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Why fast arithmetic?

e Performance required by industrial size
problems

* Dense uni-/bivariate arithmetic at the root
of sparse/multivariate arithmetic

e It's fun!

(The Art Of)
Modern Computer Algebra

1999 2003

Modern Computer Algebra




Implementations

NTL (Shoup)

TPS (Schonhage

Magma (Cannon, Steele)
GMP (Granlund, Zimmermann)
Modpn (Moreno Maza et al)

Agenda

Core topic: dense univariate polynomials
Periphery: integers

Out of scope:

— sparse / multivariate polynomials

— differential and recurrence equations

— linear algebra
— parallel / space efficient algorithms

Light on references
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The Fast Fourier Transform
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Newton inversion

Pseudo-division
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Representation of polynomials

Dense univariate polynomials over a ringr
f=fpx"+fp XM I+ Ce8fx+fo
fi 2 R; R=Z7Z,Fq :::
X Iis just a placeholder and+ is just a separator

* nisthe degreeoff if f,60

e only arithmetic operations+, ! , X, +
on coefficients are counted

« We try to give explicit constants for the
dominant terms
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Representation of integers

Multiprecision integers
a= an2®M+a, 120401 Dy ¢ ¢2,2%% ag;
a2 N; O ai<264

 nisthe word lengthofaif an 60
e only arithmetic operations+, ! |, x, +
on words are counted Word operation3
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Addition and scalar multiplication

Addition: degf <n; degg <n
for 0O- 1<n do
hi A fi+g
Scalar multiplication: degf <n;a 2 R

for O- 1<n do
hi A acf;

n operations inR
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Exercise 1: Evaluation

degf = n;a2R
Compute f(a)=fha"+ ¢¢¢fia+fyg2 R
A 1
for 1- 1- ndo
,,h'& acth; 1
ho A fo
for 1- 1 - ndo

h; A hii 1+ fi ¢h
3n operations InR. Can you do it with 2n?
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Classical multiplication |

dedf <n; degg <m

hg = Z fig

i+j=k

for 0- k- m+nj 2do
he A O

for max(Qk+1i m)- 1 -

he A he+ fi G |

min(nj 1, k) do

nm multiplications andrfj 1)(m i 1) additions IR
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Exercise 2

What is the arithmetic cost for multiplying twaonic
polynomials?

Classical multiplication Il
fni1 9o
(n=m)
f2 gni ;
fq X X On; 2
fo @9 @e Oni 1
%: 2 o 2 %:
0) %) %) 2ni 2
hl ) h2ni 3
ho . AB." honi 4
Q 19




Karatsuba's algorithm |

(fax+ fox+ f1x + fo) €(gax® + @Xx*+ gix + Qo)
= ((fax + fo)x2+ (f1x+ fg)) ®(gsX + G2)X*+ (gaX + Qo))
= (F1x?+ Fo) ¢ (G1x?+ Go)
= F1Gx*+ (F1Go+ FoGy)x? + FoGo
= F1G1x*+((F1+ Fo)(G1+ Go)i F1G1i FoGo)x*+FoGo

For ded <n , degg <n, andn even:
Classical: 4 recursive call®©#n) additions
Karatsuba: 3 recursive callOtn) additions

Exercise 3: DetermineO(n) for Karatsuba exactly.
Note: The coezxcients ¢f;G1x* and ofFyGo overlap
with the middle term.
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Karatsuba's algorithm Il

K(n)=3K(zn)+ cn+d
n = 2k:

K (n) K@9)=3K@2YH+ 2+ d

OK (21 2)+ ¢(32€1 1+ 2K + d(3+ 1)

33K (2K 3) + (3221 2+ 32K 1+ 2K + d(32+3 +1)
¢ee

KK Q)+ (3 1¢2+ ¢¢€3%+ d(3 1+ ¢c¢ce39

3K+2¢(3% 29+ %d(Bki 1)

1 .
(L+2c+ éd)n'0923 i 2N %d = O(n*>9)
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Karatsuba'‘s algorithm Il

Y = x"2 (F1Y + Fo)(G1Y + Gp) =
F1G1Y2+ ((F1+ Fo)(G1+ Go) i FiG1i FoGo)Y + FoGo

Observe:
Fo = F(0), Go = G(0), FoGo = (FG)(0),
Fi1+ Fop= F(l), G+ Go = G(l),
Fi=F(1), Gi1=G(1)
Alternative: 2 instead of 1
F(Z) =2F; + Fo, G(Z) =2G1+ Gg
F1G; = 3((FG)2) i 2(FG)(1)+(FG)(0))
F1Go+ FoG1=(FG)(1) i (FG)(0) i F1G1
=i 3(FG)(@) +2(FG)(1) i 5(FG)(0)
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Generalization

Split f and g into k blocks instead of 2 ¥ = x"):
f=Fg.YKil+ ¢cee FY + F

g= Gki 1Yki l+ ¢cce G.Y + Gg

Compute F(0); F(1);:::;F(2k | 2)

and G(0); G(1);:::;G(2k ; 2), usingO(kn) additions
Compute FG)(0); (FG)(1);:::;(FG)(2k i 2) recursively
Interpolate coe® (F G) using O(kn) additions
Back-substitute Y = x"** using O(kn) additions

T(n)=2kji 1)T(x)+ O(kn)
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Toom-Cook's method

T(n)=(2ki 1)T(y)+ O(kn)

T(n) = n'°%@ki 1 + O(kn)

In 2

Ink

k11l :T(n)= O(n')

Using evaluation and interpolation, we can
multiply in almost linear time!

log.(2kj 1)- 1+
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Special evaluation points

Suppose! 2 R, chaR -n,
I"=1and! j 1nota zero divisorfor1l “<n.
I is aprimitive nth root of unity

Examples:

1)1 = &2 C

2)! =22 Zo2yq (n =25

3)! = y2R[y]=(y"*+1) (n=2%

ldea: multiplication via evaluation and interpolation
at the powers of!
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The discrete Fourier transform

degf +degg <n

Is called thediscrete Fourier transform DFT,.
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The fast Fourier transform |

degf <n even,i<n: f(x)= Fi(x?) ¢x + Fo(x?)
degFo(x); degFi(x) < 3n

fFO)=Fi (1) e+ Fo(! )

" =1 2 primitive %th root of unity

Note ! 1*n=2 = 111 "=2 = ; | I (Exercise: why?) and
f(1m2) = Fy(1?) ¢(j ! )+ Fo(! ?) _

Fo(! )— f(h
Butter°y: |

F]_(' 2i) f(' i+n:2)

(Cooley & Tuckey, Stockham)
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The fast Fourier transform I

Fi(! ) andFo(! ) (0- i< %n)
can be computed using 2 DET

n=2“: F(n) = F(2)=F(@iYH+ gd:zk

| 3. 3
— k| 2 + _ k| 1 + _
?H(ZF (2 2 52 ) 22k
= 2KF (1) + gkzk = gn log, n

+%n i 2 for precomputing %;:: ;1 n=4 1
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FFTg butterfly network
fo Iof-l'-\ |O=C|-\ P (1)
f1 @’u e:o’cb eo’o (1)

p e
/ qwm

(! )

fe TONS ‘&“ﬂ (!6)
f7 @’u RD—RAD— (1 Ty

Inverting the DFT

| || | 2i

Butter®y: (f(f! (i.-l-n):2)> = (i.! | 1) ¢( E;E. 2%)
(!i 1)‘1_ 1 ( 1 !i)_1< i 1)
i1 200 ;11! 2\ i1

I i 1is a primitiventh root of unity and

DFT!‘l:%DFT!il
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Fast multiplication

degf +degg <n

1) Evaluatef andgat L;!;:::;1 Mt

2) Pointwise multiplicationf@ )(1); (fg)(! );:::

3) Interpolatefg

Cost:

Zn+3nlogn+ n+ 3nlog,n+ n = 32nlogn + 2n
Over a ring R containing a primitive  2nth
root of unity, polynomials of degree <n can
be multiplied using M(n) = O(nlogn)
arithmetic operations in  R.
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Fast multiplication |l

What if there is no suitabplg (e.qg.,R = 2)?
EnlargeRto S= R[! |=(! " +1).

This reduces multiplication of polynomials of degree
< n to multiplication of polynomials of degree n.

Over an arbitrary ring R, polynomials of
degree <n can be multiplied using

M(n) = O(nlognloglogn) arithmetic operations
In R.

(Sch 8nhage, Strassen, Cantor, Kaltofen)
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Division with remainder

Classical:

f =qgg+r,deg = m+n,degg=n,deg <n,
On invertible inR

r A f
~ li+n
A
! O |
rArjgxeg {f=(gux"+c¢ce€qgx)g+r}
(m + 1)(2n + 1) operations iR
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Exercise 4

What is the arithmetic cost for dividing byraonic
polynomial?
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Exercise 5: Fast exact division

Suppose =0, i.e.,f = qg degg= m <n =deqg,
andR contains a primitivanth root of unity! . Give an
algorithm for computingj usinggn logpn+3n+1
operations IrR.
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Reducing division to multiplication

f=qg+r

ldea: revert the coezxcients

g = x"g(xi 1), similarlyf * and ¢f

Example:g= x?+2x+3 =) ¢g'=3x?+2x+1
Thenf ® = ¢°g® + x"*Mr(x' 1), and deg < n implies
f* o°g" modx™?! andg® = f * ¢(g°)'  modx™*1
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Newton inversion |

u ' modx", n =2

VoA U(i)l
Vier A 2vij uvZ mod x 2™

Cost (assuminguperlinearity M(3t) - 3M(t)):
N() = 1+ )  (M@2)+ ME2*)+2")

0- i<k

1+ M(n) Z (Zii k+2i+1i k)+ Z 2i

0- i<k 0- i<k

- 3|v|(n)(1; %)+ n
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Newton inversion Il

Why does it work?

Invariant: uv, © 1 modx?

7 Ve -+1
Uvi1 = 2uvij ud?=1j (uvij 12 1 modx?
Newton iteration from numerical analysis:

Want to nd v with f (v) = 0.
f(vi)

fqvi)
Heref (v) = uvj 1 and
uviu' L Vii (uvij 1)¢v, modx2 ™

Givenv;, iterateviyy = Vj j

Vitr = Vj |

42




Fast division

f = gqg+ r, degg = n, degqg;degr <n

1) Compute @°) * mod x"
2) Computeq® " f° ¢(g%)i ! modx"
3)rAfjqg

5M(n) + 2n operations inR

(Cook, Sieveking, Strassen,
Kung, Borodin & Moenck)
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Pseudo-division

What if g, is not invertible?

gm*if = qg+ r, degf = m+ n, degg= n, degr <n
rAf,gA O
forir=mmj 1,:::;0do

qA GnQ+ FisnX'

rA giri rienx' ¢g  {gl'"f = qg+r}
(m+1)(m + 3n) operations InR

44




Fast pseudo-division |

uv " ud modx", n =2k

VoA 1
fuv; 7 u(%i _modxzi} |
Viaa A 202V i uvZ modx?
Cost: M(n) + O(n)
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Fast pseudo-division Il

onf = qg+ r, degg= n, degg;degr <n

1) Computev with g°v = g modx"
2) Computeg” ~ f "v modx"

3)r A gif i qg

5M(n) + O(n) operations IrR
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Modular algorithms

47
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The Euclidean algorithm
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The extended Euclidean algorithm
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Prime power modular algorithms
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Change of representation |

: conversion
General idea: Input »Image

|
|
|
|
|
|
I \\ .

X! conversion +
Output « Result

 Problem is“hard” in the input domain
and “easy In the image domain

 Conversions aré'cheapg
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Change of representation |l

Examples:

1) Polynomial multiplication

2 Input domain =R[X]

2 conversion = FFT

2 Image domain =R" (pointwise multiplication)
2) Polynomial gcd

2 Input domain =Z[x]

2 forward conversion = mqu

2 image domain =p[Xx]

50




The Euclidean algorithm |

f;g 2 R[x]nfOg, m=degg - degf = n

Compute monich = gcd(f; g)

roA f,riA g

fori=1;2;:::; do
letri, 1 = qiri + ri+1 such that either
i<, ris 60, and degri+; < degr;, or
| = ar;driﬂ =0

return ———
lcoe®¢(-)

Remark :

2 |coe®(;) must be invertible, or at least not a zero divisor
2 In the latter case, the coezcients ofg; ri may be in Quot(R)
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The Euclidean algorithm |l
ni=degr; (O- i- ")
N=nNyg, Mm=n;>n,>¢¢Bn-_ O

degg = nj; 1 ny, 1(1<i - ")
> (Mipzi mi+1)2ni+1)

I<i -~
Do 2mii mEni+=2 Y Y (2ni+1)

I<i - 1<i- "ni- j<nj; 1
23 ) @+ - 2> (2 +1=2m’
1<i-‘ni-j<nii1 0 j<n 1

Cost - 2m?+(nj m+1)2m+1)+(n +1)
2nm+ n+2m+2=2nm + O(n)
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The Euclidean algorithm Il

f;g 2 Z[x], ded; degg - n, jifjii;jigi1< 2°
Computeprimitive h =gcd(f;g) 2 Z[X]

Issue:

coezxcient growth in Euclidean algorithm: exponential
for the naive algorithnQ(nb) for a fraction-free version
known as the subresultant algorithm (Collins)

But: coezxcients oh areO(n + b) (Mignotte) and inZ!
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A big prime modular algorithm

f;g 2 Z[x], ded;; degg - n, jif jj2jidiiz < 2°
Computeh = gcd(f; g) 2 Z[X]

2 Choose prime™°! < p < 2n*b+2
Compute monit, = ged(f p; gp) IN FplX]
aA gcd(lcoe®(); Icoe®d))

Computea ¢hy, in Fp[X]

N N DN

Cost: (assuming classical arithmetic & + )
word operations for one operationHy)

O(n*+n%¥) A  O(n*Y) fraction-free
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Big prime modular algorithm

mod p

»Image

=
—————e--TO
C
~—~+

A\
Output «
Conversions are essentially free

extract

Result

Alternative approach for gcgi= x j 2"*b*2
(Kronecker substitution / heuristic gcd)
reduces polynomial gcd to integer gcd
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Evaluation and interpolation

Instead of one \big" primes, use many \small" primes
One arithmetic operation takes constant time

Example (cont'd): polynomial multiplication
dedf +degg <n,! primitive nth root of unity
p=xji !0 i<n)

Forward conversion multipoint evaluation:

f modp; = f (1 ') (Exercise: why?3Bi

Pointwise multiplication:fg)(! )= f (1 ) ¢g(! ') 8i
Backward conversion mterpolation:

nd h (degh<n): hmodp, = h(!") =(fg)(!;) 8i
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Small primes modular algorithms

mod Py Image,_,
Input <
Image,

mod o l

N\ Result,
Output W’z J
Re

sult,_,

--------T

Pi = X | Uj: reconstruct = interpolate
What if degp; > 1, orifp 2 Z?

57

Extended Euclidean algorithm |

f;g 2 R[x]nfOg, m =degg - degf = n
Compute monich =gcd( f;g ) = sf + tg

roA f,SoA 1,toA 0
rlA 0, S]_A O,t]_A 1
for i=1:2;::::" do
i, 1= gy + ri+1
let si. 1 = QiS; + Sj+1 such that either
ti; 1= Qiti + tin
1< ,riy 60, and degri.+; < degr;
ori= andr;y; =0
R S t

r
return : ;
UM lcoe®()’ Icoe®()’ Icoe®f)
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Extended Euclidean algorithm |

f;g 2 R[x]nfOg, m =degg - degf = n (O<g- f 2N)
Compute monich =gcd( f;g ) = sf + tg (positive if f;g 2 N)

roA f,SoA 1,t0/5\ 0
rlA g,SlA O,tlA 1
for i=1:2;::::" do
Fij 1= Qi + I+
let si; 1 = Q;S; + sj+1 such that either
tii 1= Qiti + i
1< ,riyy 60, and degrijy; < degri (O<ris; <r;iff;g 2 N)
ori= andr;;; =0
. S- t

return , :
lcoe®¢-)  lcoe®( ) Icoe®¢)

(lcoe®¢:) =11if f;g 2 N)

59

Extended Euclidean algorithm 1l

f;g 2 R[x]nfOg, m=degg- degf =n, - m+1
degri = nj, degg = nj; 1§ Nj,

degsi = nyj nj; 1, dedti = Noi Nj; 1

Cost to compute ab:

> 20 1i n)(ngi M) +2(ngi ni+1)
I<i -~
4% mjn+l-4) i< 2(j 1) 2m*+2m

1<i - 1<i -

Cost to compute ali: 4nm | 2m?+4nj 2m
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Extended Euclidean algorithm Il

Cost for EEA:
onm +5n+2m+ 2 =6nm + O(n)
Cost for EEA without computing thg:
2nm +2m?+ n+4m+2 = 2nm + 2m?+ O(n)

Cost for EEA InZ:
O(nm)
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Extended Euclidean algorithm IV

Corollary 1 m =degg- degf = n, gcd(f;g)=1
Then 9s;t with 1 = sf + tg, degs<m, degt<n
Cost: 2am + O(n) for s and émn + O(n) for s;t

Corollary 2 f;g as before, detp <n

Then 9s%;t" with h = s"f + t"g, degs” <m, degt® <n
Proof: ht = qf + t%, s" = hsj qg

Cost: 10mn +4m? + O(n) for s”; t°
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The Chinese remainder algorithm |

nd h2N,0:- h<m = py¢ e 1

h” hymodp (0 i<k)

computes; 2 Z with 1 = sm; + tip;
G ,511 hksi mod fy
return cm; modm
0- i<k
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The Chinese remainder algorithm |

n pairwise coprime modulipo;:::;pk; 1 2 N nfOg (R[x] nf0g)
Given hg;::i;hg; 12 N, O+ hy <pj, (degh; < degp;)
nd h2N,0:- h<m = py¢ ¢y 1 (degh < degm)

h™ hymodp (0- i<k)

computes; 2 Z with 1 = sim; + t;p; (si 2 R[x])
G ,51J hks,i mod gy
return cm; modm
0- i<k
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The Chinese remainder algorithm Il

Cost in the polynomial case (classical arithmetic):
Assuming deg = b, pp monic, degn = kb= n

> ab?= (ki 1)K -2.)Ibz
%cljrl;]puting allm=p: (kj 1)¢2b¢((kj 1)b+1)

Computing alls;: k ¢(2kk? + (ki 1)b+ 4b+ 2)
Computing allg: k ¢(? + (bj 1%+ (bj 1)¢2b)
Computing allcm;: k ¢((k j 1)*+ (ki 1)bbj 1))
Adding the results:Kj 1)kb
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The Chinese remainder algorithm Il

Cost in the polynomial case (classical arithmetic,
assumindp, 1 andk , 2):

(707 + bk + (j B + b+ 3)k +4K%; 2b- 8n?

Cost in the integer case (classical arithmetic, primes ¢
the same word lengt):

O(n?)
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The Chinese remainder algorithm IV

Linear polynomialsp; = Xj uj, m= pp¢ ¢, 1
Given hg;:::;hy 12 R,
nd h2 R, degh<n =degm

h(u)=hi (0- i<k)

for i =0;:::;kj 1(4(0

m; A = Xi U
| Xi U j@i( | J)
X
return hy ¢—— ¢m);
o ik m; (u;)
(Lagrange)
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Modular gcd algorithm |

f;g 2 Z[x], degf; degg - n, jif jiz;jigjj2 < 2°
Compute primitive h = gcd(f;g) 2 Z[X]

fi A f modp, g A gmodp
compute monic gcdf;; g) in Fy[Xx]
hi A acged(fi; g)
computeh 2 Z[x] with h™ hy modp; (0- i<k)

. h
compute c = gcd(coexcients of h) and return p
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Modular gcd algorithm |l

Cost:
Computing ¢ O(? + log? n)
Reducingf;g mod all p; k ¢O(n(b+log n))
Computing the gcd mod allp;  k ¢O(n?)
Computing h; mod all p; k ¢O(n)
Chinese remainder algorithm n ¢O(k?)
Making h primitive O(nk?)

In total O(kn(n + b) + nk? + )
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Modular gcd algorithm
— the fine print
2 \We ignore the cost for nding the primes, which
can be shown to be negligible. In practice, often a
precomputed list of primes is used.
2 How many primes do we need?
Mignotte's boundjjhjj; - 2"*P, sok = O(n + b)
2 |t is customary to normalize the primitive gcd to
have positive leading coexcient.

Cost: O(n®+ nk?) A O(n*+ n??) big prime
(Collins, Brown)
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The good, the bad, and the ugly

2 Not every prime is good! Example:
ged(x?j 4;x+1)=1in Z[x], but x + 1 in F3[X]
However, there are onlyO(nb) many bad primes
(subresultant theorem + Hadamard inequality).

2 There are only nitely many single precision primes.
In practice, suxciently many 64 bit primes exist.
In general, take primes of word lengtlO(log(nb))
(prime number theorem).

2 The algorithm is probabilistic (Monte Carlo). It can be
made Las Vegas by also computiny=h; and g;=h; and
performing a divisibility check at the end. This does not

change theO() estimate.
71

Prime power modular algorithms

ldea: Instead of one big prime or many small primes
use justone small primep and then \lift" the result

Example: Newton inversiop,= X Image,

l

mod P Result;

l

Result,

=1
S
c
[ ol

N\ v
S Result,

Outvput % l
Result,
72




Advanced polynomial
arithmetic

73
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Divide and conguer

Well-known computer science paradigm
(example: Quicksort). ldea:

« Split original problem into r subproblems of the
same type and of sizen/ s

« Solve the subproblems recursively

e Recombine the solutions

Typically, s=2 and the cost for splitting and
recombining isO(n).

Total cost:O(n logn) if r = k andO(n'°%") if r > k .
Computer algebra examples: Karatsubar&3, s=2),
Toom-Cook (=2s-1), FFT (r=s=2)
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Polynomial multiplication revisited

Divide and conquer:

Recursively computemo A po ¢ €= 1

and M4 A pk:2¢ ¢|¢Ki 1

mA mgy¢tm;

M(n) multiplication time for polynomials of degree- n

Assuming degy = b 8i and superlinearityM(3t) - ZM(t):
S(n) =2S(3n) + M(3n) - 3M(n)log, k

Naive approach ((Pop1)pz ¢ ¢)bx; 1: - (n?),

even with fast multiplication!
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Exercise 6

Givenn monic linear moduly, = xj u; (O- 1<n),

computem = (¢ ¢@opy)p2 ¢ ¢¥pn; 1
Show that this takes?; n additions and

multiplications using classical arithmetic.
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Subproduct tree

Certain subproducts @f ¢ ¢(6; ; are computed along

the way, yielding the following tree structure:
Po ¢ ¢ 197

pomlﬁs/\WI@?
FO/\l 2 3 4 5 6 v

mjj = P i ¢ 8.1, 1, the]th subproduct at leval
Mg = Pi, Mo=m, =log,kK
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Going down the subproduct tree

Uo,::i;Un 12 R, degf <n =2°
computef (Ug); :::;f (Un; 1)

Precomputation

0) Build the subproduct tree forp, = xj u; (0- I<n)
Divide & conquer

1)if " =0 thenreturn f

2) Computefo=f modm-, ;o andf; =f modm:; 1.4
3) Recursively evaluatef o at Ug; :::; Up=p, 1 and
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Fast multipoint evaluation

Cost: ded <n =2°, assuming superlinearity bf
1 1
E(n) = 2E (én) + 1OI\/I(§n) +2n
5M(n)log,n + 2nlog, n
plus%l\/l(n) log, n for the precomputation, in total
1?1I\/I(n) log, n + O(nlogn)

Compare with classical arithmetic (Hornem?2 2n
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Fast multimodular reduction

Precomputation

0) Build the subproduct treg (0 1<k)

Divide & conquer

1)if ~ =0thenreturn f

2) Computefg = f modm:; 1.0 andf, = f modm-,; 14
3) Recursively compufgy modpy;:::; ph=2 1 and

Cost: &M(n) log, k + O(n logk) (classical: -1{?))
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Exercise 7
Devise a rgeursion for the FFT using the subproduct tree. Net
m-; 10 = (xj '?)=x"?%; 1
(0 'Vn: 2
my 11 = (xi %)= x"?+1

0- i<n= 2
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Fast interpolation

computeh 2 R[x], degh <n, with h(uj) = h; (0- i<n)

Cost: 173M(n) log,n + O(nlogn) (classical: - (1))
\going up the subproduct tree"

(Section 10.2 in MCA)
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Fast Chinese remaindering

n=kb=2"b po;:::;p 12 RIX], hojiii;he 12 R[X]
degh; < degp, = b
computeh 2 R[x], degh <n, with hmodp, = h; (0- i<n)

Cost: O(M(n)logk) (classical: - (1))
(Section 10.3 in MCA)
Remark Same estimate is valid for the unbalanced case

(where not all p; have the same degree) of fast multimodular
reduction and fast Chinese remaindering

(Lipson, Fiduccia, Horowitz, Borodin & Moenck)

86




Euclidean algorithm revisited |

i1 =0gri+ria @-i- )

In matrix form:

N\
-
P
|_\
N
I |
S N N N N
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Euclidean algorithm revisited ||

Observation: The coexcients@f:::;q;s;ti and the
highest coezxcients of; ri+; depend only on the highest
coexcients ofg; ry.

Simplifyingassumption : degg =1
(1- i+ =degr;+1)
For the general case, see Chapter 11 in MCA.

Notation:f = f x"+ ¢¢€ fg, k2 N
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Half-gcd algorithm |

degro=n,degri=nj i@ i- n),rn =0
Given1- k=2 - n, compute hgcd(o; ri;K) = Si;tk; Scet; tist

1) if k=1 then computeq, andreturn 0;1;1;i o

2)dA 1k

3) td, +1,t 1 A hgcd(r rr12di 1,4

4) ad Ro " & : >d ! fp X 3k ﬁi mod xk+1
Rl Sd+1 td+1 1 3k 1

8) ﬁd1 Td1 Sd+:|. 1T(ﬂ'l A thd(ROI R11 qP ”‘ ﬂ

9) Sk tk A Sy Ty ¢ Sq tq
Sk+1 Tkt Sgr1 Tae1 Sg+1 L1

(Moenck, Aho, Hopcroft & Ullman, Schwartz, Brent,
Gustavson & Yun, Strassen)
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Half-gcd algorithm |

degro=n,degri=nj i(Qd:- i- n),rn. =0
Given 1- k=2 - n, compute hgcd(o;ri;K) = S;t; Scer; teet
1) if k=1 then computeq, andreturn 0;1;1;i O(1)
2)dA Tk
3) td, 13t A hgcd(r rntadi L4 H (3k)
4) . RO A " > fp , 3k ﬁl mod x***

R, Sd+1 td+1 1 3k 1

AM(K) + O(k)

8) Ed,Td, Sd+1 ,Tq:rl A thd(Ro, Rl,qP u ﬂ H(%k)
9) S« W g S¢  Tqg ¢ Sl

Sk+1 tk+1 Sd+1 Td+1 Sd+1 td+1

8M(3k) + O(k)
Cost (assuming superlinearity oM): H(k) - 8M(k)log, k + O(k logk)
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Fast integer arithmetic

2 multiplication, division:O(M(n))

2 multimodular reduction, Chinese remaindering,
(extented) Euclidean algorithm, modular inversion:
O(M(n) logn)

2 All of the above take -n?) with classical arithmetic
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Fast modular gcd algorithm

f,g 2 Z[x], ded; degg - n, jif jizjigii2< 2°
Computeprimitive h =gcd(f;g) 2 Z[X]
usingk = O(n + b) small primeg; 2 N
Dominant costs:
2 gcdf modpi; g modp) 8i: k ¢O(M(n)logn)
using fast polynomial arithmetic
2 Chinese remaindering:¢O(M(k) logk)
using fast integer arithmetic
Total: O(n ¢M(n + b)log(n + b)) = O” (n?+ nb)
A O(n®+ nb?) with classical arithmetic
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Comparison of gcd algorithms
f.g 2 Z[x], ded; degg - n, jif jizjigjja < 2°
classical |O(4"nk?)
subresultant O(n*k)
big prime  |O(n* + n?¥)
small primesO(n* + nb?)
fast O” (n? + nb)
output size |O(n?+ nb)
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Squarefree factorization

f 2 R[x], ded = n< chaR
Computef = ff 2¢ ¢f) with all f; squarefreei.e.,
gedfi;f9 = 1, and pairwise coprime.

f
Letv = ff>¢ ¢CfE, = W and observe:
v X g fO X £0
- j— - - j— I_
\' . fi f : 1:i
-i-n 4N
0 _ X oV f& X Y,
VA= fif—_ = |fif—
1-1- n ' 1-1-n '

3

Sof; = gcd v;ffi/i ivO
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Yun's algorithm |

f =fif2¢¢f", degf = n< chaR

. f - fO
A A
Vi gcd(f i () WA Gede:f 9
fori=1::::; 'n do ;
~ ~ Wi V.
fi A ng(Vi;Wi i Vi% Vi+1 f—l Wi+ A Ifll |
|

Invariants: v; = H fi, Z it on

i n -
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Yun's algorithm Il

Cost (assuming superlinearityH (t + u) , H(t) + H(u)
di =degf;, g =degg=di+¢¢€dy,,n=e,+CCE e,

Y(n) = H(n)+ > H(e)- H(n)+ H(er+ ¢Cé &)
1. i-n
2H (n) = O(M(n)logn)

Remark: No polynomial-time algorithm for squarefree
factorization of integers is known.

96




Modular squarefree factorization |

f 2 Z[x] primitive, degf - n, jjfjjo < 2°
Compute primitive squarefree decompositioh = f,f2 ¢ ¢

g A f modp
compute monic squarefree decomposition

g = ag1g> ¢ ¢gh in Fp[x]

hij A a¢gij (1 j . n)

computeh; 2 Z[x] with h; © h; modp; (O- i<k)
~ h;
compute ¢; = gcd(coexcients ofh;) and f; A a‘
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Modular squarefree factorization Il

f 2 Z[x] primitive, degf - n, jjfjj» < 2°

2. Dominant cost: k ¢O(M(n) logn) for the modular computation,
n ¢O(M(k) log k) for the Chinese remaindering

2 Mignotte's bound: jjfijj; - 2"*P, sok = O(n + b)
Total cost O(n ¢M(n + b)log(n + b)) or O” (n? + nb)

2 There areO(n? + nb) bad primes

As for the modular gcd algorithm:

2 \We neglect the cost for prime nding and assume there are
suxciently many.

2 |t is customary to assume thatf and all f; have positive leading
coezcients.

2 The algorithm is probabilistic, of Monte Carlo type, and carbe
made Las Vegas, within the sam®() estimate.

(G)
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Full factorization

2 Fp[x]: distinct-degree factorization + equal-degree
factorization (probabilistic); O(n ¢M(n) log(pn)) or better
See Chapter 14 in MCA

2 Q[x]: prime power modular (Hensel lifting) reduction to
FolX] + \short vectors”
See Chapters 15-16 in MCA

2 Z: no polynomial time algorithm known
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Optimizations
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To pad or not to pad?

Example:f ¢gwhere deff degg<n< 2

2 Option 1: Pad inputs with Os (trivial but inexcient)
F=0¢x?it+¢cce0ex"+f, x"il+c¢cef,

2 Option 2: Extend algorithm design to work for odd
n (often tricky)
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Not to pad!

Example:f ¢gwhere deff degg <n< 2

Divide & conquer (e.g., Karatsuba): split inputs into
parts of sizelse andbsc, respectively

FFT:

2 DFT of ordern = km \=" k DFTs of ordem
followed bym DFTs of orderk

2 Truncated FFT and inverse FFT
(van der Hoeven, Harvey & Roche)
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Short products

Sometimes only the upper or the lower coezcients are needed.
Example: f ¢g mod x"

2 Option 1: Discard coezcients. Trivial but inexcient:
M(n) = n% k = 3 and S(n) = ZM(n)
M(n) = n'09.3- K = pblog;nc

M(n)
n= 34 i 1): S(n) % M(n) ‘ 0

2 Option 2: S(n) = M(kK)+2S(nj k)
No gain forn = 2° or for FFT multiplication

(Krandick & Johnson, Mulders, Hanrot & Zimmermann)
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Balancing

Asymptotically fast algorithms work best toalanced
Inputs, of roughly the same size.

Example: multiplication, defig< kn , degg <n
Solution: Breal into k blocks of degreen

Cost:k ¢M(n) + k(nj 1)

This leaves the range- degf < 2n.
Example: de§ = n,degg=nj 1
Cost:M(n) +2n +1
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Saving changes of representation |

Example: Newton inversion revisited
u' t modx", n = 2X

VOA Ubl

~ i+1
Vi¢1 A 2vi i uv? modx?

Cost ¥4 3M(n), actually ¥4 8F (2n)

Let's do as much as possible by values.
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Saving changes of representation Il

I primitive 2n-th root of unity
precompute! } andu(!}) for0- j< 2n

Vo A uj?
for i=0;:::;kj 1do
. A !zk.iil

interpolate wi.; from all w("!)
Vieg A 2V + Wipy modx2™

Cost¥aF(2n)+ )  2F(2*?) . 5F(2n) < 2M(n)
0- i<k
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Multi-algorithms

Use classical arithmetic for "small" inputs and fast arithnetic
for "large" inputs
Example: multiplication, degf; degg <n

if n<Cthen return classicalf;g)
elif C;- n<Cy,then return Karatsuba(f;g)
elif n, C,then return FFTmult( f;g)

Divide & conquer: Instead of

if n=1 then ::: else recurse
use
if n<Csthen ::: else recurse

\Magic constants" Cq; C,; C3::: generally platform dependent
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Golden rules

From Schonhage, Grotefeld & Vetter, Fast algorithms

A

o1

~No

— a multitape Turing machine implementation:
Do care about the size of O(1)!

Do not waste a factor of two!

Do trust the truth!

Do not raise the overall cost for speeding up rare
cases - avoid lotteries!

Correctness implies termination in due time!
Don't forget the algorithms in object design!

Clean results by approximate methods is
sometimes much faster!

The development of fast algorithms is slow!
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Applications
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Modular Hermite integration

Greatest factorial factorization

Modular gff computation
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Rational function integration

R R
r2 Q(x), nd s;t2 Q(x)with r=s+ tandh \minimal"
Equivalently: r = s+ t and denom() squarefree

Hermite's algorithm: r = fa degf < degg=n
Y

0) Squarefree factorizatiorg = g

1. i-n

1-j-i-n gf

2) Extended Euclidean algorithmf;; = ug + vg®

3) Integration by parts 5 .
fj o u  vg_u+vXiil) v 0

g d' ¢ gt ' (ind?

- : .. f
1) Partial fraction decomposition— =
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Hermite integration

r = , dedgf < degg=n

i
§H9

f Sii t;
Hermite integration- = I [ s

9 1 ; n gf 1-i-n 9
degs; ; degt; < degg 8I; |

CostO(M(n)logn) (O(n?) classical)
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Modular Hermite integration

fig 2 Z[x], degf < degg = n, jif jizjjgjj2 < 2°
Modular squarefree factorizationg = H g,

Choose smgle precision primgsy; :: ;P12 N, pg>n
for q=0;:::;kj 1do

Hermite integration r. ( > Sai ) > ﬂ mod pq
g 1 j<i - n g= 1. i-n
Chinese remainderings; =~ Sqj modpg andt; = tg; mod Pq
Cost: O(k ¢M(n)logn + n ¢M(k) log k)
Needk = O(n’+ nb) { O(n ¢M(n?+ nb)log(n + b))
or O” (n+ n?b)

(G)
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Greatest factorial factorization |

degg=n< chaR, 12N
ith falling factorial g"(x) = g(X)g(xj 1)¢e¢@®x+ i 1)

greatest factorial factorization (g®): analog of squaredfe
factorization

g= ][ g and

1-_ i n _
ged(@(x); g (x+1)) =1 =gcd( gi(x);g(xi j)@- i-j- n)
(Paule)
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Greatest factorial factorization Il
Y .
Fast g® computation a la Yung = 9%
. g(x) % 9(x)
DA Geder Do)’ A gedigr); g+ 1)
fori=1;:::;ndo
~ _ ~ Vi(X) ~ Wi(X+l)
g(x) A ng(Vi(XY)1Wi(X))’ Vi+ (X) A )@ Wi (X) A g (x+ 1)
Invariants: vi(x) = g(x), w(x)= g(x+ij j)
Cost: O(M(n) log n)l' o o

(G)
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Modular gff computation
g2 Z[x], degg = n, jjgjj2 < 2°

Compute g®g " [] g; mod p
1-i-n
Chinese remainderingy (X + j) ~ gqi(X + j) mod pq
Cost: O(k ¢M(n)logn + n ¢M(k) log k)
Needk = O(n+ b { O(n ¢M(n + b)log(n + b))
or O” (n?+ nb)
Need to choose amon@®(n? + nb) primes

(G)




