayley factorizable if the points are generic ones.

(6) is factorizable: Free collinear points leads to breakup of
the unique factorization property of bracket polynomials in
generic vector variables.

Need to factorize e.g. (6) to make the proof robust, s.t. any
expansion leading to the same number of terms will do.
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Collinearity Transformation

Biquadratic representation of collinearity relation: If [123] = 0,
then for any vectors 4,5, [125][134] = [124][135].

Factorize (6):

By collinearity transformations on long lines 126 and 347:

[127][136] = −[123][167], [247][346] = −[234][467],

we get

[127][136][234]2 − [123]2[247][346]

= [123][234](−[167][234] + [123][467])

factor
= [123][234] (1 ∧ 4) ∨ (2 ∧ 3) ∨ (6 ∧ 7).
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2.5 Rational Invariants and Antisymmetrization
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Example 2.5 (Ceva’s Theorem and Menelaus’ Theorem)

Let 1′,2′,3′ be collinear with sides 23,13,12 of ∆123 resp.

1 [Ceva’s Theorem and its converse] 11′,22′,33′ concur iff

1′2

31′
2′3

12′
3′1

23′
= 1.

2 [Menelaus’ Theorem and its converse] 1′,2′,3′ are collinear iff

1′2

31′
2′3

12′
3′1

23′
= −1.

1

2 3

2’

1’

3’
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Proof of Ceva’s Theorem and Its Converse

1′2

31′
2′3

12′
3′1

23′
= 1. (7)

Denote the left side by p. A natural antisymmetrization is

p =
(1′ ∧ 2) ∨ (2′ ∧ 3) ∨ (3′ ∧ 1)

(3 ∧ 1′) ∨ (1 ∧ 2′) ∨ (2 ∧ 3′)
. (8)

The following expansion of (8) leads to Ceva’s Theorem:

((1′ ∧ 2) ∨ (2′ ∧ 3)) ∨ (3′ ∧ 1)

((2 ∧ 3′) ∨ (3 ∧ 1′)) ∨ (1 ∧ 2′)
=

[21′2′][133′]

[31′3′][122′]
.

It changes (7) into

[21′2′][133′]− [122′][31′3′] = (1 ∧ 1′) ∨ (2 ∧ 2′) ∨ (3 ∧ 3′) = 0.
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Proof of Menelaus’ Theorem and Its Converse

1′2

31′
2′3

12′
3′1

23′
= −1. (9)

Also by direct expansion of (8): p =
(1′ ∧ 2) ∨ (2′ ∧ 3) ∨ (3′ ∧ 1)

(3 ∧ 1′) ∨ (1 ∧ 2′) ∨ (2 ∧ 3′)
.

The following expansion leads to Menelaus’ Theorem:

((1′ ∧ 2) ∨ (2′ ∧ 3)) ∨ (3′ ∧ 1)

((3 ∧ 1′) ∨ (1 ∧ 2′)) ∨ (2 ∧ 3′)
= − [21′2′][133′]

[11′2′][233′]
.

It changes (9) into

[21′2′][133′]− [11′2′][233′] = −(1 ∧ 2) ∨ (1′ ∧ 2′) ∨ (3 ∧ 3′)

= −[123][1′2′3′] = 0.
(10)
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Invariant Ratios and Rational Invariants

Each projective subspace has its own invariants. An invariant
of a subspace is no longer an invariant of the whole space.

Nevertheless, the ratio of two invariants of a projective
subspace is always an invariant, called an invariant ratio.

Rational invariants are polynomials of brackets and invariant
ratios. They are the direct heritage of invariants of subspaces.

Antisymmetrization: Any monomial of invariant ratios is first
changed into a monomial of ratios of outer products and meet
products, then after Cayley expansion, changed into a rational
bracket monomial.
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2.6 Menelaus’ Theorem for Quadrilateral
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Example 2.6 (Menelaus’ Theorem for Quadrilateral)

A line cuts the four sides 12,23,34,41 of quadrilateral 1234 at
points 1′,2′,3′,4′ respectively. Then

11′

21′
22′

32′
33′

43′
44′

14′
= 1. (11)

2

1 4

32’

1’

4’

3’
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Play with Ancient Geometry to Have Fun

Remove the collinearity of points 1′,2′,3′,4′ to check how the
conclusion depends on the removed hypothesis (2 equalities).

Denote p =
11′

21′
22′

32′
33′

43′
44′

14′
. Then

p =
(1 ∧ 1′) ∨ (2 ∧ 2′)

(2 ∧ 1′) ∨ (3 ∧ 2′)

(3 ∧ 3′) ∨ (4 ∧ 4′)

(4 ∧ 3′) ∨ (1 ∧ 4′)
=

[11′2′]

[31′2′]

[33′4′]

[13′4′]
,

so conclusion p = 1 can be written as

[11′2′][33′4′]− [31′2′][13′4′] = (1 ∧ 3) ∨ (1′ ∧ 2′) ∨ (3′ ∧ 4′) = 0.

Theorem 2.1

Let points 1′,2′,3′,4′ be on sides 12,23,34,41 of quadrilateral
1234 resp. Then lines 13,1′2′,3′4′ concur iff ratio p = 1.
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Summary of Section 2
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Outline of Grassmann-Cayley Algebra (GCA)

GCA: algebra of outer product (linear extension) and meet product
(linear intersection).

1 Outer product: antisymmetrization of tensor product.

r-blade: outer product of r vectors. Represent r-D vector
space. r is called the grade.
r-vector: linear combination of r blades. Dimension: Cr

n.

2 Meet product: dual of outer product.
E.g., a bracket = meet product of r-vector and (n− r)-vector.

3 Bracket algebra/ring: algebra of determinants of vectors.

4 Cayley expansion and Cayley factorization: transformations
between GCA and bracket algebra.

5 Rational invariants: lift of invariants of projective subspaces.
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Automated Theorem Proving/Discovering with GCA

1 Order for batch elimination from parent-child constructions.

2 GCA representations of incidence constructions.

3 Removal of some constraints either to simplify theorem
proving or to extend classical theorem for fun.

4 Symbolic manipulations: Cayley expansion and factorization.

5 Techniques for size control and robust binomial proving.

All incidence theorems (2D and 3D) we met with are found robust
binomial proofs.
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Break (5 minutes)
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4 Further Reading
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3.1 Reduced Meet Product and Null-Cone Model
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Reduced Meet Product

A vector is need to represent point abc ∩ ab′c′.

Compare: (b ∧ c) ∨ (b′ ∧ c′) = [bcb′c′].

The reduced meet product with base Ar (an r-blade):

B ∨Ar C := (Ar ∧B) ∨C.

Example: when n = 4,

(b ∧ c) ∨a (b′ ∧ c′) = [abcc′]b′ − [abcb′]c′

= [abb′c′]c− [acb′c′]b
mod a,

i.e., the two sides differ by λa for some λ ∈ R.
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Null-Cone Model of Euclidean Distance Geometry

Wachter (1792õ1817): quadratic embedding of Rn into the null
cone (set of null vectors) of (n+ 2)-D Minkowski space Rn+1,1.

Rn+1,1 = Rn ⊕ R1,1. Basis: orthonormal e1, . . . , en and Witt
pair e, e0:

e2 = e20 = 0 and e · e0 = −1.

Isometry:

x ∈ Rn 7→ x = e0 + x+
x2

2
e. (12)

e0: image of x = 0 (origin);
e: image of x =∞ (conformal point at infinity).

Monomial representation of squared distance:

d2xy
isometry

= (x− y)2 = x2 − 2x · y + y2 = −2x · y.
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Lines and Circles

Point x: null vector (unique up to scale) s.t. x · e 6= 0.
Only in deducing geometric interpretation: set x · e = −1.

Oriented circle through points (null vectors) 1,2,3: 1∧ 2∧ 3,
s.t., any point x is on the circle iff 1 ∧ 2 ∧ 3 ∧ x = 0.

Directed line through points 1,2: “circle” through infinity
e ∧ 1 ∧ 2.

If 1 ∧ 2 ∧ 3 6= 0, then it represents either a circle or a line. It
represents a line iff e is on it.

Second intersection x of two circles/lines abc and ab′c′:
since a ∧ x = (a ∧ b ∧ c) ∨ (a ∧ b′ ∧ c′),

x = (b ∧ c) ∨a (b′ ∧ c′) mod a.

This is the reduced Cayley form of x.
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Example 3.1

Let 1,2,3,4 be free points. Let 5 be a point on circle 123, and
let 6 be the second intersection of circles 124 and 345. Then lines
12,35,46 concur.

1
2

3

5
4

6
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Proof and Extension of Example 3.1

Remove the hypothesis that 1,2,3,5 are co-circular.

Free points: 1,2,3,4,5.

Intersection: 6 = 412 ∩ 435.

Conclusion: (1 ∧ 2) ∨e (3 ∧ 5) ∨e (4 ∧ 6) = 0.

Proof.

(1 ∧ 2) ∨e (3 ∧ 5) ∨e (4 ∧ 6)

6
= [e{(1 ∧ 2) ∨e (3 ∧ 5)}4{(1 ∧ 2) ∨4 (3 ∧ 5)}]

expand
= [e124]︸ ︷︷ ︸ (1 ∧ 2) ∨ (e ∧ 3 ∧ 5) ∨ (3 ∧ 4 ∧ 5)

expand
= [e345]︸ ︷︷ ︸[1235].

Homogenization to make theorem extension: make each variable
occur the same number of times on the two sides of an equality.
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Homogenization

Find a nonzero expression containing 6, then compute its ratio
with conclusion expression.

E.g, 6 = 412 ∩ 435 is the intersection of two circles. So points
6,4,1 of one circle are not collinear. By

[e146]
6
= (e ∧ 1) ∨4 (1 ∧ 2) ∨4 (3 ∧ 5)

expand
= −[e124][1345],

we get a completion of the proof:

(1 ∧ 2) ∨e (3 ∧ 5) ∨e (4 ∧ 6)

[e146]
= − [e345]

[1345]
[1235], (13)

where

[e146] = 2S146,

(1 ∧ 2) ∨e (3 ∧ 5) ∨e (4 ∧ 6) = 2S(12∩35)46S1325.
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3.2 From Reduced Cayley Form to Full Cayley Form
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Nullification

For 123 ∩ 145, u := (2 ∧ 3) ∨1 (4 ∧ 5) is not a null vector.

In (1∧ 2∧ 3)∨ (1∧ 4∧ 5) = 1∧u, the two null 1-spaces can
be obtained from each other by any reflection in the
Minkowski plane.

The Clifford product provides a monomial representation of
the reflection:

N1(u) :=
1

2
u1u.

It is the full Cayley form of 123 ∩ 145.
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Clifford Algebra

Let Kn be a non-degenerate inner-product K-space.
Clifford Algebra CL(Kn) provides representations of the pin group
and spin group of Kn: coverings of O(Kn) and SO(Kn) resp.

It gives a realization of Grassmann-Cayley algebra Λ(Kn):

As graded vector spaces: CL(Kn) = Λ(Kn).

Can extract the r-graded part of A: r-grading operator:
〈A〉r. E.g. 〈a1 . . .ar〉r = a1 ∧ · · · ∧ ar for ai ∈ Kn.

The inner product is extended to the total contraction: e.g.,

1 · (2 ∧ 3) = (1 · 2)3− (1 · 3)2,

(2 ∧ 3) · 1 = (1 · 3)2− (1 · 2)3.

For r-vector Ar and s-vector Bs, Ar ·Bs = 〈ArBs〉|r−s|.
Compare: Ar ∧Bs = 〈ArBs〉r+s.
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Realization of GCA Continued

Fix an n-vector In of Λ(Kn) s.t. |I2n| = 1. E.g., when
Kn = R3,1, then I24 = −1. The dual operator is

A∼ := AI−1n =
AIn
I2n

, ∀A ∈ CL(Kn).

The bracket operator in CL(Kn):

[A] := (〈A〉n)∼.

E.g., [a1 . . .an] is the classical bracket for ai ∈ Kn.

When r + s < n, the meet product of r-vector Ar and
s-vector Bs is zero; when r + s ≥ n,

Ar ∨Bs = Bs ·A∼r .
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Example 3.2

Let 1,2,3,4 be free points, and let point 5 be on circle 123. Let
6 be the second intersection of circle 124 and line 25 (not circle
345 in Example 3.1), and let 7 = 35 ∩ 46. Then 1,3,4,7 are
co-circular.

1

2
3

5

4

6 7
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Proof of Example 3.2

We remove the co-circularity of points 1,2,3,5, i.e., [1235] = 0.

Free points: 1,2,3,4,5.
Intersections: 6 = 214 ∩ 2e5, 7 = e35 ∩ e46.
Conclusion: [1347] = 0.

Full Cayley forms:

6 = N2((1 ∧ 4) ∨2 (e ∧ 5)), 7 = Ne((3 ∧ 5) ∨e (4 ∧ 6)).

[1347]
7
= −2−1[314{(3 ∧ 5) ∨e (4 ∧ 6)}e{(3 ∧ 5) ∨e (4 ∧ 6)}]

expand
= −2−1[e345][e346]︸ ︷︷ ︸[3146e5]

6
= 2−1[314{(1 ∧ 4) ∨2 (e ∧ 5)}2{(1 ∧ 4) ∨2 (e ∧ 5)}e5]

expand
= 2−1[e124][e245]︸ ︷︷ ︸ [314125e5]

null
= 22(e · 5)(1 · 4)︸ ︷︷ ︸[1235].

66 / 108



Motivation
Projective Incidence Geometry
Euclidean Incidence Geometry

Further Reading

Extension of the Input Theorem

If 7 = 3, then conclusion [1347] = 0 is trivial. When 7 6= 3:

3 · 7 7
= (e · 5)(3 · 5)[e346]2,

[e346]
6
= 2−1[e34{(1 ∧ 4) ∨2 (e ∧ 5)}2{(1 ∧ 4) ∨2 (e ∧ 5)}]

expand
= 2−1[e124][e245][e34125].

Theorem 3.1

For any free points 1,2,3,4,5 in the plane and intersections:
6 = 214 ∩ 2e5, 7 = e35 ∩ e46,

[1347]

3 · 7
= −2

1 · 4[e345][1235]

3 · 5[e34125]
, (14)

where [e34125] =
d34d41d12d25

23
sin(∠341 + ∠125).
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Clifford Expansion and Null Clifford Expansion

Clifford expansion: change a Clifford expression into a
polynomial of inner products and outer products of vectors.

Caianiello 1970’s; Brini 1990’s; Li 2000’s.

Null Clifford expansion: Special Clifford expansion, to increase
the number of inner products and outer products of null
vectors.

Fundamental expansion of null vectors:

a1a2 · · ·aka1 = 2
∑k

i=2(−1)i(a1 · ai)a2 · · · ǎi · · ·aka1

= 2
∑k

i=2(−1)k−i(a1 · ai)a1a2 · · · ǎi · · ·ak.
In particular,

a1a2a1 = 2(a1 · a2)a1,
a1a2a3a1 = −a1a3a2a1 = a1(a2 ∧ a3)a1.
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Null Geometric Algebra and Null Cayley Expansion

Null Geometric Algebra: Grassmann-Cayley algebra and
Clifford algebra generated by null vectors.

Null Cayley expansion: Expansion of meet product expressions
in the environment of the Clifford product with null vectors.

E.g., expand

f = [314{(3 ∧ 5) ∨e (4 ∧ 6)}e{(3 ∧ 5) ∨e (4 ∧ 6)}].

The second meet product has two neighbors e,3 in the
bracket. Null neighbor 3 demands splitting 3,5:

{(3 ∧ 5) ∨e (4 ∧ 6)}3 = ([e346]5− [e546]3)3 = [e346]53.

Similarly, 4,6 are splitted in the first meet product.

f = [e345][e346][3146e5].
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3.3 Circle Center
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Center and Directions

In CL(R3,1),

Center o123 of circle 123:

o123 = Ne((1 ∧ 2 ∧ 3)∼).

Reduced Cayley form: (1 ∧ 2 ∧ 3)∼ mod e.

Normal direction (right-hand rule) of line 12:
(e ∧ 1 ∧ 2)∼ = 〈e12〉∼3 .

Tangent direction: 〈e12〉1.
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Clifford Bracket Algebra

Duality: e.g., for any multivector C ∈ CL(R3,1),

〈C∼〉 = [C], [C∼] = −〈C〉.
For ai ∈ Kn,

[a1a2 · · ·an+2k] := (〈a1a2 · · ·an+2k〉n)∼,
〈a1a2 · · ·a2k〉 := 〈a1a2 · · ·a2k〉0.

Shift/Cyclic symmetry:

[a1a2 · · ·an+2k] = (−1)n−1[a2 · · ·an+2ka1],

〈a1a2 · · ·a2k〉 = 〈a2 · · ·a2ka1〉.
Reversion/Orientation symmetry:

[a1a2 · · ·an+2k] = (−1)
n(n−1)

2 [an+2k · · ·a2a1],

〈a1a2 · · ·a2k〉 = 〈a2k · · ·a2a1〉.
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Ungrading

Represent grading operators by addition and Clifford product.

For ai ∈ R3,1,

〈a1a2 · · ·a2k+1〉1 =
1

2
(a1a2 · · ·a2k+1 + a2k+1 · · ·a2a1),

〈a1a2 · · ·a2k+1〉3 =
1

2
(a1a2 · · ·a2k+1 − a2k+1 · · ·a2a1).

Compare: In tensor algebra, the antisymmetrization of tensor
a1 ⊗ · · · ⊗ a2k+1 has (2k + 1)! terms.

In CL(R3,1) for the square bracket and the angular bracket,
There are 4-termed ungradings.
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Example 3.3

If three circles having a point in common intersect pairwise at
three collinear points, their common point is co-circular with their
centers.

1

2

3

0

5

6

4
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Remove Collinearity of 1,2,3 to Simplify Proof

Free points: 0,1,2,3.
Centers: 4 = o012, 5 = o013, 6 = o023.
Conclusion: [0456] = 0.

[0456]
4,5,6
= 2−3[0〈012〉∼3 e〈012〉∼3 〈013〉∼3 e〈013〉∼3 〈023〉∼3 e〈023〉∼3 ]

commute
= 2−3[0e〈012〉∼3 〈013〉∼3 e〈013〉∼3 〈023〉∼3 e〈023〉∼3 〈012〉∼3 ]

duality
= 2−3[0e(〈012〉3 ∨ 〈013〉3)e(〈013〉3 ∨ 〈023〉3)e〈023〉3〈012〉3]

expand
= 2−3[0123]2︸ ︷︷ ︸[0e01e03e〈023〉3〈012〉3]
null
= 2e · 0︸ ︷︷ ︸[01e03e〈023〉3〈012〉3]

ungrading
= 2−2 [01e03e023012]

commute
= −2−2 [01e0e3032021]
null
= 22 (e · 0)(0 · 1)(0 · 2)(0 · 3)︸ ︷︷ ︸[e123].
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Homogenization

By

0 · 4 4
= 2−1〈0〈012〉∼3 e〈012〉∼3 〉

commute
= −2−1(〈012〉∼3 )2〈0e〉

expand
= (e · 0)(0 · 1)(0 · 2)(1 · 2),

5 · 6 5,6
= 2−2〈〈013〉∼3 e〈013〉∼3 〈023〉∼3 e〈023〉∼3 〉

duality
= 2−2〈e(〈013〉3 ∨ 〈023〉3)∼e(〈023〉3 ∨ 〈013〉3)∼〉

expand
= −2−2[0123]2〈e03e03〉
null
= (e · 0)(e · 3)(0 · 3)[0123]2,

we get a quantized theorem with amazing symmetry:

[0456]

(0 · 4)(5 · 6)
=

[e312]

(e · 3)(1 · 2)
. (15)
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3.4 Perpendicularity and Parallelism

12 || 34 iff [e12e34] = 0 iff e12e34e = e34e12e.

12 ⊥ 34 iff 〈e12e34〉 = 0 iff e12e34e = −e34e12e.
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Example 3.4

Let 1,2,3,4 be co-circular points. Let 5 be the foot drawn from
point 1 to line 23, and let 6 be the foot drawn from point 2 to
line 14. Then 34 ||56.

4

2

1

3

5

6
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Algebraization

We remove the hypothesis that 1,2,3,4 are co-circular.

Free points: 1,2,3,4.
Feet: 5 = P1,23, 6 = P2,14.
Conclusion: [e34e56] = 0.

Only the reduced Cayley forms of 5,6 are needed:

5 = (2 ∧ 3) ∨e (1 ∧ 〈e23〉∼3 ) mod e,
6 = (1 ∧ 4) ∨e (2 ∧ 〈e14〉∼3 ) mod e.
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[e34e56]
5,6
= [e34e{(2 ∧ 3) ∨e (1 ∧ 〈e23〉∼3 )}{(1 ∧ 4) ∨e (2 ∧ 〈e14〉∼3 )}]

expand
= (2 ∧ 3) ∨e (1 ∧ 〈e23〉∼3 ) ∨e (2 ∧ 〈e14〉∼3 ) [e34e14]

−(2 ∧ 3) ∨e (1 ∧ 〈e23〉∼3 ) ∨e (1 ∧ 4) [e34e2〈e14〉∼3 ]
expand

= [e21〈e23〉∼3 ][e32〈e14〉∼3 ][e34e14]

+[e231][e〈e23〉∼3 14][e34e2〈e14〉∼3 ]
ungrading

= 2−2{〈e21e23〉〈e32e14〉[e34e14] + [e123]〈e23e14〉〈e34e2e14〉}
null
= −(e · 2)(e · 4)〈e23e14〉︸ ︷︷ ︸(−〈e123〉[e143] + 〈e143〉[e123])

contract
= −〈e1e3〉︸ ︷︷ ︸[1234].

The last null contraction is based on null Cramer’s rule:

[143e]123− [123e]143 = −[1234]1e3.
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Completion of the Proof

By

e · 5 5
= e · 1[e23〈e23〉∼3 ] = 2(e · 1)(e · 2)(e · 3)(2 · 3),

e · 6 6
= e · 2[e14〈e14〉∼3 ] = 2(e · 1)(e · 2)(e · 4)(1 · 4),

we have

[e34e56]

(e · 5)(e · 6)
=

〈e23e14〉 [1234]

2 (e · 1)(e · 2)(1 · 4)(2 · 3)
. (16)

〈e34e56〉 = 2 d34d56 cos∠(34,56).

[e34e56] = 2 d34d56 sin∠(34,56).
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3.5 Removal of More than One Constraint
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Example 3.5

Let 1,2,3,4 be points on a circle of center 0 such that 13 ||24.
Let 5,6 be feet drawn from 4 to lines 12,23 resp. Then 02 ||56.

0

2

3

1

4

6

5
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Algebraization

We set free point 4, and check how the conclusion relies on 4. The
two missing hypotheses are [1234] = 0 and [e13e24] = 0.

Free points: 1,2,3,4.
Feet: 5 = P4,12, 6 = P4,23.
Center: 0 = o123.
Conclusion: [e02e56] = 0.

Reduced Cayley forms:

0 = 〈123〉∼3 mod e,
5 = (1 ∧ 2) ∨e (4 ∧ 〈e12〉∼3 ) mod e,
6 = (2 ∧ 3) ∨e (4 ∧ 〈e23〉∼3 ) mod e.
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[e02e56]

5,6
= −2 (e · 2)︸ ︷︷ ︸{(e · 1)(1 · 2)[e234][e02e4〈e23〉∼3 ]

+ (e · 3)(2 · 3)[e124][e02e〈e12〉∼3 4]}
ungrading

= −2−1{(e · 1)(1 · 2)[e234]〈e02e4e23〉
+(e · 3)(2 · 3)[e124]〈e02e21e4〉}

null
= −2 (e · 2)(e · 4)︸ ︷︷ ︸{(e · 1)(1 · 2)[e234]〈e023〉

+(e · 3)(2 · 3)[e124]〈e021〉}
0
= (e · 1)(1 · 2)[e234][e〈123〉323] + (e · 3)(2 · 3)[e124][e〈123〉321]

ungrading
= 2−1{(e · 1)(1 · 2)[e234][e23123] + (e · 3)(2 · 3)[e124][e23121]}
null
= (1 · 2)(2 · 3)[e123]︸ ︷︷ ︸(e · 1[e234] + e · 3[e124])

factor
= 2−1[e13e24]. 85 / 108
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By

e · 0 0
= [e123],

e · 5 5
= 2 (e · 1)(e · 2)(e · 4)(1 · 2),

e · 6 6
= 2 (e · 2)(e · 3)(e · 4)(2 · 3),

we have

[e02e56]

(e · 0)(e · 5)(e · 6)
=

[e13e24]

2 (e · 1)(e · 3)(e · 4)
. (17)

By [e13e24] = 22S1234 = 2 (
−→
13×−→24) · n, we get

Theorem 3.2 (Extended Theorem)

Draw perpendiculars from point 4 to the two sides 12,23 of
triangle 123, and let the feet be 5,6 resp. Let o be the center of
circle 123. Then S0526 = S1234/2.
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3.6 Angle
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Angle Representation

In CL(R3,1):

Essentially, null monomial 123 represents triangle 123;
null monomial e123 represents ∠123.

e321 represents ∠321, or equiv., −∠123.

e123e456 represents ∠123 + ∠456.

e123e654 represents ∠123− ∠456.

[e123e654] = 0 iff ∠123 = ∠456 mod π.

[e123e654] = 2 d12d23d45d56 sin(∠123− ∠456).
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Example 3.6

Let 5,6 be resp. the midpoints of sides 13,12 of triangle 123.
Let point 7 satisfy ∠327 = ∠521 and ∠137 = ∠632. Let 8,9,0
be respectively the second intersections of lines 17,27,37 with
circle 123. Let 4 be the midpoint of line segment 90. Then
∠084 = ∠789.

1 2

3

5

6

7
8

9

0

4
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Algebraization

Free points: 1,2,3.
Midpoints: 5 = m13, 6 = m12.
Intersection: 7: [e125e327] = 0 and [e236e137] = 0.
Intersections: 8 = 1e7 ∩ 123, 9 = 2e7 ∩ 213, 0 = 3e7 ∩ 312.
Midpoint: 4 = m90.
Conclusion: [e789e480] = 0.

Midpoints 4,5,6 (homogeneous representation):

4 = (e · 9)0 + (e · 0)9 mod e,
5 = (e · 1)3 + (e · 3)1 mod e,
6 = (e · 1)2 + (e · 2)1 mod e.

Intersections 8,9,0:

8 = N1((e ∧ 7) ∨1 (2 ∧ 3)),
9 = N2((e ∧ 7) ∨2 (1 ∧ 3)),
0 = N3((e ∧ 7) ∨3 (1 ∧ 2)). 90 / 108



Motivation
Projective Incidence Geometry
Euclidean Incidence Geometry

Further Reading

Computation of Reduced Cayley Form of Intersection 7

By 0 = [e125e327] = (〈e125e327〉4)∼ = (〈e125e32〉3 ∧ 7)∼,
and 0 = [e236e137] = (〈e236e13〉3 ∧ 7)∼:

7 = 〈e125e32〉3 ∨e 〈e236e13〉3. (18)

By

〈e125e32〉3
5
= 4 (e · 1)(e · 3)︸ ︷︷ ︸{2 · 3〈e12〉3 − 1 · 2〈e23〉3},

〈e236e13〉3
6
= 4 (e · 1)(e · 2)︸ ︷︷ ︸{1 · 3〈e23〉3 + 2 · 3〈e13〉3},

we have

7 = {(2 · 3)1 ∧ 2− (1 · 2)2 ∧ 3} ∨e {(1 · 3)2 ∧ 3 + (2 · 3)1 ∧ 3}
= 2 · 3[e123]︸ ︷︷ ︸ {(1 · 2)3 + (2 · 3)1 + (1 · 3)2} mod e,

i.e., 7 = (1 · 2)3 + (2 · 3)1 + (1 · 3)2 mod e. Elegant!
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Proof of Example 3.6

[e789e480]
4
= 4 (e · 9)(e · 0)︸ ︷︷ ︸{8 · 0[e789] + 8 · 9[e780]}
8,9
= 1 · 2[e137] + 1 · 3[e127]

7
= 0,

where

[e789]
8,9
= (e · 7)2[e123]2[1237]2︸ ︷︷ ︸[e127],

[e780]
8,0
= (e · 7)2[e123]2[1237]2︸ ︷︷ ︸[e137],

8 · 9 8,9
= (e · 7)2[e123]2[1237]2︸ ︷︷ ︸1 · 2,

8 · 0 8,0
= (e · 7)2[e123]2[1237]2︸ ︷︷ ︸1 · 3.
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3.7 Radius

Squared radius of circle 123:

ρ2123 =
(1 ∧ 2 ∧ 3)2

[e123]2
= −2

(1 · 2)(2 · 3)(3 · 1)

[e123]2
.
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Example 3.7

Let 4 be a point on side 23 of triangle 123. Then

ρ123
ρ124

=
d13
d14

.

1

3 2 4
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We remove the collinearity of 2,3,4 (the only equality constraint
of the construction).

Free points: 1,2,3,4.
Conclusion:

−2(1 · 2)(1 · 3)(2 · 3)[e124]2

−2(1 · 2)(1 · 4)(2 · 4)[e123]2
=

(e · 1)(e · 4)(1 · 3)

(e · 1)(e · 3)(1 · 4)
,

after canceling common factors:

(e · 3)(2 · 3)[e124]2 − (e · 4)(2 · 4)[e123]2 = 0. (19)
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Either by null Cramer’s rules, or in the Clifford difference ring over
R2, get null Clifford factorization:

(e · 3)(2 · 3)[e124]2 − (e · 4)(2 · 4)[e123]2 =
1

2
[e321e421][e234].

(20)

Theorem 3.3

For free points 1,2,3,4 in the plane,
ρ123
ρ124

=
d13
d14

iff either 2,3,4

are collinear (original), or ∠123 = −∠124 (extended).

1

3 2 4

4
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3.8 Nine-Point Circle
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1

2 3

m13m12

m23P1,23

P2,13

P3,12
h

m1h

m3h
m2h

midpoints m12,m13,m23;

feet P1,23,P2,13,P3,12;

midpoints m1h,m2h,m3h, where h: orthocenter.
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Example 3.8

In triangle 123, let 4 be the midpoint of side 23. Let 5,6 be resp.
the intersections of sides 12,13 with the tangent line of the
nine-point circle of the triangle at point 4. Then 2,3,5,6 are
co-circular.

1

2 3
4

6

5
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Geometric Construction

Free points: 1,2,3.
Nine-point circle: N123 = m12 ∧m23 ∧m13.
Midpoint: 4 = m23.
Intersections:

5 = 12 ∩ tangent4(N123),
6 = 13 ∩ tangent4(N123).

Conclusion: [2356] = 0.

Representations:

tangent4(N123) = e ∧ (4N123),
5 = Ne((1 ∧ 2) ∨e (4N123)),
6 = Ne((1 ∧ 3) ∨e (4N123)),
4N123 = 4e1231e4.
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Theorem 3.4

Nine-point circle N123 satisfies

m12N123 = m12e3123em12 up to scale,
m23N123 = m23e1231em23 up to scale,
m31N123 = m31e2312em31 up to scale.

1

3 2

m12

m23

m13

The derivation is by constructing m13,m23 from m12 by
parallelism, so that monomial forms of m13,m23 can be obtained.

m23 = Ne((2 ∧ 3) ∨e (m12 ∧ 〈e13〉1)),
m13 = Ne((1 ∧ 3) ∨e (m12 ∧ 〈e23〉1)).
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Proof of Example 3.8

[2356] = −[3256]
5,6
= −2−2[32{(1 ∧ 2) ∨e (4N123)}e{(1 ∧ 2) ∨e (4N123)}

{(1 ∧ 3) ∨e (4N123)}e{(1 ∧ 3) ∨e (4N123)}]
expand

= 2−2[e24N123][e34N123]((1 ∧ 2) ∨e (4N123) ∨e (1 ∧ 3))︸ ︷︷ ︸
[321e4N123e1]

4N123= [321e4e1231e4e1]

null
= 0. (before eliminating 4)
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Summary of Section 3
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Afterthought: Why is NGA so Efficient?

Algebraic Aspect:

(1) Null Clifford algebra: has a lot more symmetries than other
Clifford algebras.

(2) Clifford product of null vectors: extends the exponential map.

Well-known: eiθ = cos θ + i sin θ simplifies trigonometric
function manipulations.

For any even number of null ai ∈ R3,1, since I24 = −1,

a1 · · ·a2k = 〈a1 · · ·a2k〉+ [a1 · · ·a2k]I4 + 〈a1 · · ·a2k〉2
= λeI4θ + 〈a1 · · ·a2k〉2.

〈a1 · · ·a2k〉2 contains their position information as points in
R2. E.g., Clifford product 123 determines triangle 123 up to
4 different positions.
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Geometric Aspect

Theorem 3.5

If the ai ∈ Rn+1,1 are null vectors satisfying e · ai = −1, then with
−−→a1a2 denoting the displacement vector from point a1 to point a2
in Rn,

〈a1a2 · · ·a2k〉 =
1

2
〈−−→a1a2

−−→a2a3 · · · −−−−−−→a2k−1a2k
−−−→a2ka1〉,

[a1a2 · · ·an+2l] = (−1)n
1

2
[−−→a1a2

−−→a2a3 · · · −−−−−−−−−→an+2l−1an+2l
−−−−−→an+2la1],

where the same symbols “[ ]” and “〈 〉” denote both the bracket
operators in CL(Rn+1,1) and the bracket operators in CL(Rn).

Exponential term explosion induced by the expansion of the
Clifford product of vector binomials is avoided.
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What Have Not Been Mentioned Yet?

a lot, a lot, a lot

Normalization of bracket polynomials

Bracket-based representation

Invariant division

Invariant Gröbner basis

Geometric algebras for other geometries, e.g., conic geometry,
line geometry, Riemann geometry, non-Euclidean geometry.

......
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