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B Abstract

In this tutorial, we will give an overview of typical algorithms of quantifier
elimination over the reals and illustrate their actual applications in
industry. Some recent research results on computational efficiency
improvement of quantifier elimination algorithms, in particular for solving
practical industrial problems, will be also mentioned. Moreover, we will
briefly explain valuable techniques and tips to effectively utilize quantifier
elimination in practice.
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Real Quantifier Elimination FujiTsu

B Quantifier elimination

W algorithm to compute an equivalent quantifier-free formula for a given
first-order formula over the reals

B Input : first-order formula in the elementary theory of real closed fields

F=0x-0x[o(x,....x,,%,....1;)],
where O, e{3, V}and ¢ is a quantifier-free formula

® formula @ : polynomial equations, inequalities, inequations over R,
Boolean operations[ A,V ,—,=, etc]

B Output: an equivalent quantifier-free formula in free variables
y(n,....1,)
W Feasible regions of free variables as semi-algebraic sets
W True or False if all variables are quantified (Decision problem)
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Examples: Quantifier Elimination FUJITSU

4 R
Input Output
First-order formula An equivalent quantifier-free
formula

Vo (2 +bx+c>0) qup b*—4c<0

5 (a#0 A b —4ac>0) V
dz (az” +brx+c=0) qmp (a=0 A b#0) V
(a=0 A b=0 A ¢c=0)

Vody (z° +zy +0> 0 A
T+ ay? + b < 0)

& ,<0AbL>0
0







Typical QE algorithms Fujfrsu

B General QE algorithm

W For arbitrary formulas
» QE by Cylindrical Algebraic Decomposition (CAD)

0(2%") : n = # of variables

B Special QE algorithm
W For restricted classes of formulas
» QE by Virtual Substitution
- for linear/quadratic formulas (w.r.t. quantified variables)
O(2F) : k = # of quantified variables
» QE by the Sturm-Habicht sequence
» for sign definite condition (SDC) : Vz (>0 — f(z) >0)
029 :  d=deg,(f(2))
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QE algorithms - some more FUjiTSU

B Cylindrical Algebraic Decomposition Collins 1975
B 3z(axr’ + a1z +ap = 0A ¢(x,a2,a1,00,...))  Hong 1993

m Vz(f(z) > 0) Gonzalez-Vega 1989,
Yang et.al, 1996
B Vz(x>0— f(x) >0) Anai et.al, 1999

¥ Sign Definite Condition
B Low degree formula w.r.t quantified variables (degree limit : n=1,2,3)
¥ Virtual Substitution
®n=1: Weispfenning et.al, 1988
Bn=2: Looset.al 1993
Wn=3: Weispfenning 1993
B One block QE Hong et.al., 2012

W Allows measure-zero error




Brief History of QE algorithms FUjiTSU
I

1930 ® Tarski proved QE is possible over R

1951 W Tarski proposed a QE algorithm over R

Computational complexity cannot be bound by any tower of
exponentials

1975 M Collins made a breakthrough
QE by Cylindrical Algebraic Decomposition (CAD)

Computational complexity down to doubly exponential w.r.t. the
number of variables

1988 W QE computation is proved to be heavy
Doubly exponential in worst case (Davenport and Heinz, 1988)

1990 m QEPCAD: First CAD-based QE implementation (Hong)
® 1980’s Different approaches

QE algorithms for a restricted class of input
QE for up to linear/quartic formulas, Positive polynomial condition
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Typical QE tools Fuifrsu

CAD

Q E P C A D RISC-Linz + etc.

(G.Collins, H.Hong, C.Brown)

4.  REDLOG VS, CAD,
’6 Univ. Passau
R E D U C E (T.Sturm, A.Dolzmann,V.Weispfenning)

| CAD, VS

Wolfram Mathematica 9 Wolfram Research, Inc.
(A.Strzebonski)
CAD, VS, SDC

RAC Fujitsu Laboratories Ltd.

(H.Yanami, H.lwane, H.Anai)

10
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Cylindrical Algebraic Decomposition



Cylindrical Algebraic Decomposition (CAD) rujirsu

B QE by CAD

W First proposed by G.E.Collins 1975

¥ QE by partial CAD (Collins & Hong 1991)
mCAD

Hinput : F. C Qxy,...,z,]

B Qutput: R" = UCZ.(T)

* partition of the r-dimensional real space, where all the input polynomials are sign-
invariant within each cell

B Implementation
B QEPCAD, Mathematica, SYyNRAC

B Properties
m Complexity: O(2%") : n = # of variables
W Output formula is in general simple
¥ No restriction on input formula

12



Cylindrical Algebraic Decomposition (CAD) rujirsu

m CAD Fy = {xf + 25 — 3,20 — 227 + 2}
Hinput : F, C Qlxy,...,z,]
B Output - R’r — UCz(r) _ (0,0)

« partition of the r-dimensional real space,
where all the input polynomials are sign-

invariant within each cell (0!'):
(+,-) 7

B CAD algorithm F. CQlzy,...,=] > R = uC;”

; projection lifting
W consists of 3 phases F‘_‘: C Qa1 ..., zp] Rr_f‘: uctr

o projection phase v projection A lifting
- base phase v S —— A g

- lifting phase Fy C Qlzy, z2] R? = UC?
V projection A lifting

projection factor set Fi C Qlzy] - Rl = UC’Z-(I)

13



Cylindrical Algebraic Decomposition (CAD) rujirsu
B 3 phases of CAD algorithm

M projection phase
* Many “projection operators” have been proposed
* Projection operators that produce small sets are good

® Example:
* Input Fi. CQ[:Bl,...,:Ek] PROJ(Fk)
¢« {coeffs(f, z)|f € Fi}
l PROJ(Fy)  -----eeeememmmeees D < {discriminant(f, zx)|f € Fi}
R « {resultant(f,g,x)|f, g € Fi, f # g}
- Output Fy_1 C Q[z1,. .., Tp—1] return IrreducibleFactors({C, D, R})
W base phase F.cQzy,...,z] > R =uc”
* Real root isolation [, projection A It
- Often univariate poly over algebraic ext. -1 < Qe ” ) T RHF Lﬁz
projection Imting
W Lifting phase f
. . J/ projection /P lifting
* Algebraic extension Fy C Q21,7 R? = uc?
- validated numerics (SNCAD) Vo bt | ting

F1 C Q[z4] — R! = UCi(l)

14



Cylindrical Algebraic Decomposition FUJITSU

B Example
B Input : f2= {fi(z1,22) = 33% +$% — 1, fo(x1, 22) = CU‘I’ - 37%}
B Output : an F,- sign invariant CAD of R’

RZ
N x2 O
4 :
> .
/A sample point:
o =(a, %)
Where D) @) D) @) XD O
[3/4,4/5]
a=0754... ="

2
x*+x° -1
/ O: a sample point of each cell

15
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Cylindrical Algebraic Decomposition

B Example
B Input

(c®)
FUJITSU

By ={fi(z,y) =2 +y* =3, folz,y) =y — 22° + 2}

B Output : an F,- sign invariant CAD of R?
T T (+ _) T e e
//,,/ ]'E_H——’j—\\ ( )1 z—f,_/:\\\
“’/{ ey D?—_ I\\H ,f 0.8 — (_ _|_) \\ (+: +)
%ﬁ ~ W
A [ R R B L) 1T 11 |1 [ I)I |2 _]:;fl [T 1 _|1 [T T¢-¥ | 1T 11 |1 [T \J L
lYHH -0. 4— fl“ lYHHy -0. 4—_ ;
\ T o0 E— / T I]_E: /
\ 1.2—\\ / \\(_ _) 1. 2—\-\_ /
~. 1 - ~ A T
P I (+ +) = e—_ -

-2.0—

-£.0—
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Cylindrical Algebraic Decomposition

B Example
B Input

an F,- sign invariant CAD of R?

/

2.0

P 1E—
/

1.2

By ={fi(z,y) =2 +y* =3, folz,y) =y — 22° + 2}
H Output :

lg\ [

P
e

T

/.

\

/

| T
u4—
. ~20.8
-1.2—

H“H,_;l.ﬁ_

-2.0—

)

(0
FUJITSU
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CAD: Projection, Base phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

2.0
T “\\ ?‘ e ® real root
/f N agn .
/ = * 2 (critical points)
S N —~ 0.8
L 4 i
. - 0.4
< - 0.0 L
\~ Ao | )= Base
.H‘“‘hh /f ]
\ T 1™ real root
\\\\ K"\- S x S T
“ 7 S finding
e 7 EI‘—LE:
B Projection o i

9 5 9 projection 4 5 5
Fo=A{2"+y° -3,y — 20° + 2} =eyp [} = {42* — T2® + 1,2° — 3}
PROJ(F5) projection factors

18



CAD: Base phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

P e 1.6
e ~N
Hr’ _,_,__/—/d_ \\ 1.2
/ T N 0.8 /
e ! ® real root
<r o (critical points)
0.0
- s O Intermediate
S . /f points
\ — | -0.8
MN\\ R—\— / -1.2 —/
. /xa
e - 1.6

W Base
- Select a point between each set of neighboring real roots => sample points

19



CAD: Projection, Base phase FUJITSU

B Example
B Input : f2= {filz,y) = z? +y? — 3, fa(,y) =y — 22% + 2}
B Output : an F,- sign invariant CAD of R?

el \h\ 1.6 T = V 11—\/5
e ™ R 4
,r’f _,_/—P"_/d_ \.\ S
if/,_-f’f \\ﬁ 0.8
. 0.4
< 0.0
A 0.4
Hh"‘m._ /
\ T /
\‘\\ T/ 1.2
- S -
Hﬁ"‘“--__ __,// 1.6

W Base
- Select a point between each set of neighboring real roots => sample points

20



CAD: Lifting phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

W Lifting
- Lift the sample point (in R) to higher dimensions
- Substitute = = @ for z in Fy = {a* + y* — 3,y — 22° + 2}
- and we get a set of polynomials in y : F5(y)

21



CAD: Lifting phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

W Lifting
* Fin real roots : of polynomials in Fz’(y)

22



CAD: Lifting phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

u Lifting
* Fin real roots : of polynomials in F(y)
* Choose a point between each set of neighboring real roots

23



CAD: Lifting phase FUJITSU

B Example
®lnput : Fo={fi(z,y) =2"+9° -3, fa(z,y) =y — 22° + 2}
B Output : an F,- sign invariant CAD of R?

z.n

& »'-'-‘fﬂ Gﬂ/:\\w—‘—_ 1.2
- : _
o ¢ o o o \q—o—< 0.8
ﬂr 7
- G > 0. 4.
O = 0.0
- o y 0.4
Hh‘“‘a J.'r _
C—O\—HHH.G I/O—O—_ﬂ -0. %
o \\-‘ AR"\- o b 12
W v‘\& W /""h‘-——__q__ 1
E s‘a g ;,f/“ﬂ f —'—1.8 (o) Sample
. o e oints
W Lifting 2.0 P

- Do the same lifting process over all sample points
» Fin real roots : of polynomials in F(y)
» Choose a point between each set of neighboring real roots

24



QE by CAD FUJiTSU
B Procedure of QE by CAD

® Input: First-order formula : Jzo(2? + 22 < 1Az — 29 < 0)
- CAD construction for Fy = {z% + x5 — 1,11 — 22}
* Collecting true cells in CAD in terms of the given first-order formula

» Solution formula construction : Disjunction of the formulas defining the true
cells

¥ Formula construction of a cell

» Such formula is constructed from projection factors (CAD contains complete
information about their signs)

¥ Note

* “Simple” formulas are desirable!

* Hong showed how to reduce simple formula construction to a combinatorial
optimization problem

- CAD’s ability to provide simple solution formulas is unique compared with
special QE algorithms.

25



QE by CAD: formula construction FUJiTSU

B Formula construction of a cell
M First-order formula : 3zo (2] + 27 < 1 Az — 29 < 0)
® CAD construction:F, = {@7 + 23 — 1,21 — 22} F, = {z; + 1,27 — 1,222 — 1}

2_

cell z4+1 z—122%—1 T/F

1 — — + F

2 0 — + F

3 + + '3

1 R N 0 '8

3 R R = 'S

] + — 0 F

] 7 + — + K

8 + 0 + F

9 + + + F
5Cé1):[m1+1>0 ANzp—1<0A223-1>0 A 21 <0]
5C§1):[$1+1>0 ANxy—1<0 A 2&7%—1:0 /\.I'1<0]

5c§”:[$1+1>0 Axzp—1<0 A 222 —1<0]

e e
1 234 5 678 9

m Solution formula: 9 V dcm V o)

26
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Virtual substitution (VS) FUjiTSU

B QE by VS for low degree formulas (w.r.t quantified variables)
W Linear : Weispfenning et al, 1988
M Quadratic: Loos et al, 1993
W Cubic: Weispfenning 1993

B Implementation
B REDLOG
m SyNRAC

B Properties
® Complexity:  O(2") : k = # of quantified variables
¥ Qutput formula is in general large and redundant .
W Degree violation (except linear case)
¥ Formula simplification is important.

28



Virtual substitution (VS) FUjiTSU

M Linear case
W Linear first-order formula
Ox,---0x, o(x,...,x, ,a,b,...)
where every atomic formula in ¢ is of the form

a,+ax +--+ax p 0, (p={=>=+})

B Problem | dxo(x)

1. Change the innermost quantifier into J3x. :  Vxp(x) < —(Fx—e(x))

2. Remove the innermost quantifier x,

3. lterate until the quantifiers run out.

29



Virtual substitution (VS)

B QE problem: 3dx¢(x) ¢ :linear
B VS algorithm for a linear formula

dxp(x) < v o(x/t)

S : asetof terms, where each term¢ S does not contain x

-
Then S iscalledan elimination set for dx¢ if the equivalence

dxp(x) < \/Sgp(x Il't)

holds, where @(x //t) isa formula equivalent to the expression

@(x/t), which is obtained from ¢ by substituting ¢ for x.
&

When dx¢ is linear, it has an elimination set.

(O]
FUJITSU

30



Virtual substitution (VS) FUjiTSU

B QE problem: 3dx¢(x) ¢ :linear
B VS algorithm for a linear formula Ixp(x) < Ve o(x/lt)

B Elimination set S
m Set of atomic formulas in @ :

"4 :{ai'x—bi Pi Ol 1el, Pi E{:1¢1£’<}}
® An elimination set for JIx@(x)

b, - b,
<[ Lsaierful 3B i erin
a, a, 2\ a, a,

» Other elimination sets are known.

 Using smaller elimination sets helps increase algorithm’s efficiency.

31
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Sturm-Habicht sequence (SH) FUJiTSU

B QE by Sturm-Habicht sequence for sign conditions of an
univariate polynomial f(x) (with parametric coefficients)

m |Va(f(z) >0), Jx(f(z) =0), Jx(f(z) <0)
- Gonzalez-Vega 1989, Yang et al. 1996

m | Vz(x >0 — f(x) > 0) |: sign definite condition (SDC)
* Anai & Hara 1999, Iwane et al. 2013

B Implementation (SDC)
® SyNRAC

B Properties
® Complexity: 0(2%), d = deg.(f(z))
¥ Output formula is in general large and redundant.
¥ Formula simplification is important.

33



Sturm-Habicht sequence (SH) FUJiTSU

B QE problem
W Sign definite condition:  |Vz(xz > 0 — f(z) > 0)

- SDC is equivalent to a condition that [ () has no real roots in x > 0
when the leading coefficient of f(x) is positive:

B A special QE algorithm using SH sequence for SDC

m Sturm-Habicht sequence of f(x) : SH( f)

» Counts the number of real roots of f(x) in an interval (like the Sturm
sequence) through counting the number of sign changes of the sequence
SH( /) at the endpoints of the interval

m SDC
f(x) has no real roots in z > 0 < V(SH(f)) — Voo (SH(f)) =0
® Combinatorial QE method

- Enumeration of sign changes of the sequence SH( /) having the above
property

34 Copyright 2010 FUJITSU LIMITED



Sturm-Habicht sequence FUJITSU

B Definition Let f be a polynomial in R|z| with the degree
n. The Sturm-Habicht sequence associated to f is defined as

the sequence SH(f) := {SHn(f) ., SHo(f)}:
— f) SHn 1 — da:’
SH; = d,—; Stes;(f, L) (j=0,...,n—2),
where 6; = (—1)U+1)/2 and Sres,(f, g) is a j-th subresultant
which is defined as the determinant of the j-th Sylvester ma-
trix of f and g.

Remark deg(SHi(f)) <k

B Definition We define the sign of a real number is 1, 0, or
—1 if the number is positive, zero, or negative, respectively.

35



Sturm-Habicht Sequence FUJITSU

B Definition Let A = {a,,...,ap} be a finite sequence of real numbers.

We define the number of sign variations V(A) in the following rules:

0: {+1,+1}, {-1,-1}

1: {—1,+1}, {+1,-1}, {—1,0,+1}, {+1,0,—1}, {—1,0,0,+1}, ...,

2: {+1,0,+1},{-1,0,—-1},{+1,0,0,+1}, {—1,0,0,—1}, ....

Let S(z) = {Sp(x),Sh_1(x),...,So(x)} be a finite sequence of poly-
nomials in R[z] and let a be a real number. We construct a sequence
{hs, ..., ho} of polynomials in R[x| obtained from S(z) by deleting the
polynomial identically zero. The number of sign variations V,(5) is de-

fined by V ({hs(a), ..., ho(c)}).

Example V(+1,0,0,—1,4+1,+1,—1) = V(+1,0,0,4+1,—1) =3

Note This is different from that of Sturm sequence.

36



Real Root Counting by Sturm-Habicht Sequence rujitsu

B Theorem (Gonzilez-Vega, et al. 1993) Let f be a polynomial in R|x]
and o, 8 in RU {—o00,4o0} with a < 8 and f(a)f(8) # 0. Then
Vo (SH(f)) — V3(SH(f)) is equal to the number of real roots of f(x) in the
interval [« ].

Example f(z) = z* + 3z® + 5z + 1

Sturm-Habicht sequence Sturm sequence

SHy(f) = 2*+32°+5z+1 Fo= z*+ 322 +5z+1,
SH3(f) = 423 +6x+5 Fi = 4x° + 6x + 5,
SHy(f) = —24z* — 60z — 16 F,= —-3/2z* —15/4z — 1,
SHi(f) = —1020z — 420 F3= —-85/3x — 35/3,
SHo(f) = —8375 Fy= -—335/1156

Voo (SH(f)) = Vo(SH(f)) =

37



Sturm-Habicht sequence (SH) FUJiTSU

B Sign definite condition:

Ve(x >0 — f(x) > 0)

® when the leading coefficient of f(x) is positive:
f(z) has no real roots in ¢ > 0 <= V,(SH(f)) — Voo (SH(f)) =0

B Notations Sk : sign of SHi(f) at x = o0

cx - sign of SHi(f) at z =0

B Remark Let SHi(f) = apz® + ap_172¥ 1+ - + aq.
s = 0 is equivalent to a; = a1 =---=ayg=0
(i.e., SHg(f) is identically zero).
s > 0 is equivalent to (ax > 0)V (ag =0Aag_1 > 0)V---V(ag = ag_1 =
oo =a; =0Aag > 0).
cr is equivalent to the sign of ay.
S is equivalent to c¢y. (degree of SHo(f) < 0)

38



Algorithm & Implementation (anai & Hara 1999) FUjiTSU
B Combinatorial QE algorithm for SDC

1. consider all the 3*"~2 (at most) possible sign
conditions over s; and cg,

2. choose all sign conditions ¢,, which satisfy

Vo(SH(f)) — Veo(SH(f)) =0,

3. construct semi-algebraic sets generated by
coefficients of polynomials in SH(f) for each
selected sign conditions and combine them
as a union.

B Implementation

Since steps 1 and 2 are independent of an input polynomial, we can
execute these steps beforehand and store the results in a database.

This greatly improves the total efficiency of the algorithm.

39



Algorithm & Implementation (anai & Hara 1999) FUJITSU

B Example

m SDC:
» V(x>0 — f(z) >0) for f(x)=2"+a1x+ ag

. Number of real roots
B Sturm-Habicht sequence of f(x) in >0
SHy = f =2? + a1z + ag
SH, — df /do = 22+ ay
+ + +

+

SH() - CL% — 40,0

0

W Remark: s2 =51 =c2> 0,50 =c¢g

¥ Formula construction

So Co C1
| | |

a%—4a0>0 AN apg>0 A a1 =0
a%—élao:O AN a>0 A ap=0" ,

©c O o + + +

ololol-lololninlo

o O o + +

v
+ + + + + + + + +
+ + + + + + + o+
+ + + + + + + +
1
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For speeding up FUJITSU

The simplification of ¢,, makes the algorithm SHy = f = 2* + a1z + ag
and post-processing more efficient. SH, = df /dx = 2z + a,

SHO = a% — 4&0

B Finds redundant sign conditions
¥ The following Conditionm Necessary conditions for SDC

for all aq,aq € R.

+ + + + 0 + 2 F

S & &
||0 ||2 ||1 + + + + - + 2 F
a?—4a0>0 A ag>0 A a; = -/>+ Slu 0 0 F
a%—4a0=0 N a>0 A a;=0 + + 0 + 0O 0 T
+ + 0 + - 0 1 F

B Simplifies by the rules | <U=& <, . _
Simplification by using
<U><« T : ) .
Boolean function manipulation

® Combinatorial optimization. A ] e Y
B (af —4a9<0Aag>0)V (ag>0Aa; >0)

L D) 4 o o o)
\VA s =4 Vs P | WA 2 7 | AW s ER— I A
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Necessary Conditions for SDC (wane etal. 2013)  FujiTsu
sl e

B Theorem Let f be a polynomial in R[x] where the leading coefficient is

nonzero and its degree is n, and let u be the smallest nonnegative integer
k such that sy # 0. When f satisfies s, > 0 A ¢, > 0, the following

o, . _———=Z
conditions hold. [sign of leading coef. of f] sign of constant term of f

Sn1>0, ¢, #0, ¢,.1=0—>¢, 29<0, 8, 0=0—5, 3="---=359=0,
sk=0—>¢c,=0, (Vke{0,...,n—2}),

Chr2 ZONcCry1 =0 — ek # Chyo, (VEEN ={u,...,n—2}),

Ck = Cry1 = O A Cp—1Cp425kSk+1 # 0 = Spsp2 < 0, (VE € N),

Ck=""*"=Ckam =0 —=>Sk11 =+ = Sgpam-1=20 (‘v’kEN,m>1),
Sgao = 0A Spp1 £ 0 — s # 0, (\V/kGN),
Sk—1 ZONSE =" = Spym = 0 A Sppmi1 # 0 = ST i0Sk—1 = Omy2Shimin
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Necessary Conditions for SDC (iwane etal. 2013)  Fujitsu

B Most of conditions are obtained by utilizing Sturm-Habicht structure the-
orem (Gonzalez-Vega, et al. 1993).

Theorem Let f be a polynomial in R[z] with degree n. Then for every
k€ {l,...,n—1} such that SHg,1(f) is regular and deg(SHx(f)) =7 < k
we have

(A) if r < k — 1 then, SHy_1(f) = - -+ = SH,11(f) = 0,
(B) if r < k then, l1c(SHx41(f))*"SH,(f) = dr—r1c(SH&(f))*"SH&(f),

(C) 1C(5Hk+1(f))k_HzSHr—l(f) = Og—rtaprem(SHy.1(f), SHx(f)),

where lc(g) is the leading coefficient of the polynomial g and prem(g, h)
is a pseudo remainder of the polynomial g by the polynomial A defined
as

prem(g, h) = remainder(lc(h)d°8(9)—des(h)+1g 1)y
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Boolean Algebra / Boolean Function

B Boolean Algebra: (B,+,-,/,0,1)
Defined on a set of two elements:

B = {0, 1}, with rules for the
three operations.

FUjITSU
OR(+4) AND(-) NOT(')
zlylze+y x|lylz-y x| &
0(0 0 00| O 0| 1
01 1 0|1 0 1 0
110 1 110 0
1|1 1 1|1 1

B Boolean expression is the combination of a finite number of Boolean vari-

ables and Boolean constants by means of the Boolean operations.

B A (completely specified) Boolean function with m variables is a function

f:B™— B.

B An incompletely specified Boolean function is a Boolean function which

is defined over a subset of B™.

® An input combination for which the function is not specified is called a

don’t care.

- we can choose a completely specified Boolean function by assigning

0 or 1 to each don’t care.
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Boolean Function Manipulation FUJITSU

B There are a number of Boolean expressions to represent a
Boolean function
Heg., (z+y)=2+y
W Simplification of Boolean expressions.

* Finding a Boolean expression which has relatively a small number of product
terms

B Boolean expressions have wide range of application

® Simplification of Boolean expressions directly corresponds to
minimization of area of the designed circuit.

B ESPRESSO (Brayton et al., 1984)

¥ A heuristic method to simplify Boolean expressions.
W http://diamond.gem.valpo.edu/~dhart/ece110/espresso/tutorial.html
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Simplification based on Boolean Function Manipulation FUJITSU

B The sign of real number is three-valued, we need two Boolean
variables to represent them.

sign | Boolean expression
0 x/y/
+1 xy'
-1 x'y

B [ntroduction of don’t cares to simplify Boolean expression

further.
m oy

W Sign conditions which do not satisfy the necessary conditions.

B Sign conditions which satisfy V,(SH(f)) — Vo (SH(f)) < 0.
* The number of real roots is non-negative

46



ESPRESSO for quadratic poly. problem

(c®)
FUJITSU

f(s0,c1)
+ + + T
+ + 0 DC
+ + - F
0 + T -
0 + 0 DC-
o + - F
-+ T
-+ T
-+ - T

INPUT FILE OUTPUT FILE
.1ib sO0x sOy clx cly || .1ib sOx sOy clx cly
i .14
.01 .01
.ob f0 .ob 0
1000 2 -1--1 < > *
0010 1 --—-0 1 * s >
0000 2 .e
0110 1
7\0100 1
/0101 1 R f(s0,c1)
12 0100 1
--11 2 = N
. — \
sign | Boolean expression
0 00 = 2’y 1 = true
i 10 = zy 2 = don’ t care
—1 01 =2’y
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Symbolic optimization accomplished by QE rujitsu

B Advantages

W Exact (global) optimal value even for nonconvex case

W Parametric solving e.g., parametric optimum, feasible regions

B Enabler for variants of parametric optimization

B Parametric constraint solving: feasible region
W (Multi-) parametric optimization: optimal value function

W Multi-objective optimization:  Pareto optimal front (trade-off line)
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Constraint solving by QE FUjiTSU
mFind x,,x, st. {f(x,x)p 0 i=1--s p, e{=2,#
Iry 3, (G %) 20 A A fi(ex,),0)
—> true (+ sample solution) / false

DAy [ 1<x<10 A y>0 A
6xy>0 A xy—2>0 A
(xy—2)(2+4x—2xy)—6xy>0 ]

OE True
Sample point: (x,y)=(5,1)

B Find the feasible regions of x,,x, s.t. {f.(x,--,x,) p, 0, i=1---,s}

3, 3x, (0,1 5,) 20 A A S (0,,x,)p,0)

> go(xl,xz) : quantifier-free formula in x,, x,

dx dy(@x-w=0Ax-xy-z+5=0 . [w-2=Z0V w+2=0] ) B
N SxS4ANISyp=2) —2> Aw+42Z0 Aw-4=0A N, HN
Z-5=0N4z+w2-20=0
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Stability of a Control system

+

T C(s,x)

A 4

\ 4

P(s.p)

p=[p,--,p] : plant parameters

X=[x,,:--,x,] : controller parameters

Bl closed-loop characteristic polynomial

(O]
FUJITSU

clm-240
on gl

f(s,X,p) =n,n. +d,d.

Stable? or
Unstable?
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Stability of a Control system FUjiTSU

B Hurwitz stability

Im

f(s)=s"+bs" +--+b _s+b, .

is stable °

P.Dorato et.al (1995)

M.Jirstrand (1996)

Routh-Hurwitz criterion Ay >0, >0,...,A, >0, E

-1
f(s)=s"+bs""+---+b _s+b, 5, 1 0 0 0 0 - 0
b by by 1 0 0 e 0
is stable Ag=| b b b b b ]_1 - 0l.

bl : Darametrlc bog—1 bog—2 bog_a bop_a bap_s beg—s --- g
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Stability Analysis of Linear Systems FUjiTsu

g Unstable linear system :

+
Y F > G
4 .
G(s) = R poles ={l*i}
s+b b
F(s)=N b>0, 1< N <10 [phisical limitations]
s+ Nb

Resulting closed-loop system :
G (s) = GF AN(s +b)
‘ 1+GF  s°+(Nb-2)s* +(2+4N —2Nb)s +6Nb

Stability condition (Hurwitz criterion) :

6Nb>0, Nb—2>0, (Nb—2)(2+4N —2Nb)—6Nb >0




Stability Analysis of Linear Systems FUjiTsu

Q1. For which values of b >0, existsavalueof N &€ (1,10)
s.t. the closed-loop system is stable ?

@ 3N [I<N<10Ab>0n
6Nb>0A Nb—2>0A (Nb—2)(2+4N —2Nb)—6Nb > 0]

- [506°-1006+21<0 A b>0]  be(024.1.76)

©@3b [I<N<10Ab>0A--]
K [N°~4N-2 A N>1 A N-10<0] N & (4.45,10.0)
b ? 7 ; ‘ ;

©3b IN [I<N<10Ab>0A--]
l rue




Stability Analysis of Linear Systems FUjiTsu

Q2. For which values of b >0, hold thatforall N € (5,10)
the closed-loop system is stable ?

© VN[[5<N<10]—>[b>0A6Nb>0
ANb—2>0A (Nb—2)(2+4N —2Nb)—6Nb > 0]]

- [25b° -50h+22<0]

be (0.66,1.34)
1+£,1—£
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Optimization by using QE FUjiTSU

Problem QE
Minimize f(x) [358 (y = f(z) N C(z)) }
subject to C(x)
@feasible region for y
Example QE
. . . K \
‘Minimize —z; —xy ( y=—11— o3 A )
subject to x1 > 0,22 > 0, dridxo | 21 >0Az9 >0 A
2 .2
. i +z3 < 1 ) \:1;%+:13%§1 )/

QE> —VZ<y<o




Parametric optimization FUJITSU

H Given:
M an objective function to optimize #6)= mXinf (%.6)
M a vector of constraints s.t. g(x,6)>0
W a vector of parameters X e R’
OeR
B Obtain:

W the performance criterion (and the
optimization variables) as a function
of the parameters

W the regions in the space of parameters
where these functions remain valid

Obtain optimal solution as a function of parameters
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Parametric optimization by using QE FUJiTSU

Problem QE
{Minimize fe. ﬂ 3 (y = f(@,6) A C(w,6))
subject to C'(z, 6) QE > feasible region for (8, y)

Example y

‘Minimize —xz1 — 0 N
subject to x1 > 0,6 > 0,

zi+6°<1 ‘1;

C (y=—z—0A - L6

02 04 06 08

Jz1| 21 >0A0>0A j> y+29y+292<1/\
o \#+e<1 ) 0<H<1Ay<H

—-0.51




Optimization by QE

B Parametric optimization
W Example

Zyin(6) = MINf (X, 0)

s.t. f(X,0)=x,—xx,+5
4x, —6*=0
1<x, <4
1<x,<2

¥ QE problem

dx dy
(X]-XIJCQ+5:Z/\ 4)61-92:0

OF
AN Ex,=4N1=x, =2) —

(0
FUJITSU

.................

ETTIIYTILLE. oL L rrrrry PP

mln(9) S 6°+5

optimal solution as a function
of parameter

[0-2=Z0V 60+2=0]
ANO+4=0 NO-4=0N
Zz-5=Z0N4z+60°-20=0

Feasible region of z-

61



Multi-parametric optimization in control FUJITSU

B Applications
W Bi-level / Hierarchical programming
B Optimization under uncertainty
¥ Model predictive control

® On-line control and optimization of
« chemical, biomedical, automotive systems

off-line
......... MPO
Control unit _ | 2
Parametric profile (opt)
[ ] L] A
Optimizer \ f @
/\/ ‘ja\oa“o
e e
Control | on—line el
actions e >
Plant '
\ 4 state

Control Plant
Plant actions state

62



/e ®)
FUJITSU

Multi-objective optimization by QE



Multi-objective optimization (MOO) FUJiTSU

B Problem

B Solution

subject to € € X C R"

[minimize f=(fi(z),..., fr(x)) }

Parameter space Objective space
x; P £4
* absolutely optimal
= (e fle) |
> >
X5 f2
x; M i

Pareto solution

f = (fi(=), f2())

Pareto optimal front
>X, > 1
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Multi-objective optimization by QE FUjiTSU

B Problem
subject to * € X C R”

minimize f = (fi(x),..., fr(x)) }

B QE problem input output

Jz (y = f(z) A C(x)) Feasible region

F(y)
FyN I (Fy)ANy <) Pareto set
P(y)
Optimizer
Jy (y = f(x) AC(x) A P(y)) -

x; M it

Pareto solution

f = (fi(@), fa(x))

Pareto optimal front
>X, > 1

65 Copyright 2010 FUJITSU LIMITED



Multi-objective optimization by QE FUjiTSU

Problem
{Minimize f(z) = (fi(z),..., fm(w))J

subject to C(x)

Example

QE
3z (y = f(@) A C(x) |

QE > feasible region for y

e
2

subject to —5 < x1,79 <5
NG

Y2

N\ 101
Minimize (2 + 23,25 — x1 + 5)

/

g ylzﬂf%—FiU%/\
35171 9
Yo =T5 —T1+ D A
E|$2
—5§x1,$2§5

\

~

/

@?

o 10 20 3091
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Example: Multi-objective optimization FUJITSU

Problem

minimize yq = fi(x)

y2 = falx)
subject to C(x)

Toy Example

minimize y1 =2 4 X
Y2 = X1 — XiXg + D

subject to 4,
2

II/\ |I/\
II/\ II/\

1
1

Solution

“Pareto set”

P ={all “minimal” y wrt <}
yy iff Vi yvisy’

Solution

Y2 s

T T4ls Y1
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Existing numerical methods for MOO

B Using single-objective optimization

Weighted sum strategy
Norm minimization
E-constraint method

B Pareto analysis
Normal boundary intersection

B Using metaheuristic algorithms
Evolutionary algorithms
Particle swarm optimization

68
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N> UOIOUNy BARD

N J9)3weled

[

A

Fx)=w- i)+ 4w, - f, (%),
(wy,...,w,) 1@ weight vector

n

Parameter 1

After generations

y

»
Objective function 1

no UOROUNY 3ARDS[QQ || n UoRdUNY 8ARDSIGO

940

N> UOIIOUNY 9AIRO

23[90 5

N> UOIOUNY DAY

A

(O]
FUJITSU

Pareto optimal front

<

[

Objective function 1

A

.J
f(Po)

[

»

Objective function 1

Pateto optimal front
'},! L

.0.‘}... 2

»

>
Objective function 1

5,

L T

y

>
Objective function 1



Comparison: Symbolic vs. Numeric FUJITSU

Optimization Problem Solution
e Y2 51 - L. _
minimize y1 =2 4 x ; ::;_._ ST
Y2 = X1~ X1Xx2 + 9 | il
_ = NI
subjectto 1 = x1 = 4, N =: .
1 ;; X2 :5 2 1 “\l
L B S L B P y1
QE Problem Solution

Y2

Ixi3Axa yi=24x1 A
Vo= X1 —XiX2+5 A

X1§4 /\

Xo = 2)

IA TIA

' '4;5 y‘|
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Applications : MOO by QE FuUjfrsu

B SRAM shape optimization

W Objective functions:
*min ( - Yield rate(Y), Voltage(V), Size(S))

Cell size 0.327 ym? j

B HDD (head) shape design

® Objective functions: - = =4
- Stability of Flight-height, attitude(rol, Pitch, Yaw) Al
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Multi-objective optimization by QE

Optimal shape design of Air Bearing
Surface of HDD



Shape design of Air Bearing Surface of HDD

B ABS (Air Bearing Surface)

head ABS

close-up

£q ™

close-up

slider

S EE N
By
e,
e

Undersurface of the slider SER
“Air Bearing Surface (ABS)” (atioUE A mmECars)

(0O
FUJITSU

W The disc is rapidly spinning and the ABS surfacing over the disc due to

air current.

B Problem: Find the optimal shape of ABS s.t.

® flight height of the ABS from the rapidly spinning disc is close to a target

value

® attitude (Roll, Pitch, Yaw) of the ABS is stable
o ...
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Shape design of Air Bearing Surface of HDD FUJITSU

B Design problem: Find the optimal shape of ABS s.t.
® 1) flight height of the ABS from the rapidly spinning disc is close to a target value
® 2) attitude (Roll, Pitch, Yaw) of the ABS is stable
o ..

B Simulation

x = (X, X, X,)

. Surfacing h - flight height, fi(z) = |h = hf?
W » siralation A: (roll, pitch, yaw,) folz) = -
(fluid dynamics)

B Optimization problem (Yanami et al., 2009)

¥ Response surface methodology

- Modeling of the objective functions fi(z), f2(x),... from a certain number of
simulation results.

® Multi-objective optimization mmp {mf‘lmizf f :E(/;((f’é)alé;z-,fr(w))
subject to x
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Shape design of Air Bearing Surface of HDD FUJITSU

B Our real problem

W Shape parameters : 1,...,2g
B Objective functions: f1(z), f2(x)

B Response surface construction
B Data setof z1,...,zs, fi(x), f2(z) for 553 different shapes

] Polynomial model of fl, f2 - 1= x1*1.56834776 +x2*0.804244896 +x3*21.32342295 +x4*(-7.71943013)
_ _ +X5*(-4.262328228) +x6+12.95499327 +x7*0.29533099 +x8*(-1.142721635)
* Linear regression (R’ > 0.95) +(-7.809437853);
. . . o : £2:= x1*0.37323681 + x2*1.313718858 + x3*7.296804764 + x4*(-
= Multi-o bJeCtlve Optl mization 3.214736241) + x5%10.32056396 + x6+6.068769576 + X7*(-2.987556175) +
) X8*6.86732377 + (-4.344757600)
min fi(z), f2()
s.t. 1,090 € X C R 2
® MOO by QE il BEEEE =
L JRR >

¥ Feasible region of /1, /2 el e

- Pareto front ..-*"

» Solution by a numerical method X f2
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Optimal shape design of SRAM



shape design of an SRAM cell FUJiTSU

B Static random-access memory (SRAM) cell

Cell size 0.327 ym?

B Problem: Find the optimal shape of an SRAM cell with
® Smaller cell size (area)
0 = x7x3
® Lower fail rate |

f(w):a0+a1$1+---—|—a6$6 TTJW

(a;: constants) ““'I—,—ﬁ | \Ix(’ ‘ ]
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shape design of an SRAM cell FUJITSU

B Multi-optimization problems
min f(il?) =ap+tairy +- -+ aTe (a;: constants)
0 = xrxg
St. 7 =1420 + 250x3 + 250z5
rg = 800 + 401?2 + 40:34

Ty + T > 275
0<z<1(i=1,...,6)

® MOO by QE
W QE problem an equivalent quantifier-free formula
dzq .- dxg (y=a0+a1:1:1+---—|—a6x6/\ y
0 = zrxs N\ A
27 = 1420 + 2503 + 2505 A <x> by, 0)
25 = 800 + 40z5 + 404 A L Yy, 0)

8 N
N

more than

CL‘4+$622.’132/\
0<z;<1(G=1,...,6))

€ VS algorithm: REDUCE 07-oct-10 / REDLOG 1.60 GHz CPU / 8.0 GB memory
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shape design of an SRAM cell FUJITSU

B QE prOblem more than
3371"'3338 (y=a0+a1x1+~~+a6x6 N
0 = T7x8 JAN

3 o
z7 = 1420 4 250z3 + 250z5 A {QE> x U(y, 0)

zg = 800 + 40x9 + 40xz4 A
VS

T4+ Te = 229 N\ . .
] (linear, quadratic)

dz; - .- dxg (y=ao+alm1+---+aﬁﬂ:ﬁf\
9=$7$3!\

Ty = 1420 + 25025 + 25025 A $ /
25 = 800 -+ 40z -+ 40z, A {QE > V' (y, z7, 8, 0)
VS

$4+$522$2A
0<z;<1(i=1,...,6))

(linear)

W Symbolic-Numeric optimization (lwane et al., 2011)
- We utilize ¢’ (y, z7,xs,0) as a search area in a numerical optimization approach
* better approximation of an optimal values than ordinal numeric approaches
* more effective than symbolic approach
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MOO results comparison FUJITSU

Numeric

Symbolic-Numeric

0.50

0.25
: | : 0
136x1051.4x 108 1.2 x 108 126x 10513 x 108 136x10%1.4 x 106

]
1.2 x 10° 126x1051.3 x 10°

modeFrontier 4.2.1 / Particle Swarm Optimization (PSQO) / 2000 samples
1.60 GHz CPU / 8.0 GB memory
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shape design of an SRAM cell FUJITSU

B QE prOblem more than
3371"'3338 (y=a0+a1x1+~~+a6x6 N
0 = T7x8 JAN

3 o
z7 = 1420 4 250z3 + 250z5 A {QE> x U(y, 0)

zg = 800 + 40x9 + 40xz4 A
VS

T4+ Te = 229 N\ . .
] (linear, quadratic)

dz; - .- dxg (y=ao+alm1+---+aﬁﬂ:ﬁf\
9=$7$3!\

Ty = 1420 + 25025 + 25025 A $ /
25 = 800 -+ 40z -+ 40z, A {QE > V' (y, z7, 8, 0)
VS

$4+$522$2A
0<z;<1(i=1,...,6))

(linear)

W Symbolic-Numeric optimization (lwane et al., 2011)
- We utilize ¢’ (y, z7,xs,0) as a search area in a numerical optimization approach
* better approximation of an optimal values than ordinal numeric approaches
* more effective than symbolic approach
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Brief History of QE algorithms FUjiTSU
.

1930 m Tarski proved QE is possible over R

1951 W Tarski proposed a QE algorithm over R

Computational complexity cannot be bound by any tower of
exponentials

1975 MW Collins made a breakthrough
QE by Cylindrical Algebraic Decomposition (CAD)

Computational complexity down to doul’ -
number of variables Note !

: - Such special classes
1988
B QE computation is proved to be |~ " "0 ations with

Doubly exponential in worst case (D: Industrial applications ! ,

1990 m QEPCAD: First CAD-based QE imp. )
® 1980’s Different approaches

QE algorithms for a restricted class of input
QE for up to linear/quartic formulas, Positive polynomial condition

82



QE and control applications FUjiTSU

B Purely symbolic and algebraic approaches have several
“practical size” applications in control.

B Special algorithms by exploiting the structure of the problems
have been successfully applied.

B Still we need to solve larger size problems in a reasonable
amount of time.

B \We employ validated numerical methods (interval arithmetic)
m Symbolic-Numeric CAD computation (still exact)
» Speeding up QE algorithm based on CAD
¥ Approximated quantified constraint solving
 Obtaining approximated feasible regions (with guarantee)
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General QE: QE by CAD

B For speeding-up QE by CAD
¥ QE by a partial CAD (Hong, Collins)
¥ “Projection Operator”
* Collins’ projection operator (the original)
* Hong'’s projection operator (improved Collins’)
* McCallum’s projection operator
* Brown-McCallum projection operator (improved McCallum’s)

* “special purpose” projection operators:
* Collins-McCallum: equational constraints, Seidl-Sturm: generic CAD,
- Strzebo"nski : solving strict systems, Anai, Parrilo: solving SDP

W Lifting
* Full-dimensional cell
* Lifting with symbolic-numeric computations (SN-CAD)

(e®)
FUJITSU
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General QE: QE by CAD FUjiTSU
B QE by CAD

W Early period on QE applications (stability analysis in control) ...
@

»P.Dorato & |.Sakamaki IFAC Rocon’03, 2003
While commercial software is now available for the application of symbolic

QE for the design of robust feedback systems, only problems of limited complexity
can be solved. Of course, super-computer systems can extend the level of complexity,
But the level is likely to saturate on problems where the order of combined plant
and compensator is greater than 5 or 6.

»P.Dorato et.al. UNM Technical Report : EECE95-007, 1995
Our Experience indicates that QEPCAD can always solve, in a few

seconds on a large workstation, most textbook examples. It can also

solve some significantly harder problems and a few nontrivial problems.

J

-/

II» Particular subclasses : Special QE algorithms !

m Still many QE problems requires general QE algorithms by CAD.

« Use CAD properties for a given problems

 Optimization problems:
O Semi-definite programming (Anai & Parrilo 2003)
O Polynomial optimization problems (lwane et.al. 2013)
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Special QE algorithms FUjiTSU

B Specialized QE (for restricted inputs)

¥ Reducing the industrial problems into “nice / simple” formulas by
exploring their structures.

W Solving the formulas by specialized QE algorithms

B Examples

/ m Sturm-Habicht sequence )

» Sign behavior of univariate polynomial
- Sign definite condition (SDC): Vz (z > 0 — f(z) > 0)

Control system design problem

G J

¥ Virtual substitution
- for Low-degree inputs (linear, quadratic)
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Relevance of Special QE algorithm FUJiTSU

Control problems First-order formulas

General QE

Robust control
Design problems

Ve (x > 0— f(z) > 0)
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Parametric robust control design FUJITSU

H Problem

® Multi-objective low-order fixed-structure controller synthesis
* Frequently required problems in industry
* Specifications in frequency domain properties

+ B PGS, D) R Pl : C(s)=k+:

= PID:  C(s)=k+ 2 4L
s 1+0.1s

B Our approach
M A parameter space approach by symbolic computation (QE)

de gain plots;S{jw)/ T(jw)

— | S|
— | TG
o "y .,

EEX

St Rrleros -} DNF
Parametric r Superpose o L
optimization RS | | NN -

(a) (b) .
¥ Feasible regions
Spec (a) Spec (b) of PI controller

gainldB]
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Robust control design by a general QE FUJITSU

M.Jirstrand (1996)

4 N
Specifications P s 0<o<a, »>at+bi<y
g @>w, —> a‘+b*<y’
s ||G(s) ”[o,wl] <7s General QE
; b=0 > a>-— (QEPCAD)
7
‘ ||G(S)||[w2,+oo]<}/t g [a2+b2 —1A b<0]—) g>tan(¢)

g Gain margin >y a(s)=Re[G(s)] b(s)=Im[G(s)]

g Phase margin> ¢

o J

Only small problems are solved

due to the double exponential complexity.
Useless for practical control problems!
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Robust control design by a special QE FUJITSU

-

Specifications
# [1G(8) o1 <75
# [1G(8) [l ) <7
g Gain margin>y

g Phase margin> ¢

>

M.Jirstrand (1996)

s O<w<w, —> a’+b’<y’

g @ >, —>a2+b2<7/t2
General QE

b=0 > a>-—— (QEPCAD)

. H

g [@°+Db*=1A b<0]> g>tan(¢)

a(s)=Re[G(s)] Db(s)=Im[G(s)]

Anai & Hara (1999)

Special QE
(Sturm-Habicht seq.)
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SDC reduction FUJITSU

B H_-norm constraint

[G(s)lloo = sup|G(jw)| < 1

Y d(jw)d(—jw) > n(jw)n(-jv)

& f(w?) = d(jw)d(—jw) — n(jw)n(—jw) > 0 :z>‘_ ;
® Vx>0 f(x)>0
B Frequency restricted H..-norm constraint

G lfwrun = sUp |G (iw)] <1

w1 {u—'{w‘g

& f(l-!) ;,-—— 0 in [ —WwWs., —W ] bilinear transformation
2= —(z+ei)/ (@ +w)
® Vz>0 h(z)>0

L 2=

bobo
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Example: mixed sensitivity problem FUJITSU

B Mixed sensitivity problem
W Specifications: Frequency restricted H,, norm constraints

Bode gain plots:SCw)/ T(w)
r e u y
* e | T )]

Sensitivity function
1

S =
1+ C(s)P(s)

\ 4

v

gainldB]

Complementary sensitivity

__C(s)P(s) :

1+ C(s)P(s) _46“ -
R g

wlrad/sec]

b) IIS(s) ||, =max]| S(iw)]|<01
) 15 =2

(C) 1 7(s) ”[20,00] = 2922-2(00 | T (iw) ||< 0.05
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Parametric robust control design FUJITSU

m Stability with Mixed sensitivity

%T%(s) —{P(s)[ 1
X, 1
C(s)=x.+—=, P(@)=—
S s+1

(a) Hurwitz Stability
(b) Sensitivity
IS (s) llyo,y = max jj S(i@) [|< 0.1

(¢) Combplementaryv sensitivity
1 7(5) o = max [ 7(i) [l< 0.05

Bode gain plots: S(iw)/ T(w)
10 :
— | S
— | Tl
—_
(W
-
 —
=
@
)
wlrad/sec]
(b) = Vz2>0 (73 — 229 + 2§ — 99)2° + (323 — 4z + 227 + 221 — 99)2°
+ (323 — 225 + 27 4+ 221 — 99)z + 23 > 0,

(C) = Vz>0 23+ (22 +1199)2% + (—2z2 — 39927 — 1598z, +479201)z

— 39922 — 800> — 159600z% — 319200z, + 63840400 > 0.
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Parametric robust control design FUJITSU

m Stability with Mixed sensitivity

(b) — Vz2>0 (23 — 229 + xf — 99)2° + (323 — dxs + 227 + 221 — 99)2°
+ (323 — 225 + 23 + 221 — 99)2 + 23 > 0,

r e u y

- C(S) P(S) (C) = Vz>0 2°+(—22; +1199)2? + (—2z5 — 39927 — 1598z, +479201)z

+ — 39922 — 800z, — 1596007 — 319200z, + 63840400 > 0.

Specialized
QE

v

\ 4

Xy

C(s)=x.+—=, P(s)=-
S

l

( Sensitivity S(s):
(PQSO/\iBQ#U)V(Pl 20/\P2>U)V(R§20/\P1 20/\1‘2 750)
where

- ofe Py =22 — 235 + 22 — 99,

(a) Hurwitz Stablhty Py, = 264627z + 7T128z123 — 349668z — 35962322 + 169274z2z2 +
462528z 22 — 1315294223 + 2392zixe + 79522310 — 4264922210 —
705672z x5 + 19405980z, — 400z§ — 199623 + 105419z + 35283627 —
946776655% — 15524784z, 4 288178803,

(b) Sensitivity Py =21 4 11,
|.S(8) lljoy = Max || S(1ew) [[< 0.1 Hmmes
Qfo<l Complemantary Sensitivity T'(s):
(c) Complementary sensitivity \ Fa<0
. where
| () [l20,0) = 2[)222(00 | T (i) ||< 0.05 Ps = 39922 + 800> + 1596002 + 319200z, — 63840400.
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Parametric robust control design FUJITSU

m Stability with Mixed sensitivity

r e u y

?T—'C(S) P(s)
Specialized

QE ‘
_ X _ J
C(s)=x.+ ” P(s) | = 0 ©

\ 4

v

(a) Hurwitz Stability

(b) Sensitivity
IS (s) llyo.y = max || S(1@) [|< 01

(c) Complementary sensitivity
| 7(s) ”[20,001 = 22222(00 | 7(i@) ||< 0.05 e

PR Y 1
i} i3 10 15 20
k
{:n] | =]
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Robust control design FUJITSU
B Our approach

Feasible regions

re u y : o DE
> P > o Symbol Fei
o Ce) (s) reduction Multivariate Opt?/rrT?IZZtllc(:)n o 150
— | POy NOMia | iinn
y Inequalitigs (QE) E “4\\
specification |- (parametric) Lo
o |7 o o
é é é
Frequency domain properties Sign Definite Condition Specialized QE for SDC
(a) Hurwitz Stability (Sturm-Habicht sequence)

(b) Heo-norm constraint

(c) Gain/Phase margin Vz (x >0 — f(z) > 0)
(d) Pole assignment
(e) Stability radius

H Tractability
® PI/PID for a plant with order 10 : < 1h
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Parametric Robust Control Toolbox

|

K(s)

v

A

P(s)

K(s) :@+Q?

P(s) = —

s—1

-

Parameter space

Bode

Nyquist

Pole/Zero

}
o

Main

_Swstem

- [B]X]

| 1412
2| k+mis

—Wariahle

MainVarisble :  |= =
Whxes : [k =] | 10
Min I 2 Pz | 20
W Axes ]m LJ | 10
Min I -1 Max: : | 20

Zhes || [ 0

Min:| -2 Max:| 2

— Bode

| (e e P —gth*a

Ge: | -20 Ws | 1
[~ DrawSensitivityBrea

T kg rm)/ (s 2-gthkkgrm)

Gt: | -10 Wt | 20
[~ DrawCompSensitivity frea
[~ DrawHurwitzStability frea

—Myguist

GainMargin : I
Min: | -1 Max:| 10
[ DrawGainMarginArea
PhaseMargin | pi/6
[~ DrawPhaseMarginfrea

__Pal

[ WedeeShape

m: | 05 b: I -02
I~ Gircle

| 5 | -50

—Windows

IParam IDNF DNF2|DNF3| 3D |

Update ‘ Exit ‘

: .l'“ Bode Myquist Pole View

e

Bode gain plote;S Geed Tm)

— Sl
10— T

gain[dB]

[e®)
FUJITSU

i
bl
bt Mazx

gain[dE]

ot

Bode gain plots;L (s}

| Bode Nyquist Pole ViewOpen Loop) [ [0

10

Pale
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Parametric robust control design FUJITSU

B Parametric robust control design by QE has been successfully
applied to nontrivial industrial problems.

W Electric generating facility
- generator excitation control design (Yoshimura et al. 2008)

¥ Power supply units
- digital controller design (Matsui et al. 2013) . Specifeation 0 Theclssoop s e s

ble.
e Specification 1 The gain> 45 dB when 0 < w < 1.
s Specification 2 The gain> 25 dB when 1 < w < 100.

e Specification 3 The gain crossover frequency =>3000.

argin (PM) =45 degree.

5 Ty It b - i i
T - N . T4 X e Specification 4 The phas it
‘ N 1{14—4 i'| ? I{(Sj ﬁd’ p(s) &H_Ill‘i s Specification 5 The gain margin (GM) >7 dB.
T Vi Er . J it b, bic, br, b, by,
i % ' I
: I Phase delay Gain ‘ i | | )
factor factor
b 3 b, b b
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Approximate feasible parameter regions FUJITSU

B Validated numerical method to solve first-order formula ¢
W approximately (but with guarantee) using interval arithmetic.

W Repeated refinement of boxes and verification of T/F/U
O

OF={F implies that ¢ is false for all elements of B}
o

1ol x|
IrHE)  IREE J|TAD
Ol x| #Ae w-wm aokmu

Renderer ALIMHY  Resalution

=0
20

151

S

W Reference:

 Approximate Quantified Constraint Solving by Cylindrical Box Decomposition
(S. Ratschan, 2008)
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QE Benchmark problems FUjiTSU

Hm GitHuB
W https://github.com/hiwane/qe_problems

GitHub This repository ~ Search or type a command @ Explore Features Enterprise Blog Sign in

hiwane / ge_problems K star o YFork o
16 commits 2 branches D releases Fetching contributors <> Code
= @ Issues
E P branch: master - qe_problems / + = README.md
11 Pull Requests
{ +- Pul
Pulse
QE problems
) (i Graphs
;
problems % Network
B travisyml

HTTPS clone URL
E CONTRIBUTING-JP.md

format

E README.md You can clone with HTTF
Subversion. @
README.md [ Clone in Des| - Each file defines a list of lists | [[a1, b1], [a2, b2], ...]1: Where each ai is an (extended) first-order

] formula and b1 is a quaniifier-free formula which equivalentfo a1 .
2> Download #

QE problems

header

= (AUTHOR (required)
= |pomaIn (required)

= |cITATION (required)

relational operators

LaTeX Notation
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Research Information

My primary research interest is in Computer Algebra, although | also have an interest in Computer Science Education and intelligent
tutoring systems.

Teaching
Research

3
:
B

CS§ Faculty

General Software Publications & Reports

¢ Curriculum Vitae « QEPCAD + Refereed or Invited Publications
+ [SSAC '04 Tutorial + RegeXeX + Technical Reports
« Tutorials « SLFQ s Thesis

« ROLLE

Quantifier Elimination & Computing with Semi-Algebraic Sets

One of the great contributions of Descartes was to connect algebra and geometry. Many of the most common geometric objects - like
spheres, cubes, cones, and planes - can be defined with polynomials. Computers can deal with shapes like these by manipulating the
polynomials that define them; reasoning about a circle, for example, by reasoning about the equation x*2 + y*2 = 1.

I'm interested in computing with the geometric objects that polynomials define, objects called semi-algebraic sets. This involves a wide
variety of topics, from the theory behind algarithms for manipulating such objects to the practical issues of implementing systems that
can really perform these computations. Such computations are so demanding that current programs are unable to solve interesting
application problems within a reasonable amount of time and space. My ultimate goal is to provide systems for computing with semi-
algebraic sets that are powerful enough to be used in scientific and industrial applications.

Much of my research into algorithms ends up implemented in the QEPCAD system for real quantifier elimination and formula
simplification by cylindrical algebraic decomposition.
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